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B A triple (K, +, #) is called a Q-skewsemifield If 1) (K, ) is group with zero 0, (K, +) Is a
semigroup, 3) for all Xy, z€ K, x{y +2Z)=xy +x2 and (y+2x=yx+2zx, and 4) for every x € K, x+0
=0=0+x For a O-skewsemifield K, et K* dencte K\{0}). A quardruple (K,+ », 5} Is called a
gositively ordered Q-skewsemifieid if and enly if (K. + e) is a‘O-skewsemifiatd and £is a paﬁtai order
on K such that for all x, v,z € K 1) X<y implies that x+z Sy+z, ZtxSzty, xz<yz and xS zy and
x2>0. The subset P={ x € K/x21 } of a positively ordered O-skewsemifield is called the positive
cone of K. \

let {K/iel} be a famity of O-Skwrsemrﬂatds The mmt praduct of the famll { K /

1€t} is the set of all elements (x)€, in the cartesian product of famlly { K/ IE! } and 0 where

= (0), €, together with the’ componentwnse operatlons let. L be a subskewsamiﬁeld of the direct

pmductof{K,lleI}.Llssaldtobeaaub_dmec_tnmdmtof{Kl!ie!}ufandomy:fforevery

j€l, I'I](L) Kl where l'Ii is the natural projection map A posrtive lattice O-skewsemifield K is said to

‘ngniamu uneg[any closed rf and only if for every aEK af there exists a beK such that "< b
l.for al ne |mphes that as1.

Theorem 1. Let K be a O-skewsemifield, PC K*, and P"={ X" / x € P }. Suppose that P satisfies
the following conditions: 1) P is a muitiplicative normal semigroup of K, 2) P p! ={1} 3) for

every X EK 1+x,x+1TEK and 4) for all x,y& K and a, b €K such that a+b=1, ax+by €P.
Then there exists a unigue positive compatibie order on K induced by P such that P is the positive
cone. Furthermore, there exists an order isomorphism from the set of subsets of K* which satisfy 1) -

4) onto the set. of all positive compatibie orders on K.

Thegrem 2. A positive lattice O-skewsemifield K can be embedded into a complete positive lattice
O-skewsemifield if and only if it is completely integrally closed.
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INTRODUCTION

The theory of partially ordered groups, rings, skewfields and semigroups has
been studied for a long time now and many basic theorems have been proven.
In [3], C. Namnak has proved many basic theorems of the theory of partially
ordered 0-semifields which were similar to theorems in the above mentioned four
basic algebraic systems. However, he assumed commutativity of both addition
and multiplication. The purpose of this thesis is to extend Namnak's resuits to
partially ordered 0-skewsemifields where we do not assume commutativity of
either addition or muiltipiication.

We were very successful. We were able to extend all of the theorems in [3]
except theorem 4.15 which states that every positive lattice ordered semifield is
gither a positive totally ordered semifield or is subdirectly reducible, and thus we
were unable to extend theorem 4.16 which states thét a positive lattice ordered
semifield is a subdirectly product of positive totally ordered semifields.

It should be noted that we were able o prove some important theorems that
not given in [3]. For example, we proved that a positive lattice skewsemifieid can
be embedded into & complete positive lattice skewsemifield if only if it is
completely integrally closed. We also proved ( in the appendix ) a very deep
result about skewrings that does not appear in [3]. it was shown in [3] that
every Archimedean totally ordered semiﬁéld is embeddable into a complete totally
ordered semifeild. We extended this theorem to skewrings and as a coroliary we
get that every Archimedean totally ordered skewring is additively and
multiplicatively commutative.

This thesis studies the main types of partially of ordered skewsemifieids.
After chapter | which gives preliminary material, we study general positively

ordered skewsemifields in Chapter {l. In Chapter Il we specialize to positive



lattice skewsemfields and finally in chapter IV we specialize to totally positively

ordered skewsemifieids.
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