CHAPTER III

STAR~CONGRUENCES ON STAR-SEMIGROUPS

The purpose of this chapter is to introduce well-known

congruences on *-semigroups which are/*-congruences. \

If p is a congruence on a *-semigroup S such that for all a,
b € S, apb implies a*pb%y" then p is. said to be a *—congruencewon S

or !’/ preserve * on S.

If p is a *-congruence on a *—semigroup? then §6 is a *-semi-
group with an involution * on §6 defined by (ap)* = a*p., Moreover,
if p is a *-congruence on a regular-* semigroup, then the quotient
- semigroup §6 is also regular-* because for all a € S, (ap)(ap)*(ap) =
(ap) (a*p) (ap) = (aa*a)p = ap. But for a *-congruence p on .a *-semi-
group S which is *-regular, the semigroup §6 is not necessarily

*-regular under the“involution defined by (ap)* = a*b.

Example. Let I be a set.such that |I| =.2, Z the set of all integers

and S = IxZxI, Let P : IXI |» Z be the map 'such that

s [ 0 if a = b,
@5 BP= b} “wherel pLf =
[ 114t/ a #0b.
Define a muitiplication on S by
(a, n, b)(c, my d) = (a, n'*'Pbc'Hns d).

Then S is a semigroup. Define the map * on S by (a, n, b)* =

(b, n, a). We have shown in Chapter I that the map * is an involution
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on S an& under this involution, S is a .*-regular semigroup.
Define a relation p on S by

(a, n, b)p(c, my d) &> a = c and b = d.
Obviously, p is a *-congruence on S and hence §6 is a *-semigroup
under the map * defined by (ap)* = a*p, Next, we show'that under thé
iﬁvolution defined by (ap)* = a*b, §6.is not a *-regﬁlai égmigrouy.
Let %, y be two diétincf elements in I, Frog'«x, n, y)p)*(x, n, y)p
= ((x, n, Y)p)*(y, m, 20 =y, m, yle)*(x, 8, ylo =
((y, m, y)0)*(y, m, yo@ but (. 0y ¥)p # (v, m, y)p for n, meZz, so

S/p is not a *-regular @emigroup with ((a, n, b)p)* = (a, n, b)*p. #

The first theorem gives necessary and sufficient conditions

for a Rees congruence on a *-gemigroup S to be a *-congruence on S,

3.1 Thegreni. Let A be an ideal of a ®*-semigroup S. Then the Rees

congruence p, is a *-congruence-on S if and only if A* < A,

‘Proof : Assume A* ¢ A, If a, b € S such that apAb, then

a, b€ Aor a

i

b, so a*g.b* € A* o Alor a¥ = b*, hence a*pAb*.
Conversely,l assune pA.is a *-gongruence on S. Suppose A% ¢ A;
Then tl’ulefe exists x € A* but x ¢A. Tﬁus x* € A, Letla be aﬁ element
of A. Then 'a* € A%, “Sincé A is @n ideal 6f 'S, aa*; € A, [Thus
x*pAaa*. " Since Pa is a *;—corigruence onVS', praa*' which implies X,

aa* € A or x = aa*, Hence x € A, a contradiction., #

A congruence p on a semigroup S is a semilattice congruence

on S (that is, S/p is a semilattice) if and only if apa2 and abpba for
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all a, b € S. Then, for any congruence p on a semilattice S, the

semigroup §6 is a semilattice,

A semilattice congruence on a *-semigroup need not be a

*~congruence., A counter example is 6 given as follows :

Example. Let S = {0, a, b}, define the cperation on S by
p A B A8
o
0 if 2 # 'v.

Then S is a semilattige. . Define the map * : § = S by 0% = 0, a* = b,

b* = a. Then S is a #=semigroup. Let A = {0, a}. Then A is an
ideal of S, and so the/Rees congruence PA induced by A is a semilat-

tice congruence on S, Because A* ¢ A, it follows by Theorem 3.1 that

p, 1s not a *-congruence on .S,

Every semigroup S hds a minimum semilattice congruence which

is the intersection"of all semilattice congruences on S,

Let S be a semigroup. A subsemigroup F of S is a filter of
S if for all a, b€ &, db€ /F [implies. d}/\bl€ F; “For, x € S, let N(x)
be the smallest|filter of S containing x, that is, N(x) is the inter-

section’of ‘2l filhare of S gontaini €78, et

N

. {y e s | Nx) = N(y)}.

It is proved in [l1, Proposition II.2.9] that if n is the minimum
semilattice congruence on S, then

n = {(x, y) € sx§ | N, = Ny}°
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In the next theorem, we show that the minimum semilattice
congruence, n, on a *-gemigroup S is always a *-congruence., The fol-

lowing lemma is required first :

3.2 Lemma. Let S be a *-semigroup. Then the following hold :

(i) If F is a filter of 8, then so is F*,
(ii) (N(x))* .= N(x*) forall x € S,
(iii) (Nx)* = Nx# for all x € S,

' Proof : (i) Jllet F be a-filter of S, Since F is a subsemi~
group of S, F#* is ; subsemigroup of S, Suppose a; b-€ S such that
ab € F¥, Then b*a* = (ab)* € F, so b* € F and a* € F because F is a
filter of S. Hence a & F* aﬁd b G‘F*,’ This proves that F* is a
filtér of S. | |

(ii) Let x € S. Because.N(x) is the smallest filter

of 8 containing x, it follows by (i) that (N(x))* is a filter of S
containing x*, “To $how éhat (N(x))* is the smallest filter of S
which contains xf, Tet F be a filter of S containing x* such that -
F c (N(x))*. Then FA =-N(x)% 0 By /(i) (B% ds a filter of S containing
X, so F*-= N(x); Hence F = (N(x))*. ‘This proves that (N(x))* is the
smallest filter of Slcontdaining #*|.0 (Hence ) (N x))F = N(x#)|.

(iii)" Let x € Sand y € (Nx)*. Then y*.¢ Nx, s0

N(y*) = NG). By (1), N(y%) = (N(3))* and NGx¥) = (NGR))*, so we

have that N(x*) = (N(x))* = (N(y*))* = ((N(y))*)* = N(y). Thus
y € Nx*' Hence (NX)* < Nx*' This proves that (Na)# c Na* for all

a € S. Thgrefore (Nx*)* (= N(x*)* = Nx“ But Nx = ((Nx_)*)* c (Nx*)*,



it follows that (N ,)* = N, so N_, = (N )*. #

3,3 Theorem, - The minimum semilattice congruence 1n, on any *-semi~

group is a *-congruence,

Proof : By [1}, Proposition II,2,9], n =
Ax, y)e sxs | N_= N }. By Lemma ~3.2(11:1), (N )* = N_, for all

X € S. It then follows that N is a *-congruence on S, #

A congruence p on aseemigroup S is an idempotent-separating
congruence on S if every p#Cldss contains at most one idempotent,
Howie has shown in-[6] ¢hat tie maximumvidempotent-separating con-
gfuence M on an inverse Semigroup exists aﬁd»

b leb for all e € E(S)};

v = {(a, b) € sx5 | a—lea
or equivalently, -

beb_1 for. all e € E(S)}.

u = {(a, b) € Sx5 | et

Let S be an inverse semigroup which i§ & *=semigroup. From

(E(S))* = E(S) and (a-l)* = (a”‘)_1 for all a € 5, it follows that if

apb in S, then a*ub*. Hefice ¥ is a *-congruence,

Every inverse(semigtoup is an orthodox semigrowp. Orthodox
semigroups need not be inverse. Meakin has proved in [8] that the
maximum idempotent-separatinglcongrience u on an orthodqx semigroup
S exists and h

u = {(a, b) € Sx8 I there are a” € V(a), b” € V(b)

such that a“ea = b”eb and aea” = beb’ for all

e € E(S)}.

43
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For a *-semigroup S, (E(S))* = E(S) and (V(a))* = V(a*) for all a é S,
it follows that the maximum idempotent-separating congruence -u on an

orthodox -semigroup S which is a *-semigroup preserves * on S,

3.4 Theorem, The maximum idempotent-separating.congruence on an
orthodox semigroup which is a *-semigroup ds a *-congruence. In
particular, the maximum idempeotent-separating congruence on an:in-

verse semigroup which iswa"*-semigroup is a *-congruence.

Is it true that an igempotent—separating congruence on a
*-gemigroup is *;congruence? To answer this question, the following
example is given.l ’

Example. Let S = {0, a, b} be a zero semigroup with zero 0. Defineo
the map * on S b& 0* = 0, a* ='b, ﬂ* = a, The map * is an involution
on S, so S is a *-Semigréup, fet A = {0, a}l. Then A is an ideal of

S and the Rees congruemnce Pp is an-idempotent-seParating congruence -

on S, . Because A% #‘A, by Theorem 3.1, Pa is not‘a *-congruence.

This proveé that fap.idempotent-geparating congruence on a

*~semigroup is not necessary to preserve *.| {#

JAasr
NCR

£, ‘vz ‘study, an inveree congruence on A F-semigroup. Every
semilattice is an inverse semigroup. Then every semilattice con-
gruence on é semigroup S is an inverse congruence on S, The first
example of this chapter shows that a semilattice congruence on a

*.gemigroup need not be a *-congruence. Thus that example also shows

that an inverse congruence on a *-semigroup need not be a *-congruence.
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It has been shown by Hall in {4, Theorem 3] that the maximum
inverse congruence Yon an orthodox semigroup S exists and
Y = {(a, b) e sxs | V(a) = V(b)].
In any semigroﬁp S, (V(a))* = V(a*) for all ae S. Hence the minimum
inverse congruence on an inverse semigroup which is a *-semigfoup

preserves *,

3.5 Theorem. " The minimum inverse congruence om,an orthodox semigroup

which is a *-gsemigroup is a *=cengruence.

It has been proyed by Mann in {9] that the minimum group con-

gruence ¢ on an inverse semigroup S always exists and

o = {(a, b) € sSxS | €a ='eb for some e € E(S)};t
or equivalently, iy

"6 = {(a, b) € Sx§ | ae = be for some e € E(S)}.

It

Let S be an inverse semigroup which is a *-semigroup. If a, b € S
such that aocb, then aé = be for some e € E(S), so e%a* = e*b* and

e¥ ¢ E(S) which implies a*ob*, Hence we have the following theorem :

3

3.6 Theorem. The minimum group congruence On an inverse semigroup

which is a *-semigroup is a *-congruence,

The'Green's relation & on a semigroup S need not be a con-
gruence on S,
" Let S be a regular semigroup, a, b € S, Suppose that there

are a* € V(a), b" € V(b) such that aa” = bb” and a“a = b“b, Since

aRaa”, bRbb", aadla and b’b&b, it follows that aRb and a¥b,
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and hence afb.
~ Assume a;fb in a regular semigroup S. Then by [2, Section
2,3] there exist a“ € V(a), b” e V(b) vsuch that a2 b”. From akb,
we have that aa'R bb~ and a‘alée‘l?’b° From a/fb”, we have that
aa’¥bb” and a“aRb’b, Hence aa X bb” land a“a¥b”b which implies
aa” = bb” and a“a = b“b since aa”, bb", /a2, b°b € E(S).
Therefore, in a regular semigroup S;
X = {(a, b) € sx8 l aa’/= bbb~ aﬁd a‘a = b“b for some
a” € vl b’ & Ubl. ( \
For any *-semigroup S, (w(a))#* = V(a*) for all a € S. Then if S is
a regular semigroup which is a *—semigroup? then a¥b in S implies
a*H bk, |
For idempotents e, f in a‘semigroup S, we define e < f if
e = ef = fe, If S8 is a *-semigroup, then for e, f € E(S}, e < f
implies ex < f*, |
It has been proved by Hall in [5] that the maximum congruence
contained in & on any ‘regular semigrouPS, § say, is given by
§ = {(ay b) é §x%8S l for |someca 7€ | W)y b5 Vb)),
aa’l= bb”, a“a = b“b aﬁd a“ea = b“eb for each

idempotentie &< 4a° |

3.7 Lemma, Let S be a regular semigroup, a, b € S. Assume that
a“ € V(a), b“€ V(b) such that aa” = bb“ and a”a = b“b. Then

a’ea = b”eb for each idempotent e < aa” if and only if afa” = bfb”

for each idempotent f < a“a,
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Proof : From Result 3 of [5], we have that
aa’xaa” = X (*)
N . .
for all x € aa“Saa”, and
a’aya’a = y ‘ (%)

for all y € a“aSa“a, Assume that a’ea = b”“eb for all e € E(S) such
that e f'aa’. Let £ € E(S);suéh that £« Sl =’b’b. Then f = fa“a =
a“af = fb"b = b’bf, so b‘bf_i;'b = £, since BEB” = bb bfb’bY € bb’Sbb”
= aa“Saa”, from (*), we obtain .

] aa bfb “aa’, = = 2bfb" '(I)
Because'(bfb-’)(bfb’)':= Bf(b'bf)b‘ = bffb% = bfb”, bf'b"”e E(S), Also, . |
(bfb*) (bb”) = bfb” = (bh7) (bfb”), hence bfb~ i'bb’ = aa”., By assump-
tion, a’bfb’a = b’bfbfb and thus a“bfb"a = £. From (I), we get
afa” = bfb~, ‘

A proof of the converse is given similarly by using (*%). . #

o

By Hall in [5}  and Lemma 3.7, we have that for a regular
semigroup S, the maximum congruence § of S contained in K is given
by

§ = {(a, b) €.5x8 I for somefa” € V(a), b7 e V(b),

aa” = bb”, a“a = B”b and a“ean= b7eb for fedch

idempotent e & aafly _ -
= {(a, b) € SxS§ | for some a“ € V(a), b€ V(b),

aa” = bb", a“a = b”b and zea” = beb” for eacﬁ

idempotent e < a”a}l.
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3.8 Theorem, If S is a regular semigroup which is a *-semigroup,
"then the maximum congruence § of S contained in £ is a *-congruence-

on S,

Proof : Let (a, b) € 8.

such that aa” = bb”, a“a

/I there are a”¢ V(a), b € V(b)

#/) eb for each idempotent

e <aa”, Thus (a”)* € V( (a )* = b*(b7)*,

(@a”)*a* = (b”)*b* and each idempotent

e < aa”, If e € E(S) en e* < aa”, so
ak (ex)* (a”)* = bk (ex)? = bke(b”)*.

This proves that a*e( (S) such that

e < (a”)*a*, Hence a%
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