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COMPLEX ANALYTIC HOMOMORPHISMS

In tnls ch&rter, we shall prove that & complex a.na.lytlc homomor
p‘usm of the mul‘blpllcatlve semigroup; M(n, C) to C whlch ta.ke 0 to 0 1is of
the form (det A) ~for 'some e N,/ for all A € M(n C) or is 1dent1cally

" 2€Yr0.

We first’ f1nd all analytic homomorphlsms o : €+ € such that
o(xy) = Q(x)o(y) for all X, e ¢ and @(0) = Q. Sx,xppose- that @ : €= C

is sugh an analytic hombmorphism then ¢ 'can be written as

2 —~ n
o = + 3
a(x) c X c X+ ¢ % Foont e XH. L.

. in some neighborhood of O. It"suffi'cefs to find c. such. that

é(x)é(y) = o(xy). 'Y&e_hé.ve that

(1.1) _ Q(xy) = c Xy + <':~2x2y2+ c3x3y3+ Vcl;xhyh#.‘.. ,
‘and »

(1.2) a(x)o(y) = (clx+c2x2+c3x3+.,.)(cly+c2y.2+c'3y3+...)

2 3., 222 3, .
X y+c3clx y+02x Y +c103}q« +...

ol §
+
xy+c CpRY Feen
If ¢;= 0 Vi, then ¢ = 0. INow assumé that there exlsts_k such that
cy# 0. OLet/n be the fmallest natural number such that c # 0.| We claim

" that cm=-0 Vm # n. We prove this by comparing the coefficient of the

tern xmyn (m # n) in (1.1) and (1.2); respectively.
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Then,

But cn# 0 implying that c¢_ = 0. Now, we consider the coefficient of the

ﬁerm.xnyn in (1.1) and {1.2)3 respectively. Then we get that

m—
(¢ = S
ol n

- which irplies that c_ = a4 sia€e el a
Hence the enalytde homomorphisms ¢ : € » € teking O to.0 are the

functions ¢{x) = xn for gsome nie W and the O function.

A e A S R T s TR ey
Before provinglthich fof) arbitraly. natrix. semigroups we need two lemma

Let S and S' be semigroups . and S x S' = {(s;sY)lse:S, s'e 8'1}

" Define multiplication on'§ x 8' by
(ss8") (s saydlis= .(ssl,s's’l)

for all s, = in 8 and é',si.in SYe Then S % St -with this multiplication

forms a semigroup. = " .

+

Remark: If F is a field and a € F is such that a2= a; then & = 0 or 1.

(

Lerme 1.1 Let (S,0,1) @nd (S',O',l') be semigroups ha?iné zero and multi-
plicative ideﬁtity and let (é*,o*,l*) be a2 field, .If ¥ & 8 X é' -+ S* is a
homomorphism suéh that ((0,0')) = 0%, then one of the following mﬁst.be
true :. | | |

iV Yud D&k 4 hémomo¥phism & : S|+ £*% such.that afs) = y((s,s"))

for all s in S, s' in S' and «(0) = 0%,

(ii) There exists a homomorphism B8 : §' + S* such that B(s")=y((s,s'))

for all s in S, s" in S' and B8(0') = 0%, °

t
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(iii) There exist homomorphisms o : S > S* and B : S' » 5%
such that ¥((s,s')) = a(s)g(s') for all s e S, s' ¢ S' and a(0) = O%,
g(o') = o*..
' Futherrore, case (i) occurs if and only if ¢v(0,1') = 0% and
¥(1,06') = 1¥, caselii) oeeurs if and only-if ¥{0y1') = 1% and $(1,0*)= o*

and case (iii) occurs if andwonly if $(0,1') =0%* and ¢ (1,0') = O%,

Proof. Since ¢ is & hoﬁomorphism,'w((o,l')) =-w((o,1')(o;1'))
=y ((0,1"))W((0,1")) =-(¢((0,1')))2, so v((0,1')) = 0¥ or 1¥ by the above

remark. Similariy, ¥({1,01)) /= 0¥ or 1¥., Now, we have 4 cases to consider.

Case 1. P((1,0')) =0*% and ¥ ((0,17)) = 0*. Claim that (iii) must occur.
Let @ : S~ S* be defimed by &(s) =%)((s,1")) for all s in S, and

B : S'+ S* be defined by B(s')

Ll

Y((1,8")) for all s' in S, Then o, B
- >

-

are homomorphisms since o(s s5) = w((slsz,l')) = ¢((Sl,1')(52s1'))

w((sl,l'))w((szsl')) = a(sl)a(sé) and B(S]'_Sé) = w((lssisé)) |

P((1,51)(1,50)) = 92,500 ((1,52)) = B(s1)B(s2)s oll0) = ¥((0,1"))

O* and 8(0') = y{({1,0')) = 0*. For all s € 8, s' € Si'we have that

p((s,17)(L,s%)) = v((5,2"))9((1,s")) = als)8(s'); i.e.,

w((S,S'))
"¢((S,S'))

a(s)B(s?) for all s e S, s* € §'.

Case 2. v((0,1%)) (= 1% andrw((l,O')) =L #*s , |
~ Since 0% = 9((0,0')) = ¥((0,17)(1,0")) = ((0,1'))w((1,0')

= 1¥%.1% "= 1%, this ‘case 1is impossible.r
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Case 3.  ¥((0,1")) = 0* and ¥((1,0")) =1*. '
We have that ¥((s,0')) = P((s,8%)(1,0")) = ¥((s,s"))w((1,0"))

= y((s,s'))1* = w((ﬁ,s‘)) for all s € S, 5'€ §', so w((s;o'))‘= ﬁ((s,s'))

L

for all s in S',  Define a(s) = ¥((s,0")) £6r all s € S. Then w((s,s}))

H

4((,0")) = a(s) and afegsy) = b (i, 0000 = wilsy,0')(5,,0"))

. 2
¥((51,0") 0 ((s,,0"))="als Jelsr), al0) = $((0,0")) = O*, Therefore

satisfies (i).

Q

QEEE;E: N w((0,1')) = 1%/and w((l,of))'; o*.

We also have that for each 5 ¢ 8, s'e S', y((0,8')) = v ((s,s')(0,1"))

w((s,S'))w((O,l')) = ¥((sfs")). Therefore ¥((0,s")) = ¥((s,s")) for all

.s in &, s' in 8'.. Por each g'e 8'.define B(s') = ¥((0,s")). Then B(s')

lp.((O,S')) = IIJ((S,'S')), B(S]'_Sé . ¢k(0,5isé)) 3 w((OQSi)(O}Sé)) _ -

W((O,si))¢((0;sé)) = B(S:'L)B(sé) and B(0Y) =4((0,0')) = 0*, Hence B is
a homomorphism and B(0) = 0" and 8(s') = Y((s,s")) for all s in 8, s' in &',

3o we have (ii). 4 :; : : {
o] — 0046562

Corollary. If € ana S’ are open' subsets of g2 (™) for some n and S* is

R(C) and if ¢ is an analytic homomorphism, then o and B are also reel

(complex) analytic homomorphisms.

Proof., It follows immediately from the definitions of o and 8. p

Now we |shall beégin 4o study real and complex analytic homomor-
phisms ¢ : M(n,F) »F taking O to O where F is either R or € and n > 1,

Since ¢ .is reai or complex analytic, wec have that

1 1794910
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The coefficient of x n (1.,3) is

‘1“& - 3
0K Ok. . .Owdk .
\ i+l,i .n’n_]_o If

A w\ i € n-l, then the

A
lezo o Om230 oo Omi it

m, . = k, .
i,i+l i+l,i

coefficient of X 12x 23,

12 o3 in (1.3) is

A
110..,02,220..02 0..02,
(loh’) A LY .
o al Om, |, O..e o
210 02220 I;J m; 54 Omn-l,no 0

whenever m, ﬂ u&l] ’g ‘VILEH[}% w Hﬁﬂﬁ can show that

" the RHS, of (l hﬂ equals zero for al&. m € FN U{O} 1l <ig n-l then

', o.ammnmam%wﬂmﬂ

l g1 ¢ n-1.

A
0. Ok O..°Ok O..Ok O..Ok 0]
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e N u{0} for all i (1 € i < n-1). The coefficient of

Let m i+l
m . n m n
12 23 n—l 12 23 n=l.n . .
i te 1 200 X 3 N
the tern ¥12 ¥o3 xn-l n y12 Y23 yn-l,n in (1.3) is
2o Oy 0vuOm, . O...Om sAW /A
m12 LN X ] 3 -0 1 1+l LI N ] n_l’n 00 /

m12 23 Thoa, n, m12 23

f . 3 y “fici e '
. m12# 0, then the coeif1c1ent of the tsrm x12 oz te X 1 o 12 y23 oo

m . ! )
‘o.ynnzl;n in (1.3) 15 0. JHeréfore,
it
(1.5) - A ol A f ALAN: S
12 o " 0 23 ® 8 0 i,i+l o e o n-l’n‘...
for all m, ;.. € N vio}g foulald & (2. d n-1), for a11'm12 € N, -
i,

Suppose that m, 5= 0O, Let i be the'smallest natural number such that

e .- L
: s 1,i+41 i+l 042 nd.n 11H.
m 41 # 0. The coefflglent of‘the tern xi,i+l 14,442 " Fn1,n Yi,i41
m : m
i+l,i+2 n-1,n '
¥ ces in (1.3) is A ' Ba - : N
1+l’1:’.2 n-'l’n ' o ..Omi’i"’lo.-. oomi+l’i+200 ...Omn_l,n(). 3 oO
and is O in (1.3)'..  Therefore,
(1.6) . A -~ S _
0...Omi,i+lo...Omi+l’i+20...0xnn—l’n_0...O had O
for all m, 11410 i+l,i+2’°°f’mn-l,n elN U{O} o541 # 0.
Since #®0) =0, Ad '0.= 0. . Hence by (1.5) and (1.6)
(1.7) X '
LK X 3 - - s o 0 LN N = O
Om120'°'Om230 Om1,1+lO omn-l,nO 9
Vm, | el v{0}, Vi (1 i ¢n-1). Consequently, the equation (1.k)

i,i+l

- equals zero. So
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(1.8) A = 0
zllo..ozzzo".oz .06 0% a-1,n _10+-0

for 'all £, €W v{0}, for all i (1

The coefficient of n‘lﬁn in (1.3)
H]
is i
20.a0m _00.0m. 0 8.4 9 O VOk 0..0k . 0..0
e 21 o0 .132 00 2 - ‘ L b t * i+ o-0 n—l ,n o0 ]
If nn, . = k, . = L ‘ , » th bhe coefflclent of
i,i~1 i-1,1 ' ‘
21 32 an,n-l'klz ‘
21 *32 ****n,n-1.Y12
Ao 0%,.0ee0% .0...08,.0..0%
ose 22 L XL 33 e w *\J ii .0
(1.9) A A - .
v.0 O Lmim Ol LR S e Om, e OI N
: _()"‘02220"’0}2' O.. r ¥ 0 om1+l, n,n-l1
A y
Ok OD .Ok230. °Ok19 +l II @
= s i 1.
whenever m, 91__1 -1 j" g for all i £n). By (1.7) we then

e e .55 49 ﬂﬂ?{lﬁw gInge
’Q W'] AIN I umawma &l
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(1.10) A , -
© o -] k‘ o ©° 2- . o a ‘Q’
0020250040 33o 0%, ,0..02

for all Qii e®u {0}, for all i (2 s i € n). . Now we are ready to prove

the following lemma. When we wr following lemma it will

always stand for either

ex) analytic multi-

Proof. A S{ﬁcé
/rxll *12
.l X X oo o e ) )

o | 21 “az “1 Me Mn
. . m. 11 712 °°°Tln *°°
e . I .
,‘. X 1 x LA X ooeoX nloeox nn

in.son wﬂ%&]o’%%‘lﬂﬂﬁw g1

/To cecoe
- {
.' 22 33

,ﬁé‘Nﬂ EHM*I’]ZJY]EJ’IQ EL s

] | . §
I‘.]O 0 seo X sesX o

[ - nn |/ nn . -
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and
/ * © .
TR
(1012) @ l‘ . °
\ . :
Y Y
in some neighborhood U of.0 . '?a ) we th «u;;fe that equation
, (13113 equals zero and (4 - i es jﬁhaﬂy'é ion (1;12).equals

- zero in Ue. Therefo ficiently small

so that

and
A |
* HNINEINT
Theré.fo-re,_ q'l - 7“_ A W
ARIRNNT e
A I SN
1
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Therefore, the lemma is completely proved. .

%l ooo
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.AgainMin;what follows F shall stand for Either R or C.

;Giﬁenvn'>_l, +let
. LA I

. A . -l‘lq ) . ) . " : . n ’ N

‘ﬁxli 0 veo O rmi "ﬁf,_th» f}q
. :O X coe X | i ) ' . ‘
i 1 . \22 ) Zn“ L J s i - P . !
Seal BB e RS = 1,20een
. ) e ° o - & ‘ . L3 ’
. , | o . \ - ol - : o s .
. . Vb - : " ¥ - o ’ .
) 1‘ . K - - E )
H . n B O . X ° o & "x 1 B . .
B SRS e+ " A ; ., o .

S 4
. i ] . 7
¥ ’ - 4 c ’

Thén, w1th respect to matrlx multlpllcatlon, S is a semigroupe.

I

Notlce that for all natural‘numbers n >4 l Sx= F % M(n—l F)._ If’¢ is
a (real or complcx) analytlc homomorphlsm from M(n,F) to F and Q(O) O,

then by 1emma 1, 2 @((1,0)) = Owand Q((O 1A S O where I'is the iden-
¢t1ty in, M(n—l F). and 0 1s the ZEeTO matrlx in. M(n—l Fo Therefore:r

_by case 1 of lemma 1 1 there are homomorphlsms o ; F =+ F and

. M(n-1, F) > F, such that @((s,s')) —a(s)B(s y - for all s'e F,

'e ‘M(n=1, F) and a(O) Og B(O) .h Also, q and\B are (real or -

acomplex) analytlc by»the corollary to lemma 1. 1.: Now_we are ready

¥

for our ma1n theoreme

f - ®

Theorem 1 3 '>Let @ é M(n C) -+ C be a complex analytlc multlpllcatlve

homomorphlsm such that ¢(O) 0. Then ® = O or there 1s a natural

number m suchythat ¢(A) = (det AU for-alllA € M(n,8))

T

Proof. Ve shall prove‘this theorem ‘by induction on ne For n = 1,

we have already prowven that, ¢z O orAthere exists an m € N, such that
?(x) = x" (= (det x)™ for all x in C. Suppose that n > 1 and the’
_assertion is true for n-l. We must Show that it is true for n. Since

% is'a.homomorphism,
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@(_I) ='¢(.I.25 .=-.’¢(I))' and so ¢ (I) = 0 or 1. _-If o(1) = 0, then

H-

- 9(A) = o(AI). ¢(A)¢(I) = 0(A)- o <0 for all A ifi M(n,e). Hence

oz O. Suppose that @(I) 1. Let n.ew(n,C)orm., )
Ol \ F ¥ ‘ ' R
93§g_}. .. A has.an eigenvalue A.of order’ Ls From chapter.O p:6
there exists 'an invertible matrix B; such that . B v
. SR 7 P o ‘
| \I. I\ . v O 4 .__:__*__ o, ._}. . _'n
P B lp_B i g Ay : |: - Toee
R A F 3 (n-l)x(n-lh N
f O ;-_.__'-'___ -—l—-r.._i'_:: o N . .

(57 1am) =*¢<é >@<A>¢<B> R >¢<B>¢(A> Q(B B)¢(A)

[T i

‘Q(I)Q(A) Q(A), 1ae°, Q(A) ¢(B AB)° By the previous remark we
have that there are complex analytlc homomorphlsms @l G-> € aad
_f; M(n—l c) > c such that¢>((s,s )) 2 a(s)ﬁ(s') for all se C,

f

Hs € M(n—l @) and a(O)

O, B(O) =, Then by the 1nduct10n hypothe51s

eltherQB.E ' or B(C) (det.C) for, some t e!N, for all c e M(n-l G)

and;"either a é Qe u(A) A for some m € N, for 211 A e Ceo Slnce

'1f=2¢(I)g= @((1 I( 1))) ..a(l)B(I(n 1))’ o # 0. and B # O. Therefore‘

N

9(A) = @(B AB) = A (det C) 7, R —— = t. Suppose that m ;_f t.,

“r

Choose D € M(n .C) 'such that no’ elgenvalues of D is zero and hl, 5

are’ elgenvalues of D.of order 1 such that A #At o From chapter O
p,6l there 1shan invertible matrix E ¢ M(n,C) such that
FA g O "o N - '
) o 8,0 0
Elpg = |0 0 oo
°  lp . !
| P F(n-2)x(ns2) |
0. 0 M-l J'_
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A

Therefore 4(D) = o(EIDE)

i .
¢ X

Similarly, there exisi le matri i(n,¢) such that
L .
G-lDG ' = :' ' K
? [ N
- = ;
¥ T ) ‘ n

Therefore_,i G’(,D‘)\_ = X e_E': ° 0 7 .
- e - = ===y
“";-#‘f.jf" kY _ !
t
1 ;_l / i

m B (det Fmaﬂzu)
L tﬂﬁdm NPT W‘Eﬂm -

Am- l This contradictsgthe fact thﬂ)\ q%herefore
Q W%@‘&ﬂ ‘5@.&"*34%&’}%)&}’1 @ (e m
((det “ly- (det A)(det B)™ = ((det B” )(det B)(det aN™® = ((det B” B)

(det AN™ = (det (I)e det A)" = (get M7, ices o(A) = (det A)"
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¢

Case '2. E-Su'p'pose that a]’.l' eigén‘valﬁés of A éir'-e of order > Y. 1In
this case we. claim that there is a  sequence, (An) - of matrices in
v = ‘v 2 ne .

IM(n,'C) su_ch that nn has at least i envalue of order l for each

ﬁ dlst 1nct elgenvalues

From chapter 0, p°6

i A )
n,and & 11m Aho Let

, n—-)w-

Let

o

.Therefore d, > Oor_.f < dy. and let 0

3 .0 !
E)Aq—(pl o’

ﬂ‘lJEJQ‘VIEmﬁiWEHﬂ

A 9,

q mﬁﬂﬂiﬁuwmmaa

(n-k)x(n—k)
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Then the distinct eigenvalues of Y, are )\i:+ d)n,' A;I:.),”.,,?\m and.l
. Sincey = B'lAB, A = By B~L.

gy,

Y.

?\l+ d/'/n has order 1 As n—>®, y_ -

1

Let 4 = BYnB-1 for all n €N ¢! is an eigenvalue of

A of order 1 and A > BYB = 1lim A_. Thus
n n = n

we have the claim. He @(An) = 1lim (det An)m

no<s

= (1im {det An))m = (de

n-roo

AU INENTNGINS
ARIAINTUNNINGAY
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