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CHAPTER I
INTRODUCTION

The study of vector spaces equipped with “inner products” that are not nec-
essarily positive-definite has always been a theme of extreme importance in rel-
ativistic physics starting probably with the work of H.Minkowski. Complex vec-
tor spaces with indefinite sesquilinear forms have been introduced in relativistic
quantum field theory by P.Dirac [5], W.Pauli [14] and then used by S.Gupta
9] K.Bleuler [3], although their mathematical definition has been given later
by L.Pontrjagin [15]. Complete “indefinite” inner product spaces, called Krein
spaces, have been introduced by Ju.Ginzburg [8] and E.Scheibe [16] and the study
of their properties has been undertaken by several Russian mathematicians.

Although algebras of continuous operators on Krein spaces have been around
for some time, the first definition of an abstract Krein C*-algebra has been pro-
vided only recently by K.Kawamura [10, 11]. Krein C*-algebras are somehow
expected to play some role in a “semi-Riemannian” version of A.Connes non-
commutative geometry [4] (see A.Strohmaier [17], M.Pasche-A.Rennie-R.Verch
[13] for details) and for this reason it should be of some interest to develop a
spectral theory that is suitable for them.

It is the purpose of this paper to introduce a simple spectral theory for the
special class of Krein C*-algebras that decompose, via a fundamental symmetry,
in the direct sum A = A, & A_ with A, a commutative C*-algebra and A_ a sym-
metric imprimitivity (anti-)Hilbert C*-bimodule over A, and that are equipped
with an odd symmetry exchanging A, and A_. Our main result (Theorem 3.28)
is that every such Krein C*-algebra turns out to be isomorphic (via Gel’fand tran-
form) to an algebra of continuous functions with values in a very elementary Krein

C*-algebra defined in detail in Theorem 3.10 .



The main result presented here actually can be obtained in at least a few other

ways that we briefly describe here below:

e For a symmetric imprimitivity commutative unital Krein C*-algebra A, the
even part A, , as a commutative unital C*-algebra, is isomorphic to the al-
gebra of sections of a trivial complex line bundle over the Gel’fand spectrum
Q(A;). The odd part A_ is a symmetric imprimitivity Hilbert C*-bimodule
over A, and, making use of the spectral theorem for imprimitivity Hilbert
C*-bimodules developed in [2], it is isomorphic to the bimodule of sections of
a complex line bundle over the same (A ). Under the existence of an odd
symmetry on A, the Witney sum of the previous two line bundles turns out

to be a bundle of rank-one Krein C*-algebras isomorphic to K over (A, ).

e Although we are not aware now of a specific reference to a Gel’fand the-
orem, once a specific fundamental symmetry/odd symmetry «, e has been
chosen on A, the Krein C*-algebra becomes completely equivalent to a Zo-
graded C*-algebra with a commutative even part and for such elementary
C*-algebras spectral results are, for sure, obtainable as special cases from

the general theory of C*-dynamical systems.

e To every unital Krein C*-algebra equipped with a given fundamental sym-
metry, we can always associate a C*-category with two objects. In the case
of imprimitivity commutative unital Krein C*-algebras, such C*-category
will be commutative and full according to the definition provided in [1] and
our spectral theorem can be recovered as a trivial application of the general

spectral theory for commutative full C*-categories developed in [1].

The techniques utilized here in the proof of this result are essentially an adaptation
of those developed in [1] for a spectral theory of commutative full C*-categories.
Our choice to develop a completely independent proof of the result can be justi-
fied from the desire to test and caliber some of the general techniques introduced

in [1] in a simple situation that in the near future might be used as a “labora-



tory” for non-commutative extensions of the spectral theorem. It is expected that
more powerful spectral theories for wider classes of Krein C*-algebras might be

developed using a Krein version of the spaceoid Fell bundle introduced in [1].

AONUUINBUINT )
ANRINITUINENAY



CHAPTER I1
PRELIMINARIES

For the convenience and usefulness of the reader, we provide here some back-
ground material and beneficial theorems on the theory of C*-algebras and Hilbert

C*-modules (see [12], [2] for all the details).

Definition 2.1. An algebra over the complex numbers is a complex vector space
A equipped with a bilinear map (called product) -+ Ax A — A, - :(x,y) — zy
and satisfies an associative law, that is, v - (y-z) = (z-y) -z for all x,y,z € A.

The algebra is called unital if 314, € AVe € A, x-1y=14 -z =1.

Definition 2.2. An algebra is called snvolutive or also a x-algebra if it is

equipped with a function x : A — A, such that:

(") =2 V€A,

(Toy) =y -z Vz,ycA
(ax + By)* = az* + By* Va,B € C, Vr,y € A.
Definition 2.3. A normed algebra is an algebra A that is also a normed space

and that satisfies the property: ||z-y|| < ||z|: ||y Yz,y € A. A Banach algebra

1s a normed algebra that, as a normed space, is_complete.

Definition 2.4." A pre-C*-algebra is an involutive algebra’ A ‘that is also a
normed algebra that satisfies the property ||z*x|| = |z||* Vz € A. A C*-algebra

is a pre-C*-algebra that is also Banach algebra.
Example 2.5. The followings are examples of C*-algebras:

1. Let X be a compact Hausdorff space. Then the space C(X) of all continuous

complez-valued functions on X is a unital commutative C*-algebra with the



following operations and norm: Vx € X,

(f +9)(x) = f(z) + 9(z), (ef)(z) = cf(x),
(f9)(x) = flx)g(x), (f) () = f(=),
IfIF = sup{|f(z)[ - = € X}.

2. The space B(H) of bounded linear maps on a Hilbert space H is a unital C*-

algebra that is non-commutative if dim(H) > 1, with the following operations

and norm:
(T +8)@) =T(w) +5(x), (T)(z) = T(x),
(T o) () SA(3()); ) = sup %

the involution T* of T is the adjoint of T: (T'x | y) = (x| T*y), Vz,y € H.

Theorem 2.6. Let B be a unital subalgebra of a unital C*-algebra A. If v € B

and v € At :={z*2 | z € A}, then x € Bt.

Definition 2.7. A homomorphism from an algebra A to an algebra B is a

linear map ¢ : A — B such that
p(ab) = p(a)p(b) Va,be A

A x-homomorphism ¢ : A — B of x-algebras A and B is a homomorphism of

*

algebras such that p(a*) = p(a)" Ya & A. If in addition @ is a bijection, it is a

x-1tsomorphism.

Theorem 2.8. A x-homomorphism ¢ : A — B from a Banach *-algebra A to a

C*-algebra B is necessarily norm-decreasing.

Definition 2.9. A character on a commutative algebra A is a unital homomor-

phism 7 : A — C. We denote by Q(A) the set of characters on A.

For each a € A, define a : 2(A) — C by a(7) = 7(a) for all 7 € Q(A). Equip

Q(A) with the smallest topology on ©(A) which makes each a continuous.



Theorem 2.10. If A is a unital commutative Banach algebra, then Q(A) is a

compact Hausdorff space with respect to the topology defined above.

Theorem 2.11 (Gel’fand-Mazur). If A is a unital Banach algebra in which

every non-zero element is invertible, then A = C1.

Theorem 2.12 (Spectral theorem). If A is a non-zero unital commutative

C*-algebra, then the Gelfand transform
p:A— C(QA), a—a, (a:QA —C,7+— 7(a))
18 an isometric *-isomorphism.

Definition 2.13. A right R-module E over a ring R is an Abelian group (E, +)
equipped with an operation - : £ X R — E, - : (x,a) — xa, of right multiplication

by elements of the ring R, that satisfies the following properties:

z-(a+b)=(r-a)+(z:b), VYre EVabecR,

)
(z4+y)-a=(x-a)+ (y-a), VYz,y€ EVac R,

z-(ab) =(x+~a)-b, Vxe& EVa,be R.

If the ring R is unital, we say that E is a unital right R-module if the additional

property here is satisfied:

Analogously, we can define a (unital) left R-module E over a ring R.

Note that a unital module over a unital complex algebrais naturally a complex

vector space.

Definition 2.14. A unital right pre-Hilbert C*-module Mg over a unital
C*-algebra B is a unital right module over the unital ring B that is equipped with



a B-valued inner product (x,y) — (z|y) such that
zle+y)p=(zl2)p+(zy)s Vr,y,z€M,
zlx-b)p=(z|x)pb Vbe B Vz,z¢€ M,

(
(
(ylz)p="(z|y)p Vr,yeM,
(x| z)p € BY Vze M,

(

x|x>B:03:>x:0M.

Analogously, a left pre-Hilbert C*-module oM over a unital C*-algebra A is
a unital left module M over the unital ring A, that is equipped with an A-valued
inner product M x M — A denoted by (z,y) —a (z | y). Here the A-linearity is

on the first variable.

Remark 2.15. A right (respectively left) pre-Hilbert C*-module Mp over the C*-

algebra B is naturally equipped with a norm

@] =z | @)Bllp Vo€ M.

Definition 2.16. A right (resp. left) Hilbert C*-module is a right (resp. left)
pre-Hilbert C*-module over a C*-algebra B that is a Banach space with respect to

the previous norm || - ||ar(resp. ull - |-

Definition 2.17. A right Hilbert C*-module Mg is said to be full if

(Mp | Mp)p=span{(z | y)p | @,y € Mp} = B,

where the closure is in the norm topology of the C*-algebra B. A similar definition

holds for a left Hilbert C*-module.
We recall here the following well-known result, see for example in [7, Page 65]:

Lemma 2.18. Let Mg be a right Hilbert C*-module over a unital C*-algebra B.
Then Mg is full if and only if span{{z | y)p | x,y € Mp} = B.

We also recall a few definitions and results on bimodules (see for example [2]).



Theorem 2.19. (/2, Proposition 2.6]) Let M4 be a right Hilbert C*-module over
a unital C*-algebra A and J C A an involutive ideal in A. Then the set MJ :=
{Zj\;l zja; | x; € M,a; € J,N € No} is a submodule of M. The quotient module
M/(MJ) has a natural structure as a right Hilbert C*-module over the quotient
C*-algebra A/J. If M is full over A, also M/(MJ) is full over A/J. A similar
statement holds for a left Hilbert C*-module.

Recall that a unital bimodule 4Mpg over two unital rings A and B is a left
unital A-module and a right unital B-module such that (a-z)-b=a- (z-b), for
alla € A,be Band x € M.

Definition 2.20. A pre-Hilbert C*-bimodule ,Mpg over a pair of unital C*-
algebras A, B is a left pre-Hilbert C*-module over A and a right pre-Hilbert C*-
module over B such that:

(ax)-b=a-(x-b) VYae AVx € MVb € B,

(z|ay)p = (¢’z|y)p Vr,y € MVa € A,

Az |y) =a (x| yb*) Yo,y € MVb € B.
A Hilbert C*-bimodule Mg is a pre-Hilbert C*-bimodule over A and B that
is simultaneously a -left Hilbert C*~module over A and a right Hilbert C*-module
over B. A full Hilbert C*-bimodule Mg over the C*-algebras A and B is said to
be an imprimativity bimodule or an equivalence bimodule if:

A [y = gyl phs | Moy re M.

Remark 2.21. (see for example [2, Remark 2.14]) In an A-B _pre-Hilbert C*-
bimodule there are two, usually different, norms, one as a left-C*-module over A

and one as a right-C*-bimodule over B:
mllell = Vlale [2)]a el = Viz | 2)slls,  Vee M,
but this two norms coincide for an imprimitivity bimodule. In fact,

mllzllt =llade | D)% = lalz | 2)ale | 2)lla = llafeiz | )5 | 2)]a

< Kz | 2)plls a Kz [2)lla = ll=l5 2 2]



Definition 2.22. We say that a bimodule AM, is a symmetric bimodule if
ar = xa, for all v € M and all a € A. If 4M, is a Hilbert C*-bimodule, we
say that it is a symmetric C*-bimodule if it is symmetric as a bimodule and

alz | y) = (y|x)a for all z,y € M.

AONUUINBUINT )
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CHAPTER III
MAIN RESULTS

First of all, we review the definition of a Krein C*-algebra that has been in-

troduced by K.Kawamura [11] and explore some elementary properties of a Krein

C*-algebra.

Definition 3.1. (K.Kawamura [11, Definition 2]) A Krein C*-algebra is a
x-algebra A admitting at least one Banach algebra norm and one fundamental
symmetry , i.e. a *x-automorphism ¢ : A — A with ¢ o ¢ = iu, such that

lp(a*)all = [lall* for all a € A.

Note that, in general, a Krein C*-algebra can admit several different funda-

mental symmetries.

Remark 3.2. A C*-algebra A is a Krein C*-algebra with fundamental symmetry
14 and so a Krein C*-algebra is a generalization of a C*-algebra. Let (A,«a) be
a Krein C*-algebra with a given fundamental symmetry o. Then we always have

the decomposition
A=A, ¢ A", cwhere: Ay ={e €A o) =z}, A={zr € A| a(z) = —z}.

Indeed, if a. € A, NA_, then a = ¢(a) = —a and so a = 0. Moreover for all

ac€ A a= a+3(a) + a_';(a) where ‘”%@ € A, and %@ ¢ AL.

Every Krein C*-algebra A with a given fundamental symmetry o becomes nat-
urally a C*-algebra, denoted here by (A, f,) when equipped with a new involution

T, : A — A as described in the following theorem.

Theorem 3.3. Let (A, «) be a Krein C*-algebra with fundamental symmetry a.
Then A becomes a C*-algebra when equipped with the new involution T, defined by
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T, : x — a(x)*. Furthermore, the fundamental symmetry « is a *-automorphism

of this C*-algebra and hence continuous in norm.

Proof. Firstly, we compute

(zy)'e = alzy)" = (a(z)a(y)” = a(y)*alz)" = ylezle
lefe = afa(z)*)" = ala(2)™) = ala(z)) =z

"oz = lo(@) ] = |z

for all x,y € A. Then the first assertion is verified. To show that « is continuous,
by applying Theorem 2.8, it suffices to show that o is a *-homomorphism from
(A, 1) into itself. Since a(zle) = ala(z)*) = a(a(x))* = a(z)l« for all z € A, we

finish the proof of the theorem. m

Remark 3.4. Note that given a t-homomorphism o : A — A such that coa = 14
of a C*-algebra A (with involution denoted by ), we can naturally construct a
Krein C*-algebra (A, *,) with involution x*> = a(x'), for x € A and that «

becomes a fundamental symmetry for this Krein C*-algebra.
Now we observe the algebraic structure of the even and odd part of (4, «).

Theorem 3.5. Let (A, a) be a unital commutative Krein C*-algebra with a given
fundamental symmetry o. Then A, is a unital commutative C*-algebra and A_

is a unital Hilbert C*-bimodule over A, .

Proof. Note first that on A, the two involutions % and t, coincide and since A,

is closed under multiplication and involution, it is elearly a unital C*-algebra.
Next we will show that A_ is a Hilbert C*-bimodule over A,. We define right

and left multiplications from A_x A, and A, X A_ into A_ as usual multiplications

in A and we define a pair of A -valued inner products from A_ x A_ into A, by

Ay (z|y) = xyTa and (z | y>A+ = xT&y (3.1)
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for all x,y € A_. With this definitions, we have

Aty l2) = (@ t+y)le =aale tyzle =4 (@] 2) +a, (y|2) Va,y,2€ A
(ax | 2) = (ax)zle = a(zzle) =aq, (v | 2) Vr,y€ A_Vae Ay
Ay [2) = yale = (zy')le = (4, (v |y)e Vo,ye A
(x| 2) = xa' € (A)T Va € A_ by Theorem 2.6
adr|z)=0=zzle =0=||2|* = ||la(2)*z|| = |zlz| =0=>2=0 VreA_
zlz+y)a, =2e(z+y)=2ler+ 2ley=(a]a)a, + (2| y)a, Vr,y,2€ A_
2| ab)a, = (xb (zale)b = (2 | 2)a b Va,yc A_Vbe A,

)=
) ‘ x>A+ (xTay)Ta = a((a: 1 y>A+)T& Vi, y€ A
(

{

{

{

(x| z)a, =zlex € (A})T Vz € A_ by Theorem 2.6
(x| 2)a, =0=slar =0 = ||lz]>= |la(z)z] = |zlez| =0=2=0 Ve A_
(ax)b = a(xb) Vv e A_Va,be A,

(x| ay)a, = vl (ay) = (vlea)y = (aloa)ley = (alex | y)a, Vz,y€ A_Vac A,

a (x| y) = (ab)y' = w(byle) = w(yble)ls =4, (x| yb'*) Vr,ye A Vae Ay
We know that

lolla. = /Ilw Fabas T = 3/ Tetealia, = /iR, = 1ol

allzl = acllacle | o) = faslewtell = \fa latae]l = /o o2 = 124,

Since || - |4 is complete, |[+]|4_ and 4_||-|| are also complete. Hence A_ is a unital

Hilbert C*-bimodule over A, as desired. O
Additionally the Hilbert C*bimodule A has the property;

ae | y)z = (eyl)z = a(yl2) = 2y | 2)a,
for all x,y,z € A.
For any Krein C*-algebra equipped with a fundamental symmetry «, the odd
part A_ in the fundamental decomposition A = A, ® A_ is a Hilbert C*-bimodule
but it is not in general an imprimitivity bimodule because A_ might not be a full

bimodule over A, . In the following we will usually assume this further property.
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Definition 3.6. Let (A, «) be a Krein C*-algebra with a given fundamental sym-
metry a. A Krein C*-algebra (A, «) is said to be imprimitive or full if its odd
part A_ is an imprimitivity bimodule over Ay. We say that (A, «) is rank-one

ifdim A, =dim A_ =1 as complex vector spaces.

Theorem 3.7. Let (A, «) be a Krein C*-algebra with a given fundamental sym-
metry . The algebra A is commutative if and only if the even part Ay is a com-
mutative unital C*-algebra and the odd part is a symmetric Hilbert C*-bimodule

over A,. In particular a rank-one Krein C*-algebra is always commutative.

Proof. If A is commutative, clearly A_ is a symmetric bimodule over the com-
mutative algebra A,_. Furthermore the inner products defined in (3.1) above
satisfy 4, (z | y) = ayle = ylew = (y | #)4, and hence A_ is a symmetric C*-
bimodule over the commutative C*-algebra A, . Conversely, if A_ is a symmetric
C*-bimodule, a_b_ = 4, (a_ | b=y = (b' | a )a, = b_a_, forall a_,b_ € A_.
Now, for all a,b € A with decompositions a = a, +a_, b = by + b_ an easy
computation shows: ab = (ay +a_)(by +b_) =a by +ayb_+a by +a_+b_ =
byay +b_ay +bra_+b_a = ba. O

Definition 3.8. We will say that a Krein C*-algebra is symmetric if there
exists an odd symmetry i.e. a linear map € : A — A such that € o e = iy,
e(z*) = —e(x)* for all x € A, e(xy) = e(x)y = ze(y) for all x,y € A and if there
exists a fundamental symmetry a such-that e oa = —a oe (in this case we say

that the symmetry and the odd symmetry are compatible).

By the properties of odd symmetry, we further have e(x)e(y) =< o e(zy) and

g(x)Te = g(z'=) which are useful in the proof of the next lemma.

Lemma 3.9. If¢ is an odd symmetry of a symmetric Krein C*-algebra compatible

with the symmetry «, then € is always isometric.

Proof. For all x € A, |le()]* = |le(x)i~e(@)|| = [le(z™)e(@)|] = [l o e(alez)]| =

o] = [l=[|*. O
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Next we give an example of a rank-one unital full symmetric Krein C*-algebra,
which will play an important role in the proof of our spectral theory. Since, as
we will see, in this case, the fundamental symmetry is necessarily unique, this is
just a well-known example of a commutative Zy-graded C*-algebra. Although all
the properties described in the following three theorems are “standard” from the
theory of Zs-graded C*-algebras, for the convenience of the reader we present here
a direct proof of all of them in the “spirit” of Krein C*-algebras.

Let A be a 2 x 2 complex matrix. We define left multiplication operator on
the Hilbert space C?, Ly : C* — C? by La(¢)) := Ay for all » € C2 Note
that L : A — L, is a unital x-homomorphism in particular Lyg = L4 o L and
Lat = Ls" where AT := JAJ with J = [} %] and L4 is the adjoint of L, in the
C*-algebra B(C?).

a b
For each a, b € C, let T,, = . Let K = {Ta,b ca,b € (C} with the
b a

usual matrix operations of addition and multiplication. We define the involution
by Ty, = T, 3. Furthermore, we equip K with the operator norm |[|Al| = ||L .||

(where the right-hand-side norm is the operator norm and choose a fundamental

a b a ——b
symmetry v : K — K defined by ~ = :
b a b «a

Theorem 3.10. There is a rank-one unital symmetric Krein C*-algebra.

Proof. 1t is easy to verify that 4 is a x-automorphism on K and vyo~vy = 1k, where
1k is the identity map on K.For all matrix A in K, we obtain

I (A Al = 1[ATAN =L asall = lLago LAl

=1L} o Lall = |Lall? = | AJI>
Then we can write K = K, & K_ where

a 0 0 b
K, = caeC and K_ = :beC

0 a b 0



15

10 0 1
Since K, = < > and K_ = < >, we see that dim K, = dimK_ = 1.
0 1 10

The symmetry of the algebra K can be checked by defining e(7,3) := Tj.4. O

Theorem 3.11. The identity tx and vy are the only two unital *-automorphisms

from K onto itself. Furthermore, v is the unique fundamental symmetry on K.

Proof. Let ¢ be a unital x-homomorphism from K into itself. Suppose that ¢(e) =

0 1 a b
o( ) = for some a,b € C. Since e-e = 1 and e* = —e, we have
10 b a
ple)o(e) = ¢(1) = 1 and ¢(e ¢(e). From these conditions, we have
a’+0* 2ab a b 10
2ab - a® + b? b a 01
a — a b —a —b
b a b a b a —-b —a
Then we have four equations as follows: a? + 0> = 1, ab = 0, @ = —a and

b = b. By basic arithmetic, we have (a,b) = (0,1) or (a,b) = (0,—1). Hence

0 1 0 1 01 0 —1
o( ) = or ¢ = . By linearity of ¢, we obtain
10 10 1.0 —1 0
that
a b a 0 01 a b a —b
) = + bo = or
b .a 0 a 10 b a —b a

for all a,b € C. That is ¢ = 1k or 7, as desired.
a
For the second assertion, we let ¢ = be the fundamental symmetry on

c d
the rank-one unital Krein C*-algebra K. By the property ¢(1) = 1, we have

1 b
and so ¢ has to be in of the form . By the property that ¢ o ¢ is the
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identity map,

x + by + bdy a bl [a b| |z x

d*y c d| |c d| |y Y

By easy calculation, we have 2 solutions (b,d) = (0,1) and (b,d) = (k, —1) where

k 10
k is arbitrary in C. Hence ¢ has to be in the form or . Since
0 —1 01
the second possibility is the identity map making A not rank 1, ¢ must be in the
1 k
form where k£ € C. Since
0 -1
1 k| |exp(if) exp(i6)
QS(@ . e) = =)
0/ —1 0 0
and
2 2
1 k|0 k k? + exp(if)
¢(6)2 —_= = = s
0 —1f |1 -1 —2k

by the property ¢(e - e) = ¢(e)?, it follows that k& = 0. Hence ¢ must be of the

0

form which is equal to v, as claimed. O
0 —1

Like Gel’fand-Mazur Theorem in C*-algebra, we can characterize the rank-one

unital Krein C*-algebras.
Theorem 3.12. Fvery rank-one unital Krein C*-algebra is isomorphic to K.

Proof. Since dim A, = 1, there is a non-zero element a such that (a) = A,. Since
the unit 1 is in A, there is m € C such that ma = 1. Then (ml)a = 1 = a(m1l)
and so a is invertible. Let b € A, be a-nonzero element. There is n € C such that
b = na. Then

a! a! a! a!

b-—=na-— =1 and — b= — - na=1.
n n n n

Hence every non-zero element in A, is invertible. By Theorem 3.5, A, is a unital

commutative C*-algebra over C. By Gel'fand-Mazur Theorem (Theorem 2.11),
A+ — Cl
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Since dim A_ = 1, there is a non-zero element e such that (¢) = A_. Without
loss of generality, we choose e such that ||e|]| = 1. Since e* € A_ande-e € A,
we have e* = ae and e - e = ( for some «, 5 € C.

From the property (zy)* = y*z* for all z,y € A, we have
B=a’p. (3.2)
From the property x** = x for all &, we have
|| =1. (3.3)
From the property |la(x)*z|| = ||z||* for all #, we have
] = le]|* = 1. (3.4)

From equations (3.3) and (3.4), we have |#| = 1. Since |a| = |3 = 1, we can

write @ = exp(id) and B = exp(if) for some §,0 € C. From (3.2), a® = g =

(é—l); = (8)? and then exp(2id) = exp(—2:0). Thus 6 = —0 + 7k for all k € N and
so a = exp(id) = exp(—if + imk) for all k € N, that is, « = £ exp(—if) for some
0 € [0,27). Now we have that e = +exp(—ifl)e and e - e = exp(if) for some
6 € [0,27). We use the notation Agr corresponding to the previous operations.

We claim that § = 0. Since a Krein a C*-algebra is C*-algebra, by Theorem

3.3 and the property in C*-algebra that ||z'|| = ||z|| = || .||, we have

[ L@l = ([ L] (3.5)
Furthermore, we can see that

a—\ b

o(Ly) = A det =0, ={a+ba—"b}
b a.— A\
and so
|Loll = sup A = max{la+b],|a - b]}. (3.6)
A€o (L)

Similarly we obtain
a— A +b exp(—if)
O'(L,y(x*)> = A | det B =0
+bexp(—if) a— A

= {a + bexp(—if),a — bexp(—if)}
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and so
Loyl = ma{fa + bexp(~i)], |a — bexp(—i0)|}
= max{|a + bexp(if)|, |a — bexp(if)|}. (3.7)

By (3.5), (3.6) and (3.7), we see that # must be zero or 7.
For the case § = 7, we let © = a + be and y = a; + bje. Then zy = (aa; —

bby) + (aby + aib)e. By the above procedure, we have

|z]| = max{|a + b|,|a — b|}
ly|l = max{|ar + b1, |ar — b}

|zy|| = max{|aa; = bby + ab, + a10|, |aa; — bb; — ab; — a;b|}.
If =y =1+e, then
lzyll = max{| — 2+ 2il, | =2=2i[} = 2v2 £ 2 = max{|i + 1|, |i = 1[}* = [|=]| |y

Hence when # = 7, A is not a Krein C*-algebra.

For 8 = 0_, we have e-e = 1 and ¢* = —e. Since every element in A,_ is of the
10
form m1 + ne, where m and n are in C, we define f : Ag_ — Kby f(1) =
0 1
and f(e) = . Then f is an isomorphism between the Krein C*-algebras

10
Ap_ and K. Since K is Krein C*-algebra, so is Ag_.

For 6 = 0., we have e- e =1 and e* = e. Suppose that ~ is the fundamental
symmetry onit. Note that y(x**) = z*~ for all x € A. Indeed, let z € A then

x = a + be for some a,b € C and so
Y(x* ) =~(a+be) = a—be = (a+be) =a*.
Then
l2]* = Iy (2" )zl = [l ],

which contradicts the fact that A_ is a nontrivial Krein C*-algebra. Since 7 is

the only possible fundamental symmetry on A, we can conclude that A, is not a

Krein C*-algebra. O
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Theorem 3.13. The space C(M, K) of all continuous functions from a compact

Hausdorff space M into a Krein C*-algebra K is a unital Krein C*-algebra.

Proof. Let v be a fundamental symmetry of the Krein C*-algebra K and M a

compact Hausdorff space. We define all the operations and the norm as follows:

(f +9)(x) = f(z) + g(z) (f9)(z) = f(z)g(x)
(kf)(x) = kf(x) fre(e) = flz)™

[flle = sup [f(z)]|k,
xeEM

forall k € C, x € M and for all f,g € C'(M, K). It is easy to check that C(M, K)
is a Banach algebra and a x-algebra with the operations and norm above.

To see that C'(M, K) is a Krein C*-algebra, consider the map ¢¢ from C (M, K)
into itself defined by ¢a(f) =y o f. Since, for all z € M,

oc(fg)(x) =vo (fg)(z) = y(f(z)g(@)) = v(f(x))v(9(x)) = dc(f)pc(g)(x)
Po () (x) = (v o [N w) =4(f(2)) = v(f(x))™
= (yo f)(x)™E ={y0 fye(x).= dpc(f)(z),

pc(lc)(z) = v(la(z)) = v(1k) = 1k = 1c(2),

¢c¢ is a unital *-homomorphism that is an involutive x-automorphism because

oo gc(f) =gc(yof)=voyof=f VfeCMK),

and also a fundamental symmetry of a Krein C*-algebra because

loe)S flle < s I DEA) f@)lx < sup ilyie HE@) A=)«

zeM

= sup [ (f(2))™ f(2)|lx = sup [ f(2)[% = [ IIE
zeM xeM

for all f € C(M, K). O

When we take K := K in the previous theorem, we obtain another example of

commutative full symmetric Krein C*-algebra.
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Corollary 3.14. The Krein C*-algebra C(M,K) is a unital commutative full

symmetric Krein C*-algebra.
Proof. Define the fundamental symmetry ¢c(f) :=vo f and ec(f) :=ego f. O

Theorem 3.15. Let (A, «) be a (unital commutative) Krein C*-algebra with a
fundamental symmetry «. Let I be a closed ideal in A invariant under «, i.e.

a(l) C 1, then A/I is also a (unital commutative) Krein C*-algebra.

Proof. Since I is a closed ideal in the C*-algebra (A, 1,), the quotient (A/I,7,)
is a C*-algebra with involution (z + I)fe := zla 4 I. Since [ is invariant under
the x-automorphism « we can define [a] : A/l — A/I by x + I — «a(x) + I for
all z € A and [o] is a f,-automorphism of (A/I,1,). By Remark 3.4, (A/I,x*)
is a Krein C*-algebra with involution (v + I)* := a(z'«) + [ = z* + I. and [q]

becomes the fundamental symmetry on (A/1, ). ]

Theorem 3.16. Let (A, a) and (B, 3) be two Krein C*-algebras with given fun-
damental symmetries o and . A *-homomorphism ¢ : A — B satisfying the

property ¢ o = [ o ¢ is always continuous. Additionally, ¢(Ay) C By and
6(A) C B_.

Proof. Note that ¢ is a f-homomorphism between the associated C*-algebras

(A,1,) and (B, fs). Indeed,

for all.a € A. The “invariance” of ¢ under «, (3 implies the last property. n

If : A — Bis aunital x*-homomorphism such that gpoa = Fo¢ for a given pair
of fundamental symmetries of the Krein C*-algebras A and B, in view of the last
property in Theorem 3.16, we will denote by ¢, : Ay, — B, and ¢_: A_ — B_
the restrictions to the even and odd parts of the Krein C*-algebras. Note that
¢ = ¢y D ¢_. In particular, the quotient isomorphism 7 : A — A/I from a Krein

C*-algebra A to its quotient Krein C*-algebra by an ideal I that is invariant under
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a fundamental symmetry a of A, can be written as a direct sum 7 = 7, @ 7_ of

the epimorphisms 7, : A, — (A/I); and 7_: A_ — (A/I)_.

Corollary 3.17. Let (A,a) be a unital Krein C*-algebra with a fundamental
symmetry «. Let w be a unital x-homomorphism from A into K with the property

that wo o =yow. Then A/ker(w) is a Krein C*-algebra.

Proof. By Theorem 3.3, ker(w) is a closed ideal in A. Moreover, a(ker(w)) C
ker(w). To see this, we let € a(ker(w)). Then there is y € ker(w) such that

a(y) = z. By the condition w o o =7 o w,

w@) =t o aly) = 5o w(y) =5(0) = 0.

and so x € ker(w). Consequently, A/ker(w) is a Krein C*-algebra by Theorem
3.15. O

Corollary 3.18. Let (A, ) be a unital full Krein C*-algebra with a fundamental
symmetry a. Let w be a unital x-homomorphism from A into K with the property

that wo a = yow. Then A/ ker(w) = K.

Proof. By Corollary 3.17, A/ ker(w) is a Krein C*-algebra. Define f : A/ ker(w) —
K by z 4 ker(w) + w(z) for all z € A. It is easily checked that f is a unital in-

jective #-homomorphism. It remains to show the surjective property. Since A_

is full, Without loss of generality, 1 = ijyj for some n € N and z;,y; € A_
j=1
for all j = 1,...,n. Suppose that w(z) =0 for.all z.€ A_. Since w is a unital

homomorphism, we have

n n

U= w(1) =} ] 2y) = Zw(xj)w(yj) =0,

j=1 j=1
which leads to a contradiction. Thus there is an element z in A_ such that
w(x) # 0. Since w(A_) C K_ and dimK_ = 1, we have w(A_) = K_. Similarly

w(A;) = K,. Thus we already have
f(A/ker(w)) = w(A) =w(AL & A_) = wy(Ar) Bw_(A-) =K, o K- =K,

and so f is surjective. m
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Definition 3.19. A character on a unital (commutative symmetric full) Krein
C*-algebra A is a unital x-homomorphism w : A — K such that there exists
at least one fundamental symmetry o of the Krein C*-algebra A satisfying the

property wo o =y ow. In this case we will say that o and w are compatible.

We denote by ©(A) the set of characters on A, and by Q(A,«a) the set of

characters compatible with a given fundamental symmetry « that is
QA o) ={w | w: A — K unital *-homomorphism compatible with «}.

Note that for every C*-algebra A, Q(A) = (A, 14) where the left-hand-side
is the set of characters in the C*-algebra.

For each a € A, define @ : Q(A) — K by a(w) = w(a) for all w € Q(A). Equip
Q(A) with the smallest topology which makes each a continuous.

Note that (A, o) with the induced subspace topology is clearly a closed set in
Q(A) since Q(A, o) = {w € Q(A) | a(2)(w) = 7 0i(w), Vo € A} and the functions

—_

a(x),y o & are continuous on Q(A).

We next define an equivalence relation between the characters as follows:
Wy ~ Wy <= wy = ¢ o w; for some unital x-automorphism ¢ on K.
By Theorem 3.11, {w| = {w, yow}. Note that w € Q(A; «) implies [w] C Q(A, ).
We define  Q(A) = {[w] |w e QA)}, (A, a)={[w] | we QA a)}.
Equip Q,(A) with the quotient topology induced by the quotient map
p QA) — Q(A) given by p: w — [w].

Note that on ,(A4, @) the quotient topology induced by Q(A, «) coincides with
the subspace topology induced by ,(A).

Lemma 3.20. Q(A) and Q(A, «) are nonempty compact Hausdorff spaces.

Proof. Since a character w : A — K becomes a unital *-homomorphism of the
associated C*-algebras (4, f,) and (K, 1., ), by the same techniques used in Banach-

Alaoglu theorem, it is a standard matter to check that (A) is a closed subset
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of compact set H B(0g, ||z||) (Using Heine-Borel and Tychonoff Theorems) and

€A
hence Q(A) is also a compact set. To show that €2(A) is a Hausdorff space, we

let wy,ws be characters such that w; # wy. Then there is a € A such that
wi(a) # ws(a), that is a(w;) # a(wq). Since a is continuous from (A) to the
Hausdorff space K, we obtain that Q(A) is also Hausdorff. Since Q(A,«a) is a
closed subspace of 2(A), the result follows. O

Lemma 3.21. Let w,w;y and wy be characters. The following properties hold:
a) If wy ~ wy, then ker(wy) = ker(w,).
b) If we QA, ) forallz € A, we have w(x) = 0 <= w(zlex) =0 .
c) If wy,wy € QA ;) and wy, = wsy,, then ker(w;) = ker(w,).

Proof. 1t is easy to show a).

For b), assume that w(a'ex) = 0. Then

lw(@)I* = 1y (w(@) w@) | = flwla(@) w@)] = w(e@) )] = wE2)|]| =0,

and so w(z) = 0.

For c), by the assumption, we have ker(w; ) = ker(wy, ). Let x € A_ be
such that w;(xz) = 0. By b), wy(a(z*)xz) = 0 and also ws(a(z*)x) = 0 because
ker(wy,) = ker(wa, ). Again by b), wa(x) = 0 and hence ker(w;_) C ker(ws_).

By the same argument; it is elementary to verify the inverse inclusion. O]

Lemma 3.22. Let (A, «) be a Krein C*-algebra equipped with a fundamental
symmetry « and let w € Q(AL) be a character defined on the even part of the
Krein C*-algebra A = A, & A_. Define

I, :=ker(w), I_:=A_ker(w):=span{zra|zc A_, ackerw}, [:=I1.dI_.
Then I is an ideal in A invariant under o and the following properties hold:

a) Ay/1y is a C*-algebra with dimension 1.
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b) A_/I_ is a Hilbert C*-bimodule over A, /.
c) A/l =(A/D), & (A/I)_ =2 A, /I, DA _JI_.
d) A/I is a rank-one Krein C*-algebra.

Proof. The bimodule A_/I_ over A, /I, is a Hilbert C*-bimodule with the inner
products defined as in the proof of theorem 3.5 using the (z + I_)%e = xfa 4+ I_
involution. The only other thing that is not completely straightforward is that
A/I is rank-one. By b), since by Gel'fand-Mazur A, /I, = C, A_/I_ is a Hilbert
space over A, /I,. To show the rank-one property, suppose by contradiction that

x,y € A_/I_is a pair of orthonormal vectors, then

y=(|ayy+ylay={+y|z)y=(@+y) x|y =0,
which is impossible. O

Theorem 3.23. If (A, ) is a unital commutative imprimitivity Krein C*-algebra

with fundamental symmetry «, then (A, o) is a compact Hausdorff space.

Proof. Since (A, ) is compact by Lemma 3.20 and p is continuous, €2,(A, «) is
also compact.

We now consider the map ¢ from (A, @) to Q(A4) defined by [w] — wy. If
we can show that this map is a homeomorphism, we can conclude that (A, )
is a Hausdorff space since (A ) is a Hausdorff space by the spectral theorem for
unital commutative C*-algebras. It is sufficient to show that ¢ is a continuous
bijective map because (%, (A, «) is a compact space and Q(A) is a Hausdorff space.

To see that, ¢ is well-defined, let [wy] = [wal If wy # wo, then wy = v o wy.
For any ¥ € Ay, w(2) = wi(a(x)) = y(wi(x)) = ws(z), that is, w1, = wq, .

We next show that R := ¢ o u is a continuous map. Note that, by definition,
we have R(w) = wy. For easier consideration, we provide a diagram of all the

functions involved.

QA )

S N

Qb(A, O[) T> Q(A+) T’ C
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Since for all @ € Ay, @ = a4 o R is continuous on (A, ), R is also continuous.
By the properties of quotient topology we also have that ¢ is a continuous map.
Next, we will show that ¢ is a bijection.

To show that ¢ is injective, we suppose that w;,ws are characters on (A, a)

such that w;; = wy,. We next examine the following diagram

s, |

K& A/ ker(w;) A/ ker(wy) =K

By Lemma 3.21 (c) and Corollary 3.18 we have A/ ker(w;) = K = A/ ker(w,).
Hence (3, 0 3; ' is a unital s-automorphism on K. Since by Theorem 3.11 a unital
x-automorphism on K is either the identity map or 7, we have to consider two

cases.

1. By0B; "t is an identity on K
Then (; = [35. Since ker(w;) = ker(ws), we have

wy(a) = P1(a+ kerwy) = Ba(a + ker wy) = ws(a),
for all a € A. Thus w; = ws.

2. fhofit =7
Then 3y =70 B Again by the fact that ker(wi) =ker(w,), we have

wy(a) = Po(a + kerws) = v o By (a+ kerw;) = v ow(a),
for all a € A. Hence wy = v o wy.

From both cases, we can conclude that [w;] = [ws] which implies the injection
of ¢, as desired. To prove the surjectivity of ¢, let w® : A, — K,. Consider
I, :=ker(w’) and define the ideal [ in A as in Lemma 3.22.

Since A/I is a rank-one Krein C*-algebra, A/I is isomorphic to K by an

isomorphism f such that f o [a] =y o f, where [o] is the fundamental symmetry
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of A/I such that moa = [a]om. Note that f = f, & f_ where f, : (A/]); — K,

is the isomorphism f(a + I) = w°(a), for all a € A,.

Define w := f ow. Then w € Q(A, a) because w o a = v ow. We claim that

wy = w°. To see this, let a € A,. Then
w(a) = fom(a)=fla+1I)=uw(a),
and the theorem is proved. O

Corollary 3.24. If w, and ws are characters on Q(A, «), then
[w:] = [ws] <= ker w; = ker w.

Definition 3.25. If (A, 2) is a unital commutative full symmetric Krein C*-
algebra with a given fundamental symmetry a and a given odd symmetry €, we
define the even spectrum Q(A, o, c) :={w € Q(A,a) | ex owoe = w}, the set
of even characters of A. Similarly we call w € Q(A,«) an odd character if

it satisfies eg o w 0 € = —w.

Theorem 3.26. If (A, «,e) is a unital commutative full symmetric Krein C*-
algebra with fundamental symmetry o and odd symmetry e, the character w €
Q(A, «) is even if and only if yow € Q(A, «) is odd. Hence in every equivalence
class [w] = {w,y o w} there-is one and only one even character and there is a

bijection between Q(A, a,e) and Qp(A, a).

Proof.-Since g oy = —7y o ek, we see that w is even if and only if v o w is odd.
More precisely, if w is even then eg oyowoe = —yoegowoe = —yow, which

implies that v ow is odd. For the other direction, assume that v ow is odd. Then

w:*yo*yow:'yo—gKOPyowogz—’yogKOfyowog

=EROVYOYOWOE =ERKOWOE,
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and therefore w is even. To show that there exists an even character, let w € [w].
Define w® := w|a, and @w(x) := w’(z4) + eg o w’ o e(z_). By the properties of
the odd symmetry, we see that @ is an even character compatible with a. Since
W|a, = wl|a,, by Lemma 3.21 c¢), we have ker @ = ker w. Applying Corollary 3.24,

we obtain [@] = [w]. O

Definition 3.27. Let A be a unital commutative full symmetric Krein C*-algebra
and let a be a fundamental symmetry of A and € an odd symmetry of A. The
Gel’fand transform of x € A is the map & : (A, o) — K defined by:

Z((w])=w(ry) +exowoe(r), Vre A

By the previous theorem, it is clear that the Gel'fand transform Z of z is just
the function that to every even character w € Q(A, a, ) associates w(x).
Although the following theorem is our goal, the proof is easy and straightfor-

ward.

Theorem 3.28 (Spectral theorem). If (A, a,¢) is a unital commutative full
symmetric Krein C*-algebra with fundamental symmetry o and odd symmetry e,

then the Gelfand transform
v A= C(W(A a),K), ara
18 an isometric *-isomorphism.

Proof. In view of Theorem 3.26, let [w], with w even, be a point of (A, ). To

prove that ¢'is a x-homomorphism of algebras,let a,b € Aand k € C,

for all [w] € Q(A, a). Clearly ¢(14) = 1 so that ¢ is unital.
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It is easy to verify that ¢ o a« = ¢¢ o ¢. In fact, for all a € A, [w] € Q(A, ),

(v o a)(a)[w] = p(a(a))w] = wla(a)) = v(w(a)) = v(p(a)w])

= (yop(a)[w] = ¢c(p(a))w] = (dc o p)(a)w].
We also have that poe = e¢ o, in fact, for all [w] € Q(A, @), and all x € A,
ec o o(x)[w] = ex(w(z)) = exow o e?(x) = woe(x) = Yo e(x)[w]. (3.8)

Let A be a unital commutative Krein C*-algebra with the fundamental sym-
metry . Then (A, 1,) and (C'(2,(A, o), K). t.) become C*-algebras with the

involutions {4 and j, defined as in Theorem 3.3 respectively, that is,
a's = a(a*) for alla € A and fic = ¢o(f*¢) for all f € C(Q(A, ), K).

To show ¢ is a t-homoemorphism, let @ € A and [w] € (A4, a),

—

pla™)w] = pla(a™))w] = a(a*)w] = w(ala™)).

Since w o a = vy o w, we have,

p(a)w] = y(w(a™)) = y(wla)™) = y(a([w])™) = (@ ([w])

Since ¢c(f) = vo f forall f e C(2(A), K),

pla™)[w] = pc (@) w] = a'efw] = p(a)'elw].

By the spectral theorem for unital commutative C*-algebras, the restriction of
the Gel’fand transform to the even part ¢, : Apx— C(2(A, «),K), is an isometric
T-isomorphism, for all @ € A that coincides with the usual Gel’fand isomorphism
for the commutative unital C*-algebra A, .

Since ¢ and e¢ are linear surjective (because 2 = i4) isometries, from the
equation (3.8), we see that ¢ = e_ o ¢, o e is isometric surjective too and
hence ¢ = ¢, @ p_ is a T-epimorphism. Since ¢ is a f-homomorphism, we have
le(a)]] < |la|| for all @ € A. Since ¢ and ¢_ are injective and the uniqueness
property of a directsum, ¢ is also injective. Now ¢ is a f-isomorphism, it implies
that ¢! exists and is also {-isomorphism which implies that ||a]| = ||~ (p(a))|] <
|o(a)]| for all a € A. O
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The previous theorem provide a complete characterization of those unital com-
mutative Krein C*-algebras that are full and symmetric. In this case, a posterori,
with a bit more work, we might actually prove that the fundamental symmetry
and the odd symmetry are indeed unique. Further analysis is required in order
to provide a spectral theory of more general Krein C*-algebras. Omitting the
exchange symmetry requirement will lead us to algebras of sections of Banach
bundles of Krein C*-algebras and omitting the commutativity (or just the im-
primitivity condition on the odd part) will lead us to a theory of Krein spaceoids
along very similar lines to those used to describe the spectrum of commutative full
C*-categories in [1], we hope that the extra effort paid here to describe a “direct
proof” of the spectral theory in the special case of commutative full symmetric
Krein C*-algebras will facilitate the analysis of those more general topics that we

plan to address in the near future.



1]

2]

S

o

REFERENCES

Bertozzini, P., Conti, R. and Lewkeeratiyutkul, W., Horizontal Categorifica-
tion of Gel’fand Theory, preprint (2008), arXiv:0812.3601v1 [math.OA].

Bertozzini, P., Conti, R., Lewkeeratiyutkul, W., A Spectral Theorem
for Imprimitivity C*-bimodules, preprint (2008), arXiv:0812.3596v1
[math.OA].

Bleuler, K., Helv. Phys. Acta, (1950)23 n. 5: 567-586.
Connes, A., Noncommutative Geometry: Academic Press, 1994.

Dirac, P., The Physical Interpretation of Quantum Mechanics,
Pro. Roy. Soc. London, Ser. A, 180(1942): 1-40.

Dritschel, M., Rovnyak, J., Operators on Indefinite Inner Product Spaces,
in: Lectures on Operator Theory and its Application, Fields Institute Mono-
graphs, 3, 141-232, AMS (1996).

Figueroa, H., Gracia-Bondia. C.Varilly J.M. ;| Elements of Non-
commutative Geometry, Birkauser 2000.

Ginzburg, Ju., On J-contractive Operator Functions, Dokl. Akad. Nauk
SSSR, 117(1957): 171-173.

Gupta, S. Proc. Phys. Soc., A63 n. 27 (1950), 681-691.

Kawamura, K., Indefinite-metric Quantum Field Theory and Operator Alge-
bra, preprint 2006, arXiv:math/0608076v2 [math.OA].

Kawamura, K., Algebra with Indefinite Involution and Its Representation in
Krein Space, preprint 2006, arXiv:math/0610059v2 [math.OA].

Murphy, G.J., C*-algebras and Operator Theory, Academic Press, Inc.,
CA, 1990.

Paschke, M., Rennie, A., Verch, R., Lorentzian Spectral Triples, preprint

Pauli, W., On Dirac’s New -Method of Field Quantization, Rev. Mod-
ern Phys.; 15(1943): '175-207.

Pontrjagin, L., Hermitian Operators in Spaces with Indefinite Metric,
Izv. Akad. Nauk SSSR, Ser. Mat., 8(1944): 243-280.

Scheibe, E., Uber Hermetische Formen in Topologischen Vektorraumen I,
Ann. Acad. Fenn. Ser. A 1(1960): 294.

Strohmaier, A., On Noncommutative and Semi-Riemannian Geometry,

J. Geom. Phys., 56(2006): 175.



Name
Date of Birth
Place of Birth

Education

Scholarship

31

VITA

Mr. Pichkitti Bannangkoon
17 August 1984
Phatthalung, Thailand

B.Sc. (Mathematics) (First Class Honours), Prince of Songkla
University, 2006

The Development and Promotion of Science and

Technology Talents Project (DPST)



	Cover (Thai) 
	Cover (English) 
	Accepted 
	Abstract (Thai)
	Abstract (English) 
	Acknowledgements 
	Contents
	CHAPTER I INTRODUCTION
	CHAPTER II PRELIMINARIES
	CHAPTER III MAIN RESULTS
	References
	Vita



