CHAPTER 1II

REAL ANALYTIC HOVMOMORPHLISMS

It has been shown thaﬁ every nenzero real analytic homomorfphism
of the multiplicétive serigroupfRato R taking 0. to 0 is of the form
(=(aet x)*) for somessi é g sge [5,p;60]. In fact, the proof is the
same as the proof givew at the beginniﬁg of chapter TI. |

In the previous ehapten ve have shovn that all nonzero complex
analytic homomorphisms of jthe ruultiplicative semigroup M(n,C) to € taking

77 for some me W, for all 4 € M(n,C). We

0 to 0 is of the ferm (det A
shall now prove that the above result is true in the real case also.

First we shall need two lemmas.

Lerra 2.1 Let A€ M(n,R). Then the characteristic polynomial of A is

the product of its imnwariant factors.

Egggé. Let us recaldlthat the characteristic polynomial of A‘= det(XI-A)
is the same as the characteristic poiynomial of any matrix’similar to A
@9 theorem 1.2, p.279],‘also the invafiant factors of A are identical with
thése of matrices similar to A [L, cor.to theorem h.l,'p.320].
Let A € ¥{n,R) have invariant factors ml(x),...,mt(ﬁ). Then for

all j'=.1,2,...,t,=

2 ;
mi(x) = P, (x) 1 p (x)zje...P (x)
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vhere pjl(x),...,pj§33are distinct monic nonconstant ifreducible polynomials.

. J . '

in R [XJ and 2Jl,a..,23k are natural numbers. Since the only irreducible,
3 .

nonconstant polynomials over the field o

bers are either of degree

1 or 2 (by chapter O, p. 3), ; where
. ’ ,
bji— )-"c'ji < 09 )\J.i, .b.,. d l,..., jtl,...,tk_t}.
Suppose that .
" l(q1+1) L kg
ml(x) = (xL+b X q +1)...(x- 1k ) >
. 1 1
(qt+l) Lok
m (X) = (x +b. _X+c Ooo(x- ) v
t1 t(q{l) tkt >
where 0 < qy < kj for all j € .}. —From chap 0 p. 10  we have thai

D(pt (x)
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D» L.
(pyy(x) 7% =

= (x +
bjix + cj.)lji
i (:
f
rom chapter O p
age 6)
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Since we also have that

in which Aji ocecurs zji the super diagonal

“and O's elsewhere for ak .°°,2ké,;°°, -

oc,t<qt+1)v7 L] no,tl{t},

: L.
. 2y ddyy
dct(xI—D(pji(x) 7))

r O pége6)

Therefore,

) " 1(q +1)
det(xT-BAB™T) = [(x%4] wd M(q, +1)) S
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1

Hence, the characteristic polynomial of BAB "= my (x)..em (x), the

product of invariant factors of A. Since A and BABMl have the

some characteristic polynomial_ 3 aracteristic polynomial of "

Lemma 2.2 Let ¢ :

multiplicative homo

an m ¢ N such that = FA)" Jor R1L. :thh’.)'

Proof. Since ¢ is a

neighborhood U of O an

We have that fx
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Thus, c (xs+yu)l'(xt+yv)‘j(Z.’s+wu)k(zt+W)

Om§g

ijka

(2.1)

k g,sult . vq

By considering the LES. ofi.(: —? i/%h term in the power

series deg(x) + deg(z) 50 . pq = 0 if i+k # m+n.
+ This implies that for all igJd.kg2 e e... . =0 if j # k. Hence
(2,2) c, .,
1j}
0 i b i .
n the LAS of. (2.1) t . is ¢ oos
. o N i & , " . SN A . . .
.On the RHS of (2.1) th e . this ternm is ©0ng0°C0an0?
lience €002 = ©on20°¢08n0 b 1,"l then Cong0 = 0 by
(2.2). Therefore,
(2.3) € 00
. ) e s b ] N | ‘ ey n . .
On the LES of (2.1) - e WV ) CnOQn" On the

\

X f Pt . o :
RS of (2.1) ‘the co: v---.---------—--_--_-_mﬁ 1_-‘ hoon° noon*

P

Therefore . m
o : 2

(.2'“) €n00n f €n00n

ﬂeﬁﬂ’?%ﬂﬂ‘ﬁ%ﬁﬂﬁ?

‘V’n ewu{o}

zero since ther 1s no z and t “actors in this term On the RHS the corres-—
‘5] RTH IW%W"T’J e ﬁ t)
(2 5 Ym# n.

®noon * “moom "A i
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_ ' ' 2 : :
On the LES of (2.1) the coefficient of (xs) (yv)k(zs)k(wv) is kg

On the RES of (2.1) the correspondlng coefficient of thls terai is

C « C : ; .
nkk® - n+k,0,0,k+£

Therefore,

y P = - h T '_ ’ A .

(2.6) iy g ™ Cri g i, 00000 g | ¥k, L €WU{0}, and if n # L,
thenntk # 4+ I C ‘ = ' k) ¢ o
thenn+k # 2+k, Lence C e, 040,540 0} by (2.3) So

‘ _ \
(2.7) S ik g =0 ¥ ngky ¢ eiw {0} such that n. # g. -
NOW we shall only consider cnkkn'for-n,k € N U {0} for otherwise they are
all zero. By (2.4), c o #= Oor 1 Wn e NofO}. Ifc o =0 \fn? then
vy (2.6) ¢ = 0. Yn,k € Nv{0}. Therefore & = 0. Suppose that

nkkn
there is an n € N v {0} such that © 00 # 0. ~8ince 5000 = 0, n e N3 i.e.,

‘ m e e i -y (35). @ -
there is n € N uch that ¢ 00 # 07 - Thén ol Lom 1 ‘ By S2 5), ¢ oom ' 0

Vo # n. Because € = Cokkm cm*k,o,o,m+k’ then e ... = 0 for all

2, k € Nu{0} such that wtk # n. So

nn .n=-1 _n-1
= 1 . £
CoL Cno0n™ | Ve o), 10 hnea X YA

. y X_n-;zn-'l ;B
0¥ ,n-1,081,1%Y Onnoy -

(lote that now we have'a finite gSum so there is né convergence problenm.

4Thus the above equation is true for all matrices in M(2,R)).
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. - ~ k,n, '
Claim that. . = (- 1k =

im that cn—k,k,k,n—k (-1) (k) for all k = 0,1,2,...,n.
Suppose that.k = 0, then ¢ = 1 _and (1) ( ) = -1 =1, so @oﬁe
: ~ n0O0n (n-0)10! s -
Assume that c = (=) ¥ : k'>1l. Wer W
}. > the 220 Bynmg (=) \2) Ve < ¥ ahd e } e rust show
that e = (-1 )CrEy—— , HS 2
hat ek, ke (-1} Kk)' Claim that onwthe LES. of (2.1).the

' k k n-k n-k AT g n n=1
coelfid t of { +
feent of x's'y S =00 Choont Sk %m0 ,1 01

» 1"—-& ’ n—k"'l N
+‘n—ﬁ) 1e2,2,2,n-2 O g AL, k1o kel nekt 1 Snokyk,k,n-k

To see this, note that én tge pESlor AN it is possible to get the

EpRmkmRy Oy Py,
n—l n—l) (% k-2 k-2 n—k n—k)( )(2252)

) - k k n-=k n—k,n n
expression of X s ¥y u z i from sghesterms (x s

(xk—lsk"ly_n“’kunmk) (xt) Zs) ( Z

) gseesy (XS yn_'kun_k) (xk_ltk”?l') ( Zk‘;sk-l) (zn-(k-l) sn-(ke-l) ) ,

(yn—kun-k)(xktk)(stk)(zn-ksn—k)

( zn—2tn-2

and from no other terms. since the other
terms would involve v or w which do not appear. On the_LHS.of (2.1) the

correspondlng coeff1c1ents of the above terms are ( -k) nOOn

n-l)

N2
n-k )

n-k+1,
n-2,2,2,n-2’°"’('n-k ) and

®p-1,1,1,n-1" G “nek+1 ,k-1,k-1,n-k+1

c 3y respectively. Therefore the coefficient of xkskyn-kunnkzntn
=K,k k,n-k ,

(Edy

n-k a

on the LES. of {2,1) is (nnk)c

i + '..
nOOn+ cn—l,l,l,nﬁl (n k) n-=2,2,2,n=-2

n-k+l, ° "
ot Ok 200 ¥ ko) ko1 ,0-k41" Cnok,k,k,n-k © OF the RiS.of (2.1) the

corresponding coefificient of #this term is ck,n—k,n,o' ck,n,nnk,o .

Eence,

(% )e o+ +(P2)e TR G
n-k’ n0On 'n-k’ n-1,1,1yn-1 "n-k’ n-2,2,2,n-2 n-kK n-k+1 k-1 k-1 ,n=k+1

+c Since k # 0, n-k # B, so by (2.2)

n-k,k,k,n-k _ °k,n-k,n,0" ‘k,n,;n-k,0 °
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®k,n-K,n,0 = 0. Hence,
/ n ) ¢ n"l . n_2 ‘ . .
\n—k)_cnOOn+ (n—_k)cn-i s1,1 3'n"‘J:jF (n-k) 2,2,n—2+' . o

S « 255 o . : E
ok ( )c )
njk nak%l k—l k—l:n- ok

~ Therefore,

-

[od . . =" -
T n-k,E,kyn=k .

i
i f\), .
-
N
N
{a]
|
n

(- l)k_ (knz)(n;lj;2.)_

(n—k+l‘)' "}
(n-k"'l)l(k-l)!
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?EZEST?T [ﬁl+k k(g;l) . k(k-%?(ﬁgg) )

)k~2 k(k-1)
21

n! SN A S k=2 k Kol X
T ) A=) &1

co=(=1

- Case 1. k is

c v
Ky kK, kyn=k

Case 2. k is

Ch-k,k,k,n-k £
i |
1

em we have that for any X, ¥ erf and n e W,

oy BTN BTN T e

So, Oh(l-l) = (0 ) ( )+( )= ié»l)nal )+(—l)n(n) If n is even, then

amaﬁﬂjmwnwmaa

D= = (B+D-(D)

Dy the binomial theo?

L

i

—1+(§)-(2)+..f}(g)+(§)—1.
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Therefore, ‘ 2 = (n)_(n)+.;:_(n)f(n)>

. )
- Hence c =
) n-k.k,k,n-k

. Cohsequently, we have VEk=1,2,...,n. °

This shows that

5

\) xn&n_’_( :

Y

N

T T

'ﬂ
!
]

This proves the lemma.ﬂ

Now we are ready ‘b the theorem.

o zs ol HANYNIN EJ’lﬁjmm_

cative homomorphlsm and ¢(0) = 0, ihen = 0 orlsnere is anm equ,such

o mmﬂmwnwma d



Proof.- We proceed by inductioh over n e . If n = 1, then ¢ = 0 or
thefe exists m € N such that o(x) = x_ (=(éet xzm) for all x ¢ R Iﬁ,p.60]. |
Let n >.l end assume that the assertion is true for all natural numbers

kK < n. We mu§t show that it is true for n. But lerme 2.2 im@lies that

it is true for n = 2. Thus we need only prove the assertion for n > 2.

Let A € M(n,R) have ml(x),,,,,m (x) as invariant factors.

t -
Therefore, -
- X L
(a8 = i Jl | ) ka
m‘j(“) ' qjl(x) "5y .(x)_
)
where qjl(x),.gésﬁ.ﬁcgare distinet monicy nonconstant irreducible polyno-
. ki \ :
_ 3 \ u
Iﬂﬁﬁinﬂ&]&ﬁ.%lpﬁ,%k ere natural mmbers for all j = 1,2,...,t.
j .

Since the only irreducible, nonconstant polynomisls over the field of real

numbers are either of degree 1 ox 2, q xd)i= x-2,. or x2+b,.x+c,. where
' 1 Ji BRSE RS .

3

2 : )
b and Cjia R for-all-jic {n,.:.,lk1,2l,...,2k2,...

Ei'hcji <0 and_Aji, b, .

Ji

S 2 P .
,t, ‘,tk't}

Case 1. If qji(x) # x=Ay, for all Ji, then all eigenvalues of A lie in
R & €. By the same argument as in the proof of the theorem 1.3 we have

that ¢ = 0 or (A) = (det A)® for some m € N.

Case 2. There exist|js igsuch that gji(x) = X2+bji x‘+cji with order
. 231 = 1. Reorder the indices so that j,i = 1. Erom chapter O page 10 4
we haye that theré is 'an dinvertible matrix B such that
A . . { ! -
o - et bll O '
[ T
0 E AZn—2)x(n-—2)
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3 X,

iJ

eR, T is an .(nez)x(n-z); .
’ matrix over R
(n-2)x(n=-2); ' - |

Clearly, & is a sem'igr.oupj under matri# multiplieation and SXM(2,R)xM(n-2,R).
_ F.rom.~ equation (1 .'\i@_:) we have that @((G,In_é)) = 0 and from equation (1 S8

we have fhatﬁ @((I, _‘,5)‘-) =0 (HHe proof is similar to Alemm'ﬂ I. 2) Then by
 lemma 1.1 t‘lev-e exist’ rultlpllcatlve homomorphisms o @ M(2), R\ +» R with
' a(o).= 0 and B : I-J‘(n—2 [R) > & ity 8(p) = 40, such that e((x,y)) = a(x)s(y)
for all x € '\1(2 ,R), for all y ¢ M(n—2 IR) ..,lnce ¢ is reai analytic, o én_d

8 are real analytic by the corollary to Yot 1. Suppose that @ £ o. |
| \Lhen a(x) (det x)™® for soue mie N, for allixje M-(Z,IR) by 1emme_é.2, and
by the induction hypothesis Rlx) = (def x)t fdr.s"orr}e t.¢ N, for all’

P

+
]’m (det A(n 2)x(n—2))

x e ti(n-2,R). Therefore, 2(a) = &(8" 1AB). = (et {o
' =11 “P11]

Claim that m = t. Sﬁppose that m # t. Choose Be M(n,R) so-that its inva-

-riant factors after f{a.ctorization into irreducible polynomials are (x—/\l)

s . 80
- / 1

(x-Az),(x-A3),Pl(x) "'P-u(}»c) , where Al’x2’)\3 are all @istinct nonzero

real numbers and Aii-t # Arél-t' and pi(x), i=1,...,n, are non constant

polynomials having nonzero rodts.. Then, from chaptér 0 _page: 10, there

exist invertible matrices C,!D eM(n,R) such that

st ey

0

s and-

(@)
>
N .

'
!
I .
e
' E
4
i
i

(n-3) x(n-3)
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Since #(B)
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and (B)

£
y)

t
X2 A
 we gét that Al 2 Ay (det B, “(aet E(no3)x(n-3
; -t m—t - e e
S A . - = ‘mmm:ﬁ_:umm—u_ﬁ o =
O 1 3 | N CO - I:‘- i- ‘I’(A)
det'\"o 1) , AT r,.l ((det B-l)'(det A)
. - . . ;'

!—c -b;
i

ey ﬁﬁﬁﬁﬂ‘ﬂﬂ’ﬁ%ﬁﬂ“ﬁ“

;‘Zf::iammﬁ'jﬁmﬁ”iﬁ MY

1 .
Jpy
- J , J(p +1)
3 (X) (x~+301‘+c 1) G +bjp3x+°3pj) (x %3 (e, Ay
L.
Jk
. '(x_kjkj) j?
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. o :
vhere x +b,.x+c,. = q,
-

: 2 . -
51 51 (x),...az. +b xte, = q. (x), x-}‘J(p,:].'*'l)

Jp;

qj(Pi+l)(x)9=~'sxj'}‘- = q. (X)‘

k. .
J JJ J

..,tl,..,,tpt . so that Ib

ié {ll?o-'t ’lpl’2l’.°~',2p2,“'

d reorder the indices

: QJ&’nce b2,- b < 0,
— 91 -

50 that j = i = 1. 'Then e . i S
. o | Ji
011~ l&cll < bji” )-Lc - Xe) 4 el{11, ..,.2p2,..._,tl,.._.,tpt}>.
Tn*n froL chapter O pag BTN, i le matrix.«B such that
Blap =
Ry
tk
t
)
— .]'
i 0 1
"1 i
_______ 3 Y’

r O

" @I‘UET?J ﬂ.ﬂﬂifvi_gj’_]qm
AN IURTININY

- -

e
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vhere a ' , : /

| 2 s
let m e M. So bp= b 0 vJii.

)

x +b JX+e ) 12:..

] 12 :
\ o
l(pl+l) _ 1k1

x, . °..(x--/\lk .
'%

For each m, let Pm(x) =

Therefore the polynomi of mz(x),..,,mt(x).

Hence the order of x-+ b he product of

‘ e
Pm(x)me(x)“"mt(x)'

‘ ) F

ot

uﬂqwamﬁwﬂﬂnj

]
I
r
!
L

aﬁﬂimummmaa

. - i

!
- -




Ll

‘Theq.the.characteristic_poiynomial of y = pm(x)mé(x).r,mt(x) and y > v
as m > ©, Since vy = B7las, A = ByB™l. Let A = BY.mB"l for all m € N,

Because Y_ * ¥ as m + &, then BY‘B";:

asm > «; i,e, Am > A as
" i ’

m 4-w.» By lemma 2.1; the product
...mt(x). S}nce Am is simila; n ' t(x)—ls the pyodgct of

1
1 11+‘ o
Becahse it hasgifj

. . o - : 2 L
the invariant factors of A e factor, x +bl-x+c

must be a factor of one or;

“order 1, theh-by‘case 2 Since A = 1im A _,
L I

6 = (13 = n

o(4) = ¢(1lim &) (det A.))

m-<.

= (cet(lim A )"
K
So the theorem is

O ’ all A & I’I(n"R)-

AULININTNYINS
RIANTUNRINYINY
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