INTRODUCTION

The following transformation semigroups on any set X are well-known :
PT(X): the partial transformation semigroup on X ,
T(X) : the full transformation semigroup on X,
I (X ) : the 1-1 partial transformation semigroup on X
(the symmetric inverse semigroup on X'),
U(X) : the semigroup of all almost identical partial
transformations of X,
V{(X) :the semigroup of all almost identical
transformations of X and
w(X) | : the semigroup of all almost identical 1-1 partial
transformations of X .
All the above transformation semigroups are regular for every set X . Since every
regular semigroup is eventually regular, these semigroups are eventuaily regular,
Transformation semigroups on partially ordered sets have long been studied.
For a partially ordered set X, let

PTee(X ) = the regressive partial transformation semigroup

on X,

Tes(X) = the full regressive transformation semigroup
on X,

Ie(X) = the regressive 1-1 partial transformation

semigroup on X,

Ugg(X) = the semigroup of all regressive almost identical
partial transformations of X,

Vee (X ) = the semigroup of all regressive almost identical
transformations of X and

Wee(X) = the semigroup of all regressive almost identical

1-1 partial transformations of X .



For a patially ordered set X, PTpz(X), Tre(X), I (X), Ugg(X), Vae(X) and
Wep(X) are subsemigroups of PT(X), T(x), 1(X), U(X), (X) and W(X),
respectively. However, for a partially ordered set X', PToe(X), Tre(X), Ins(X),
U e (X), Ve (X ) and Weg(X ) need not be regular. Since every finite semigroup
is eventually regular, it follows thatif X is a finite partially ordered set, then they

are all eventually regular.

It was proved by A.Umar in [2] that if X is a finite chain, then the semigroup

S = {o & Toe (X) fim{e) < |X]}

is generated by idempotentsand § is not regular if ]X | =3. AUmar also proved in
[3] that for chains X and Y, Tre(X) and Tp(Y) are isomorphic if and only if X
and Y are order-isomorphic. In [1], T.Saito, K.Aoki and K.Kajitori gave necessary .
and sufficient conditions on partially ordéred sets X and Y for Tpg (X) and Tpe ¥)
to be isomorphic, and the result of A.Umar in [3] mentioned above is a corollary of
this result. |

The researches on regressive transformation semigroups which we have
studied seldom related to their regularity. We can easily prove that every
regular element of a regressive transformation semigroup is an idempotent and
a characterization of its idempotents can be given. These results are a part of
Chapter Il Eventually regular semigroups are a generalization of regular semigroups
and periodic semigroups. The first ‘purpose of this research is to give necessary and
sufficient conditions for a partiaily ordered set X suchthat S is eventually regular
whete' § 48 PTag(X), Tag(X) 0t I55(X) and to show that Ugg(X), Vas(X) and
W (X) are always eventually regular for any partially ordered set X. These results
are given in Chapter II. |

If S is a transformation semigroup on a set and feS§, let (5,8) denote
the semigroup S with the product * defined by a*f =aff for all a,feS.
The second purpose of this research is to introduce necessary and sufficient conditions
of a partially ordered set X and & such that (s, 9) is eventually regular where S is
PTre(X), TRE(X)orIRE(X) and @S and to show that if X is a partially ordered



set and S is Urg(X), Vas(X) of Wig(X), then forany 8 €S, (S,6) is eventually

regular, This study is given in Chapter 1L
Preliminaries for this research are given in Chapter L.



CHAPTER I

 PRELIMINARIES

Let S be a semigroup. For ae §, if a’ =a, a is said to be an idempotent
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of S. If aeS and iis a positive integer such that a =a", then @' =a
a' is an idempotent of S. An element g of S is said to be regular if a=aba
forsome be S and wecall $ a regular semigroup if every element of § is regular.

Then every idempotent of S is a regular element of S. An elementa of S is

said to be eventually regular if there exists a positive integer 7 such that a” is
" a regular element of S$. If every element of S is eventuaily regular, then' S is said

to be an eventually regular semigroup.

For aeS, let (@) denote thesubsemigroup of S generated by a. Then
forae s,
{a)= {a,az,aJ,...}.
We call S a periodic semigroup if forevery aes, (a) is finite. It is known that

if aeS and a' =a’ for some distinct positive integers i and j, then ak is

an idempotent of S for some positive integer k. Therefore if S is a periodic

semigroup, then for every element a in S, there exists a positive integer £ such that

a* is anidempotent of S

Hence every regular semigroup and every periodic semigroup is an
'evcntually regular semigroup. Since every finite semigroup is periodic, we have
that every finite semigroup is eventually regular.

Let X be a set. For any set 4, let 1, denote the identity map on 4.
A partial transformation of X is a map from a subset of X into X. The
empty transformation of X is the partial transformation with empty domain and it is
denoted by 0. For a partial transformation @ of X, let da and Va denote the

domain and the range(image) of a, respectively. Let PT(X ) be the set of all
partial transformations of X . For @,f € PT(X), define the product a8 as follows:
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If VanAdAf=@, let af=0. If VanAf+@, let aff be the composition
of the maps a‘(VaﬁAﬂ)a" and ﬂlVar\Aﬁ' Then PT(X) is a semigroup

having 0 and 1y as its zero and identity , respectively and for a,f € PT (x),

Aaﬁ=(VamAﬂ)a'1;Aa, Vaﬁ:(VanAﬁ)ﬂ;Vp’. The semigroup PT(X)
is called the partial transformation semigroup on X.

By a transformation semigrouﬁ on X, we mean a subsemigroup of
- PT(X).

By a transformation of X,  we mean a map of X into itself. Let
T(X) be a set of all transformations of X', that is,

T(X)={aePT(X)/Aa=X}.

Then T(X) is a subsemigroup of PT(X) containing 1, and it is called
the full transformation semigroup on X.

Let I(X ) be the set of all 1-1 partial transformations of X, that is,

1(x)={ac PT(X)Ia is 1-1}

Then I(X) is a subsemigroup of PT(X) containing 0 and 1, , and it is called

the I-1 partial transformation semigroup  or. the symmetric inverse semigroup
c‘.)-n X. _ .

It is well-known that PT(X), T(X) and I(X) are all regular. Also, for
ae PT(X), a* = ifandonly if Vo c 4 and xa =x forall xeVa.

The shift of aePT(X) isdefined to be the set {xe da/xa#x} and itis
denoted by s(e). For a e PT(X), e issaidtobealmost identical if s(a) is finite.
Let

U(X)=the set of all almost identical partial transformations of X',
V(X)=the set of all almost identical transformations of X
and

W(X)=the set of all almost identical 1-1 partial transformations of X.
Then

UX)={ae PT(X)/ s(a} is finite.},



V(X)={a e T(X)/ s(a) is finite.}
and

w(X)={ae 1(X)/ s(e) is finite.} .
We have that for @, 8 € PT(X), s(@B)< s(@)w s(8). Then U(X), V(X) and W(X)
are subsemigroups of PT(X), T(X ) and J(X), respectively,0,1, €U (X),1, eV(X)
and 0,1, € W(X). Infact, U(x), ¥(X) and W(X) are regular semigroups.

The following notations will be used.

N = the set of positive integers,
7~ = the set of negativeintegers,
Z = the setof integers

and
R = the set of real numbers.
In this rescarch, the partial order on any subset of R always means the natural

partial order of real numbers.

Let S be a transformation semigroup on X and feS. Let (S,8) denote
the semigroup S with the product * defined by a*f=aff forall a,feS.
We call the semigroup (S,G) a generalized transformation semigroup on X .

Let X be a partially ordered set. An element g of X is said to be
an isolated point if for every xe X, x<a or x2a implies x=a. X is said to
be isolated if every pointof X is isolated. For 4 ¢ X, let max(4) and min(4)
denote the maximum element and the minimum element of A, respectively if they
exist. By a chainof X wemean a chain ¥ suchthat ¥ c X and the partial order
of Yis the partial order of X restricted to Y.

For ¢ PT(X), a is said to be regressive if xasx for all xeda.
A transformation semigroup on X is said to be regressive if all of its elements are
regressive. For a transformation semigroup S(X) on X, let

Spe(X)={a € S(X)/a is regressive.}



which is a subsemigroup of S(X ) if it is nonempty. Note that 1, belongs to
PTas(X), Tre(X), Ig(X), Urs(X), Veg(X) and Weg(X), all of PTpe(X),
Ize(X), Urg(X) and Wez(X) contain 0,

U ge(X)={@ € PTe(X)/ s(@) is finite.} ,

Vee(X )={aeTRE(X)/ s(e) is finite.}
and |

W o (X)= (o € I s (X)/5() is finite.} .

For a set X , let M(X) and E(X) denote the semigroup of all 1-1

transformations of X and the semigroup of all onto transformations of X, .

respectively, so we have that 1y e M (X) and 1y € E(X). If X isapartially
ordered set, we have that both M ze(X) and Eg; (X) contain 1.

For any set 4, let [4] denote the cardinality of 4.
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