CHAPTER IV
TOTALLY POSITIVELY ORDERED 0-SKEWSEMIFIELDS

Lemma 4.1, Let K be a positively ordered skewsemifield. The following
statements hold:

1) Kis a fotally posit‘rve]y ordered skewsemifield if and only if
K=PUP'U{0}.

2) K is a totally positively ordered skewsemifield if and only if for every
xekK, x<1 or x=1. .

3) Suppose that K is a totally positively ordered skewsemifield, A and B
o-convex subsets of K. Then AB is an o-convex set of K.

4) Suppose that K is a totally positively ordered skewsemifield, C

an o-convex normal subgroup of K. Then C is a convex normal subgroup of K.

Proof 1) and 2) are obvious.

3) Let a,,a, € A and b,, b, € B. Let x € K be such that a,b, <x<a,b,.
Then ab,2x or a,b,<x. |
Case 1: a,b,>x. Then ab;<x<ab, so b,<(a,)'x<b, By the o-convexity of
B, (a)'x €B, so x= a,(a,)'x € AB.
Case 2: a,b,<x. Then a,b,<x<ab, so0 a,<x(a,)" <a, By the o-convexity of
A, x(b)" € A, s0 x=x(b) b, € AB. Thus AB is an o-convex set.

4) See [3], pp. 68.,

. + ‘
Examples 4.2, 1) R:.Q0 are totally positively ordered skewsemifields.
2) From Example 2.5., 3), we have that K is a positively ordered .

- g ¢c a ¢
skewsemifield. To show that K is total, let M, =[ J and Mzz{ } € K.
0 b 0 v
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We shall show that M, <M, or M, <M,. Since R satisfies the Trichotomy faw,
a<a ora=a ora>a’. If a<a or a>a' then done. So suppose that a=2a".
Since R satisfies the Trichotomy law, b<b’ or b=b’ or b>b’. If b<b’ or
b > b’ then done. So suppose that b =b’. Since R satisfies the Trichotomy law,
c<c’ or c¢'<c, so M,<M, or M,<M,. Hence K is a totally positively ordered
skewsemifield.

3) From Example 2.5. 4), K*xL*w{(0,0)} is a totally positively

ordered skewsemifield where K and L are totally positive ordered skewsemifields.

Let K be a totally positively ordered skewsemifield and C a convex normal

subgroup of K. Then Ky is a positively ordered skewsemifild.
To prove that < on K;c is a total order, let x € K.
Case 1: x<1, Then xC<C.

.Case 2;: x21. Then xC=C.

By Lemma 4.1., 2) K,c is a totally positively ordered skewsemifield.

Theorem 4.3. Let S be a totally positively ordered semiring with multiplicative
zero O having the M.C. property and such that (S, e) satisfies the right [ left]
Ore condition. If < is M.R. then S can be embedded into a totally positively

ordered skewsemifield.
Proof See (5], pp. 46.,
Theorem 4.4. Let ne€ Z be such that n>2. Let K, ={0} v

{AeMR)[MQ]/ A>0 if i=j and A=0 if i=j}. Then there exists

a positively total order on K.

Proof If n=2 then done by Example 4.3., 2). Induction assumption, let

ne2 be such that n>2. Let K _, with the following partial order is a totally
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A A
1

positively ordered skewsemifieid. Let P, = { eK,/ 1) A>1or

0A2

2) A,j=1and Ay)>10r 3) A =1, A,=1and A_ >0 o0or4) A, =1, A,=1 and
there exists an i€ {1,..n~2} such A, >0 and A_=0 for all n>k>i or
4) A,=1, A,=1 and A, =0 where A, € K , }. By Theorem 2.13.,, P is the
positive cone of K.

To show that K, =P, U (P, U {0}, let X€ K _be such that X=0 and
X & P. We must to show that X' & P. By induction hypothesis, X, €1 0r X, >1.
Since X ¢ P, X, <1, so X7 =1. If X," >1 then done Suppose that X, = 1. Since
R satisfies the Trichotomy law, X,< 1 or X,>1. Since X g P, X<1, so X, 21. If
X,;" >1 then done. Suppose that X{‘ =1. Since R satisfies the Trichotomy law,
Xpan=00r X, <0. If X >0 then X € P which is a contradiction since X ¢ P.

Thus X_, <0,

n-1.n

Case 1: X,,,<0. Then 0=(XX"),,, = & X, X7,
=1

n—1

= I X+ XD = XYy 10+ X Honco (X7, == (X

rin

n—1.r|) > 0

=1
and therefore X' € P.
Case 2: X_,=0.
Claim that there exists an i* € {1,...,n~2} such X, <0 and X_=0 for ail
n>k>i" Suppose that (*), X, 20 for all n-1>i21. If X, =0 for all 1<i<n-1
then X =1 which is a contradiction since X & P, Then there is a j&{1,....n-2)
such that X, >0, so let *=max{j /1<j<n-1 and X,>0} Let n>k>j* Then
X $0. By (*), X,,=0 which is 2 contradiction since X & P. Thus (*) is not true,
hence there is an i € {1,...,n-2} such that X_<0. let i*=max{i / 1< i <n-1
and X, <0}. Suppose that there exists a i*<k<n such that X_# 0. Then
X.>0. Let j;"’=max{j /1< j<n and X,>0}. Let n>k>j*. Then X, <0.
Since i* <k, X, =0 which is a contradiction since X ¢ P. Then X, =0 for ail

n>k>i*, so we have claim.

By claim, there exists an i* € {1,...n-2} such X <0 and X, =0 for all



77

=1

n>k>i* Then 0=l = XNy = Z XX D= T XXy + XX

=1 =1

= (XM + Ko Thus (X, =— (%) > 0. Let n>k>i* Then 0=(XX"),,

n—1

=3 XX 0= Z XX+ Xl o = 0N * X X Dy = X = 0. Therefore

i=1 =1

X" & P. Hence K, is a totally positively ordered skewsemifield. ,

Proposition 4.5, I K is a totally positively ordered skewsemifield if and only if
€l

either 1={i} and K is a totally positively ordered skewsemifieid or there exists

ip € | such that KIu is a totally positively ordered skewsemifiled and |K|,,|=2 for

every i € \{iy}.
Proof See [4], pp. 46.,

Let K be a skewsemifield and AcK* Let C={BcK/AcB and B has
the property that

‘1) 1€ B,

2) 8°c B,

) B+KgcKand K+Bc B and

4) B is and a-convex normal subset of K }.

Since K* € C. C= . Then the smallest subset of K satisfying 1) - 4) exists.

Definition 4.6, Let K be a positively ordered skewsemifield and A C K*. The hull
of A, denoted by H(A) is the smallest subset of K satisfying 1) -4). And A has
property (*) f and only if for all x,,....x, € K", there exist €,,....&, € {-1,1} such
that H(P v { X! x: "}) is a conic subset of K. From now on we shall use

H(P, X?' x:") instead of H(P w { xf' . x:n .

Notation Let K be a skewsemifield and SC K. Let (S) bs the smallest

multiplicative normal subsemigroup of K ‘containing S. Then (8)={ x{a,..a X" /



ne Z',a,eS forall 15i<n and xeK* }.

Proposition 4.7, Let K be a positively ordered skewsemifield and A ¢ K. Then

H(A) = {E[s +(Zajm y+t1 /n, meZ', s,teK for all 1<i<n, o eK
i=1 =

e(Au{1}) such that Za =1 for all 1<j<sm,}.
I

Proof Let B= {Z[si+(2am)+t]/nmez st eK foral 1<i<n,
i=1 ji=1

a, €K m, € (AU {1}) such that Za =1 for all 1<j<m, }.
=

Clearly, B is an additive ideal of K.
Let b, = Z[si+(2a m, )+t] and b, = E[uk +( Z B, n )+v, ] ek

=1 =1 k=1 Jk =1

Then b,b, = Z[s +(Za m, )+t]b Z[ub +(Za m; )b +tb ]

i=1 = i=1 =

=Z(sb, +<2a )(2[uk+(2B. n v, 1) + i)

|—1 11 =1 k=1 =1

—Z[Sb +(20t ™, )(Zuk)]*'[(Za m, )(Zﬁ, m, 1+ {( Ea M Vi + 1ba)

=1 j,-1 k=1 j,

-Z[sb +(Za m, }().:uk )+ Z( 2 (aliml B, n;k))] +( Z o m )V.ﬁ'hbz])

i=1 j|—1 k=1 J,"1 'k"1

-Z[sb +(Eu m )(Euk)]*-[Z( ): (o my )(ﬂ, mjiB,kn,k))]

=1 =t k=1 1=t ) =1

[(Za m )vk+t,b2]) Let 1<i<n and 1<k<p. We must to show that
J|"1

Z(Z(u ))—1 Therefore Z(Z(alm )) = }'_':o:. (Zbﬂ, )-Za =1.

= =t == j=1 h =1 =
Thus b,b, € B, so B’ C B. Next, let x € K*. Then xbx

—-x(Z[s +(Zajm )+t])x = [xsx +(Ex(ajm X )+xtx ]

i=1 j|—1 i=1 J|

78
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n m _ - -
= }:[xsix_1+(ZI: X0t X 1(xmjx 1))+)<tix 1]. Let 1<i<n, We must to show that
=1 = ’ .
l'ﬂl - ml - I'I'I| » )
> x, X =1, Therefore z xo x =X z a ¥ =1, so B is a normal set.
= =t h="
Next, let a, b € K be such that a+b=1. Then ab, + bb,
n m; P 9k
=a(Xls,+(Z o m )+t1) + b( Zlu, +(X B, m )+vD)

i=1 j=1 k=1 he=1

n m q
= ( Z[as; +( 3 ac, m; )+at]) + i[buk +( 3 bB), 0y ) +ov, 1.

=1 =1 k=1 =1

m, G
Let 1<i<n and 1<k<p. We must to show that ( ¥ a, J+( X bB,k) =1,
j=t W =1

m % A Ak

Therefore ( X aa; )+ (X bf, ) =a( X o, )+b( X B|k) =a+b=1. Hence
= W=t =i =1

ab, +bb, € B, so B is an a-convex normal set of K.

Let S be an additively a-convex normal mutiplicative subsemigroup of K

containing AU {1}. We shall show that b, € S. Ciearly, m € S forall 1<j<m.

m M
Since XL o, =1 for all 1<i<n and by Remark 137, 3), X @ €8 for al

, | .

.h m
1<i<n. Then b,=(Z[s, +(Z aj,mji)+ti])= € S. Then B is the smallest
=1 =t ' |
additively a-convex normal multiplicative subsemigroup of K containing A U {1},

hence H(A) =8B.,

Lemma 4.8, ([2]) Let K be a positively ordered skewsemifisid and P the
positive cone of K. Suppoée that P satisfies property (*). Then for every x € K*
either H(P,x) or H(P,x"") satisfies 1)—4) of Theorem 2.9. and also satisfies
property (*).

Proof The proof is similar to the one_given in [3] pp. 70.
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Theorem 4.9, Let K be a positively ordered skewsemifield and P the positive
cone of K. Then <, (from Theorem 2.9.) can be extended to a total arder on

K if and only if P satisfies property (*).

Proof Assume that P can be extended to a total order of K, say Q. Let
XppeeeX, € K*. Choose BBy € {1, 1) Such that x* & Q for all i. Then
H{P, xf‘ peees x:“)gQ. To show that H(P, xf‘ x:") is an conic subset of K,
let x € H(P, xf‘ x:" Yy~ [H(P, xf‘ vl x:" e Suppose that x #1.
Case 1: x<1. Then x @, 50 x & H(P, x;" ..., X" ) which is a contradiction.
Case 2: x>1. Then x' < 1. Therefore x” ¢ Q, so x & H(P, xf‘ veoes x:“) which
is a contradiction, Hence x=1, so H(P, xf‘ xf") is a conic subset of K,
Conversely, let C={Q / Q is a positive cone of K containing P and
-satisfies () ). Since Pe C, C=@. Let {Q /iel)} be a nonempty subset of C.
Suppose that U Q, does not satisfy (*). Then thers exist XXy € K* such that

3
H(P, xf’ x:") is not conic for all choices of g,,....6, so there exists an
x € H(P, xf‘ x:")m [H(P, xf’ x:” )" such that x #1. Therefore

x, X" € H(P, xf‘ x:“ ). By Proposition 4.7., we can choose k such that

x,x e H(Q,, xf‘ x:") which is a contradiction to Q, satisfying (*). Hence

U Q satisfies (*). Clearly, U Q, is a positive cone of K containing P which is
fel €1

an upper bound of {Q /iel}, so UQeC. By Zom's Lemma, C has
€]

a maximal element, say Q. Let x € K*. By Lemma 4.8., H(Q,x) € C or
H@Q, x) e C. By the maximality of Q, either x € Q or X' € Q. Hence Q defines

a total order on K.,

Defipition 4,10, Let K be a positively ordered skewsemifield. K is cailed
a yector skewsemifield if and only if it is a subdirect product of a totally

positively ordered skewsemifield.
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Let {K, / i€} be a family of totally positively ordered skewsemifields. Let

K be a subskewsemifield of II K. Then the j"' projection map from K into K is
€1

isotone for every j €| as will.now be shown.
To prove this, Let (x) e, (¥),e, € K be such that (x},e,<{y) e, Then x <y,
for all il Let j el Then I((x),e)=x Sy, =TL{y) e, so I is isotone.

Theorem 4.11. Let K be a positively ordered skewsemifield. Then the following
statements hold :

1) if K is a subskewsemifield of IT K, where K, is a totally positively ordered
L€

skewsemifield for every i €1 then its positive cone can be represented as the
intersection of T, where
i) T, are convex normal multiplicative subsemigroups of K* containing P,
i) for every x € K*, x & T, implies that X' €T,
i) 1+KCT and K+1c T,

2) If P= T, where T, satisfies i) ~iii) as above for all i€l then K is
l€l

a vector skewsemifield.

Praaf 1) Assume K is a subskewsemifield of IT K, where K is a totally
i€l

positively ordefed skewsemifield for every i € 1. Let iel. Let T,=[L"(P) NK
where P, is a positive cone of K,

i) Let x,y € T, Then IT(x), Iy} € P, and xy € K, so TL{xy) = TL(II{y) € P,
and xy € K. Then xy € I1(P) K =T, Next, let z€ K*. Then zxz"' € K and
Mz = TLTLXILY)" € P, so zx2" I'(P) AK=T, Next, let a,b € K
be such that a + b =1.Then II(a) + II(b) =TL(a + b) =T1(1) = 1. Thus ax+by e K
and [M(ax + by) = IT@N1X) + T1{0)L{y) € P, s0 ax+by e T, '(P) "K =T, Next,
let u € K be such that x<u<y. Since IJ, is isotone, IT(x)<TI(u)=<IL{y). By
the o-convexity of P, TL{u) € P, so u € IL'(PyNK=T,. Let p € P. Then 1<p, s0
1=TI(1) <TI(P). Thus p € IL(P) ~ K=T,. Clearly, 0 € T. Then T, is convex
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normal multiplicative subsemigroup of K* containing P.

i) Let x € K* be such that x & T Then I1(x) & P, Since P, is a total order,
K e (P)”, so TL(X ) = (IL(x))” € P, Hence X" mn'e)=T.

iii) Let xe K. Then x+1 &P and 1+x&P. Since TLP)C P, [{x+1) €P,
and TI{(1+x) € P, we get that 1+x,x+1e T (P)NK=T,

Finally, to show that P=[\ T, let x € P. Let i € 1. Since I(P)c P, Il(x) € P,
‘ ¥

we get that x e IL'(P) K =T, Hence xe N T, so PC N T, Next, let y € N T.
€1 i€l i€l

Let i€l Then y eT|=1'[‘.'1(P|)nK', so TI{y) € P. Thus y e P, so [ T, P. Hence
‘ ¥

P=NT,
i€l

To prove 2), assume that P=\ T, Let ie! and N,=T,~(T)". To show
el

that N, is a convex nomnal subgroup of K, let x,y € N. Then x,y, x\y'eT,
0 xy €T,N(T) =N, Lot ze K*. Then 2™ T, and (xz )" =2x"2" €T,
so 22" € T,N (T)" =N, Next, let a,b € K be such that a + b =1. Then
ax+by e T, and (ax+by)" = {ax + by) (a + b)

= [(ax + by)'Tax]x'1 + [(ax + by)'1by]y'1 €T, s0o ax+byeT n (T,)'1 =N, Let
ueK be such that x<us<y. Then y <u” <x™. By the o-convexity of T,
wuu'eT, so ueT, A" =N, Thus N, is a convex normal subgroup of K.

Let K= KN, Then K iis-a skewsemifield for all i € I. Define f: K-> II K, by
1€l

f(x) = (xN), ¢, for all x € K. Then f is a homomorphism. Since M N,
I €]

=N M =(N TIA{ AT =PAP ={1}, fisa monomorpism.
|E! tE! 1€

Let i e l. Let P, =TI f(T,).
To show that P, is a multiplicative subsemigroup, let a, B € P. Then there
- exist a,b €T, such that ], f(a) =a and I],=f(b)=P. so aN, =« and bN, = af.
Thus of = (aN)(aN,) = (abN)) =[], » f(ab) & IT, = KT)).

To show that P, is a conic set, let a.€ P,A(P)". Then o, o’ € P, so there

exist a,b €T, such that a=aN, and o = bN, Then N,=aa ™ = (aN)(bN,)
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= (abN,); so ab € N. Thus ab, (ab)"' € T, Therefore a" = b(b™'a™) =blab)" €T,
's0 a€T,A(T)=N,. Hence a.=(aN)}=N, so P, is a conic set.

To show that P, is an a-convex normal set, let ot € P, and B € K\{ 0 }. Then
there exist a € T, and b € K such that a=aN, and aff =bN, so b #0. Therefore
Bap™ =(bN;)(aN,)(bN,)'1 = (bab )N, = IT, o f(bab™) € IT, e f(T). Next, to show the
a-convexity of P, let o, § € P, and C,D € K be such that C+ D =N, Then there
exist a,be€T, ceC and d € D such that o« =aN, B =bN, and ¢ +d=1. By the
a-convexity of T, ca+db €T, Thus Ca + DB = (cN)(@N) + (dN)(bN,) =(ca + db)N,
=] f(ca+db) e I, f(T), so P, is an a-convex normal set.

To show that P, is an additive ideal of K, let ¢ € K. Lst x € . Then
x+1e€T and 1+x€Ti, s0 a+N,=xN+N=(x+ 1N =TLf(x+ 1) € IT, e T)
and N +a=N+xN=01+x)N =TT f(1+x) eI f(T).

By Theorem 2.9., ‘P, is a positive cone of K. Next, to show that
K=P WPy w{0}, let o € K{0}. Lot x € cx. Then x=0.

Case 1: xeT,. Then o =xN,=TL=f(x) e[}, ={T) =P,
Case 2: x¢ T, Then X €T, s0 o = (xN)" =x"'N,=IL o f(x™) & IT, o KT) - P,
Hence K, is a totally pesitively ordered skewsemifieid.

Finally, to show that §P) =P, let xe P=[1T. Thenx €T, for every i € .
i €]

Let j € . Then xN,=f(x) = f(T) =P, so xN,2N,. Therefore f(x)=(xN) ¢, 2 (N} ¢, SO
f(x) € Pyy,- Next, let (xN) e, € Py Thon (XN) e, Z(N) e, 50 XN, 2N, for all i € 1.
Hence xN, € P =T, =f(T) for all i€ . Let j el Then there exists a y € T, such
that xN, =T fly) = yN,, so y X € N=Tn (Tj)". Thus x = yly 'x) € T, Hence

x& NT,=P, so xx1. Therefore (xN) e, =f(x) € f(P), so f(P) =P,,. Hence
=3

K=o f(K), so K is a vector skewsemifield. ,

Corollary 4.12. Let K be a positively ordered skewsemifield. If K is a vector
skewsemifield then its positive cone P satisfies the property that for every

XgeensXy € K, MH(P, xf' xf")= P where the intersection is to be extended



over all possible choices of signs €,,...6,€{-1,1}.

Proof Assume that K is a vector skewsemifield. By Theorem 4.12,
P=( T, where T, satisfies i) ~iii) for all i €. Let x,,....x, € K*. By Property ii)

IE€l
of T, we can choose Bproee By € {1,-1} such that xf“ xf"* €T, for all
i €l. Hence H(P, xf" x:”' )T, for all iel. So we get that
Pc AH(P, xf‘ I x:" Yo 1 HIP, xf" - x:"' }o N T,=P and therefore
1€l €l
~H{(P, xf‘ rerer x:“ y=P.,

Lemma 4,13, Let A and B be subskewsemifieids of a totaliy positively ordered
skewsemifield K, A, and B, convex normal subgroup of A and B, respectively.
Then (A, "BXAB,) is a convex normal subgroup of AnB and

(A B)A,, (AN B)B, are subskewsemifields of K.

Proof By Lemma 1.57., (A, nB)}ANB,) is an a-convex normal subgroup of
(AN B). Since A, is a convex subset of A, by Lemma 2.21,, A N B is also
a convex subset of A B therefore A, n B is an o-convex subset of A~ B.
Similarly, AN B, is an a-convex subset of Am B. By Remark 4.2,, 3),
(A, "B}A B, is an o-convex subset of AnB. Then (A, "B)(A~B,) is

a convex normal subgroup of AmB.,

Proposition 4,14, Let A and B be subskewsemifields of a totally positively
ordered skewsemifield K, A, and B, convex normal subgroups of A and B,

respectively. Then (AN B)A(A A B)A, Zo (AN B)By(A, ~B)B,:

Proof Let fbe the epimorphism defined in the proof of Proposition 1.58.
To show that f(P(a ~ B1)A,) cPa A BY(A, "B){ANB,) 6t cEANB and a, € A,

be such that ca, =1.
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Case 1: c<1. Then f(ca,) = c[(A, " B)}A N B)] 2 (A, N B)YAMB,).
Case 2: ¢c<1. Then 1<ca,<a, so (a,)" sc<1. By the o-convexity of A,
c €A, so ¢ €A nB. Therefore f(ca,) = c[(A; N B)(A M B,)]1 = (A, "BXANB,).
Hence f(P(A ~ B,)A,) S P(A ~B)(A, N B)ANB,)

Next, to show that P(a ~ B)(A, " BXA N B,) & fPea ~ 81)A,)‘- let
c{(A, "BYANB,)] € P(a ~ B){A, n B)(A ™ B,)- We must to show that there exist
xe€AnB and y € A, such that xy=1 and f(xy) = c[(A, "B){AnB,)]. Since
cl(A, " BYANB))2 (A, nB)ANB,), there exist a,, a, € A, B and
b, b, € An B, such that ca,b,=ab,., so (a,) "ca,b,(b,) " 2 1. Since A, is a
normal subset of A, there exists a a, € A, such that (@) 'c = cay Let
x = cb,(b,)” and y=[b,(b,) " 'aza,[b,(b,)"]. Then x € AN B. Since A is a
normal subset of A, y = [b,(b,)"T"a,2,[0,(0,)""] € A,. Then xy
=[cb,(bz)'1][b,(bz)'1]'1aaa1[b,(b2)'1] = [ca,a,[b,(b,) "1 = (a,) 'ca,[b,(b,y 1= 1 and
f(xy) = x[(A, N B)A A B,)] = cb,(b,) [(A, " BYA N B,)]
= c[(A, M B)(A N B,)b,(b,) [(A, A B)A N B,)] = c[(A, " BXA N B,)]. Thus
fP(A B)A) S P(a ~BY(A, A BYXANB,) 59 fPa~B)A)
=PAN B)/(A, N B)(ANB,) By Proposition 1.58., (A B,)A, =kerf. Then

(A B)A1/(A A BA, = (AN B)[(A1 A BYAAB,) Similarly, we get that
(AN B)B,ya, ~B)B, = (AN Blya, ~ B)A ~ B,). Hence

(AN BA /A A B,)A, = (AN B)Bﬁ'(A1 M B)B, »

Definition 4.15, Let K be a positively ordered skewsemifield. K is said to be
Archimedian if and only if for all x,y € K*, if x<y then
1) there exists an n € 2 such that y <nx and

2) there exists an n € Z such that y<x" if x# 1.

Theorem 4,16. Let K be an Archimedian totally positively ordered skewsemifield

such that 1+1=1 and K, K, the prime skewsemifield of K is order isomophic
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to Q: . Then K can be embedded into a complete totally positively ordered

skewsemifieid.

Proof The proof is exactly the same as the proof for semifield given in [3]
pp. 80 - 85.

‘Coroltary 417, A complete totally positively ordered skewsemifield is multiplicative
commutative and addition is either commutative or for every x € K*, there exists

a unigue y € K such that x +y#y+x
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