CHAPTER II

TRANSFORMATION SEMIGROUPS

The main purpose of this chapter is to charactérize the
partial transformation semigroup, the fuli transformation semigroup,
the seﬁigroup of almost identical partialbtfansformations and the
semigroup of almost identd€alfull transformations on a set X which

are regular-* or *-regudar dn term of the cardinality of X.

Let X bé a set. fet T, and 9& henote the partial transfor-
mation semigroup on the éet X,‘and the full ;ransformation semigroup
on the set X, respéctively. For a:E-TX, o is‘an'idempotentlof TX
if and only if Vd €. Ao and xe-= % for all x € Va,

An inverse semigroup-is a regular;* semigroup and a *-regular
semigroup.  Then the-syfetric inmverse semigroup.on a set X, Tgs
is ;egular-*.and *-~regular,

Recall that qu.a regularf* semigroup S, the product of two .

projections of 'S is/an didempotent of S [10, Theorem 2.5].

. The (two following theorems show that forfany)set X, TX is

regular-* or *-regular if and only if [X| < I,

2,1 Theorem; For any set X, the partial transformation semigroup

on X, Ty, is regular-* if and only if |X| < 1.



29

Proof : Assume that T, is a regular-* semigroup with an in-

X

volution *, Suppose IXI > 2. Let a, b be two distinct elements in X.
For each x € X, let o be the element of_Tx such that Aax = X,

Vax = {x}, and for x, y §.X, let Bx y such that

be the element,of TX

Agx,Y‘z {x}, VBx,y = {y}, Observe that for any x e,X? o is an idem-

potent of , and for x, y € X, Bx v is an idemﬁotent of TX if and
. Hd H .

X
only if x = y. Since a_ |8 € T, and T, 'is a regular-* semigroup,
a,a X X A
a = a ok and Ba,a Ba,asa,asa,a? Because a = a0, aaaaaga

ao*a , it follows that_a € Ac¥a :;Aa*, s0 a € Ao*, Hence aa* = c
aa® "~ ‘ala a a a
for some ¢ € X. Becausé Ad d¥ /= (Va_ /) Aa*)a-l = ({a} f\Aa*)a_l =
" ¥ affq a 8 N\a a’"a
‘{a}a—l = X = Ao and Vogax = (Yo () Aa*)&*»= (fa} N rax)ox = {ala* =
a c a a a a’"a a’ a a

{c} = Vo_, we have that o of =@, so a* = (a a*)* = o ok = o .
: c aa c a a

¢ aa ¢
_Thus o is a projection of-TX. Since a = a?a’a‘=-a8a’aﬁg:éﬁa,a =
aB:’aBa’a, é e_AB;,aBa,a ;;Asz’a,-éo ae€ Aﬁg’a. Because,aBa’av=
aB, 8% B .= (aeg’a)sa,’é, it follows that aBf = a. From
28, 8% L= (8, O -AB:’a)B;:a - (ta} N agt y87h, = {av}e;fa = {a}
==’ABa, -and VBa,aB;,a =»(V6a;aﬂ AB:,a)Bg,a = (farn AB:,a)Bg,a -
'{a}Bg’a = {a} = Vsa,a’ we“have (that ga,asg,a.f Ba,a' Hence Bz,a =
(Ba,aB:,a)* = Ba,aeg,a = Ba,a‘ Similarly, we can show tha§ Bg,b =

B, .. Now) we have that o 4 B.)_ andiB /) arelprojectionsiof T..
Uy ! o d’d D,D i 3 A

ac . by,bc
=B

By [10, Théorem 2.5], Ba o and B, ,0 are idempotents of TX' But
14

It then follows that ¢ = a and ¢ =.b,

8 =g and B

' a u ]
a,a c a,c b,b ¢ b,c

It is a cohtradiction'since a # b, This proves that if Tx is

regular-*, then |X| < 1.
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If |X| < 1, then Tx = IX which is an inversé semigroup, so

it is *-regular. #

The next theorem characterizes full transformation semigroups

which are *-semigroup.

2.3 Theorem, For any set X, the full transformation semigroup on X,

ﬂ%, is a *-semigroup if and only if IXI I

ggggg : Let the full transformation semigroup, ﬁ&, be a
*-semig;oup with an involution #.  Suppose |X| >'2, For each x € X,
Let o  be an element ®f Iy suéh that| Aa. = X, Vo = {x}. Let a, b
be two distinct elementé in X. .Then o, and ub.are different elements
in 9&. From the definitiop of a5 X € X,-it follows that for all
B e, Bax =a. In particular, agqa =0, aﬁab = oy and a, =00 .
Therefore, a = ag and ay = ag. Thus aa =oa, = a%ag = (aaab)* =
o

*-gemigroup, then |X| < 1.

= ab, which is a eontradiction, .This proves that if 9& is a

If |X| < 1, then 9% is a triwvial semigroup, so it is a

*-gemigroup,

2.4 Cordllary For,.an

........ any get ‘X, the Eull |transfoyrmation):
. .

X, 9., is'a regular-* semigroup if and only if |X| <1,

2,5 Corollary. For any set X, the full transformation semigroup on

X, ., is a *-regular semigroup if and only if |Xl < 1.
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A partial transformation g of a set X is almost identical

if xa # x for a finite number of elements x in the domain of a,
For any set X, the semigroup of almost identical 1-1 partial
transformations on X, W,, is an inverse semigroup, 'so it is regular-*

and #*-regular,

Let X be a set. -Since the semigroup of almost identical
partial transformatiomns.on X, UX’ is a subsemigroup of TX and the.

semigroup of almost identical full transformations on X, Vo, is a

X

subsemigroup of g@r it follows that E(Ux) = E(T.) N UX and
’ — i

E(Vy) = E( %) N vy, Bus

E(Tx) = {o € TX I Vo & A and ao a for all a € Va} and.

E(g) = {oe Ty | Au =/X and ag = a for all a € Va} =

{o € §§ | ac = a for all'a €' Vo}. Hence E(ﬁx)

{0 €T I Vo & Ae, ao = a for all a-e Vo a@d IAa\\Vu| < o}, .

X

E(Vy) {a € S§ | av"=a for-atta §'Vq and—{X\Vd| < =}, that is,
for a G'Tx,.a is an idempotent of UX if and only if Vo & Ac, ac = a
for all a.€ Va and ]Aa\\Vai < =, and for o € &,, o is an idempotent

of Vy if and only if ad =-a for all a € Vg and [X\Va| < =,

The (fa1Towinglitheotems) characterize) the semigrouplof almost
identical ‘partial transformations and the semigroup of almost iden-
tical full transformations on a set X whicﬁ are regular-* or

*-regular,
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2,6 Theorem‘ For any set X, the semigroup of almost identical

partlal transformations on X, UX’ is regular-* if and only if IXI < 1

Proof : 1If IXI <1, then'UX = TX’ so by Theorem 2.1, UX is

regular-*,
Conversely, assume that Uy is fegular-—* . Suppose [X]| > 2,
For x, y € X, let aX,Y be the element of TX suéh that Aax,y = X,

Vax’y = X\{y},: ydx,y =% and z’ux’y ='Zufor aklez € »X\{y}, and let

B, y be the element of TyiSuch that A “ {x}, st,y = {y}. Then

for all x, ¥ €X, 'L"'a.X',:Y [SRACIRE ,a_n:dx_ Bx’-yeﬁ-‘:;E(Ux) if and only if x = y.
Let a, b be two distinct/elements; in X. Then aa,b’ Ba‘,b’ Bb,b € UX

and so- a* Bk 4 Bk exist in Ug. " From the proof of Theorem 2.1,

,b* "a,%? "b,b

% = ‘ :
we have th,at'Ba,a Ba,a and Bb b Bb,b' Because Ba,a’ Bb-,b eE(Ux),
it follows that B and B ‘are projections in U,. Claim that
a,a b,b o X* .
C Aok x = HITHN=, £ \
X\{b} Aaa,b’ 0%~ —gaglor b and X0l p - X for all x € X\{a, bl.

? \ = = * - = %*
If y € X\{b}, then y L yaa,bua,bua,b YOE p% b SO

* . * \ | B ‘* ‘ i = . =
y € Aaa,b_a'a,b [~ Aaa,b' Thus X\{b} "Aaa,b‘ Since a a, b

%* = * * =
aaa,baa,bqa,b (aaa,b)»aa,b’ we have that a:;aa’b aorb, If

. = = %
X € X\{a, b}, thenix : "xaa’b xaa,baa,bag,b (xa*, o a,b’ so by
the definition of o , it follows that xa#*. = X.
a,b 9b

* = * = 1 ]

Case ao s a, !Then aa,baa,b a,b’ so qa b= a,b’ But

a € E(U,), it follows that o is a prOJectlon in U,. By [lO0,
a,b X X

a,b

Theorem 2.5], B is an idempotent in Uy. But B

b,b%,b b,b%a,b

B ¢E(Ux) i It is a contradiction.

b,a
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Case aq; =p, Thema .a*.. =g , 80 0¥ = .o Thus o

+b a,b a,b b,a b,a b,a’

is a projection of UX' By [10, Theorem 2.5], Ba;gab,a

b,a

is an idempo-

tent in UX‘ But B = Ba,b ¢ E(UX)' It is a contradiction,

a;aub,a »
This proves that if UX is a regular-* semigroup, then

2,7 Theorem, For any set X, the semigroup qf almost identical

partial transformationswon X, Ux, is #-regular if and only if le <1,

Proof : If |X| f'l,‘then Uy =-TX,:56 by'Theorem-Z.Z, Uy is

*~regular,

N
. .

Conversely, assume:that”qx is *~regulax, ~Suppose IXI'i.

For x, vy € X, let a and B be elements of T, defined as in the
X,y X,y - X .

il
g

proof of Theorem 2.6, that ig, Aax'y =X, Vax,y = X\ {y}, Yoy

2ax’y = z for all z € X\{yl, ABx,y = {x} and.VBx"_y ='{y}f- For
Xy ¥, 2 € X,.let nx, ’Z,be the element of TX such t:hat.Anx,y’z =
{x, y}, an v,z = {2}, Let a, b be two distinct elements in X,
] 9 ] i )
Then aa,b' Ba,a’ Bb,b.e'UX' By the same proof of the proof of
. > ‘,’»,U_ o - %, = , M
. Theorem 2.1/, we bgve_that Ba,a Ba,a and Sb,b Bb,b Since Uk is
+ e L | v ‘ ¥
%o £ .
regular, ua,b’ Ba,a exist in UX' Claim that X\\{b} ;;Aaa,b"
aa+ =.d0flB &nd xu+ =% For G100 X\ {0 BY.M 15 voe X\JIb},
a,b | S %a,p € X\ yoé X\{b},
+ b + g
= = . = . L . <
then y yma,b yo‘a,bma,bma,b yma,bma,b’ soy € AOL‘a,‘t;ma,b"" Aaa,b’

. + + . t
C - = R =
Thus X\\{b} _.Aaa’b. Since a . a?a,b aaa,baa,baa,b (aaa,b)aa,b’

it implies that aa* =.:aoi:b. If x€ X\{a, b}, then x = xd o=
a,b aab
+ +

X%, b%,b%,b = %, p)% b

. . _ t
whlch implies xaa’b X,
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+ _ . t _ - ' o ok .
Case aanb_— a, Then aa,baa,b 'aa,b" Hencevaa’b _.aa,b, It is

.easily seen that .n =g B . Thus n* = (o
a;b,a

a,b a,a a,b,a
* * = = = B*% i =
Ba a“a,b Ba,aaa;b Ba,a Ba,a which implles na,b,a Ba,a"- It

a,bBa,a)* T

is a contradiction because .An = .{a, b} but AB = {a},
a,b,a ; a,a -
.!-

1. .
= = = X i
Case aaa’bf b. Then_aa’baa’b_ ab,a’ S0 ab b . Since

= * = *' =
Ma,b,b = %,alb,b We have that n¥ L AS=Tay LBy p)* = b,b“ﬁ,a

= % i -radi
b, bab a 'Bb,b Bb,b'. Hence n a.p, b Bb?b which is a contrgdlction

= {a, bl.afid ABb,b = {b}.

B

because An ,b,b

This proves that if Ux is a *-regular semigroup, then

|x| < 1. #

‘2.8 Theorem,  For any set X, the semigroup of almost identical full

transformations on X, Vg, is regular=* if and only'if IXI < 1.

Proof : If |X]| < 1, then Vy = 9%, so by Corollary 2.4,

Vx‘is regular-¥,

Conversely, assume that Vy is regular-*. ~ Suppose |x] > 2,

For x, v ¢ X; let o be the element of TX defined as in the proof

. s
9f Theo?em 2.64 Fhat is, Aax,y = X V?x,y = X\\{y}, yax’y = X and
zo, = z for all z € X\\{y}. For x, vy ¢ X, let A be the element
X,y o - RKyY

of T.. such that AX =CX &7 VX 1 B =y /N =3 and zA =z
A 1 XY LRy T x,y Xy X,y

for all z ¢ X\\{x, y}. Let a, b be two distinct elements in X,

_ ’ _ Lk aomd ok
Then aa,b’ixa,b € V,. Since VX is a regulﬁr semigroup, o

a,b?
* i * = I ine =
Aa,b exist in YX' Cla?m that Aa,bL_~Aa,b' Since bxa’b
* = * v i i i * =
bAa,bAa,bAa,b (axa,b)la,b’ by the def1n%tlog °f~xa,b’ aka,b b,
Similarly, we can show that bi* . = a, If x € X\g{a, b}, then

a,b
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A = . * : = xA% = * * = R
b - pra e, T F a_,b)\a,b (AT p2Ra,p? SO X¥AF 5 = ¥
* =
Therefore, Aa,b Aa,b'
Next, we claim that aa* . = a or b, and xa* . = x for all

a,b

\ = C = * = * "‘
x € X\{a, b}. Since a %, 1 = 2% %% b%a,b (aaa,b)aa,b"lt

a,b

i i * = \ x = = *
implies aaa’b a or b, For x € XS\{a, b}, x xaa’b xaa,baa,baa,b
= xa* = * i ° i k. =
. xaa,baa,b (xaa,b)aa,b which implies xaa’b X,
* = * g = * = '
Case aqaTb a. Then'aa’baa’b aa,b’ so aa,b aa,b‘. BUt'Aa,an,b
= = * = . * = * * = =
ota.,b’ then o‘a,b eLa,b (Aa,baa,b)- 0La,bka,b 0La,1>2\a,b 'ab,a’
which is a contradiction sifhce ba. . = a b&t’ba' = b,
a,b b,a
Case aaa;b b. Then aa,baa,b ab,a’ so ab,a ab,a’ Thus ab,a
* = . x = * * = = 1 -
“Boa ™ Pap%,a0" = %Blald s = %,ala,b T %,p Which 1s a contra
diction because ax, . = b but-as =tah 4

b,a a,b,

Hence, the theorem is completely proved. #

2,9 Theorem, For any set Xy the semigroup of almost identical full

transformations on X, Vg ts—*=regular—if-and-only if |X| < 1.

Proof : If ]X] < 1, then VX = 9&? so b¥ Corollary 2.5,
Vg 1s *~regulary; |
Conversely, assume that.VX is *-regular. Suppose |X| > 2,

For x, yv/€ Xulet Ax be, thelelement (of TX defined asinlithe proof

of Theorem 2,8; that is, AAX,y =X = Vxx’y, X)\x’y =9, ykx’y = X,
2, = z for all z € X\lx, yh. For x, y, 2€ X, leta _ , be
the element of T, such that Aa = X,

X Xy¥s2

x if t € {x, y, z},

o
Ky V52 -
24 t otherwise.



Let a, b be two distinct elements in X, Then a_ , O R
» : a,b,b”> b,a,a

A é,be Vx; in particular, aa,B,b? ab,a,ae E(Vx). Since Vy is a
*-regular semigroup, a:,b,b"ug,a,a’V%“,b exist i? Vygo Claim that
AZ,b = Aa,b" Because aka,b = axa,bkz,b'é,b = (bkz’b)ka’b and
Aa,b is one=to-one, bk:,b = a,, Similarply, aA:;b = b, If~
x € X\{a, b}, then x = xka’b - xxa,bAZ,bAa,b = (xA:’b)la’b, so
xA:’b = x, - Thus A:;b =-Aa,b'

Next, we show that a a:,b,b = a or b,'x§:’b’b = x fbr%all
x € X\{a, b}, Sinced = aul v ='aaa,b,baz,b,baa,b,b =
(aaz;:,b)a;,b,bf by the definition of aa,b,b’ we hgve that ?a:,b,b =
a or\?. 1f x € X\ {a, b}, then xaa,b,b = xaa;b,ba:,b,ﬁaa,b,b.=
‘xaz;b,b)aa,b,b’ heqce xu:,b,b = x. . Similarly, we can show that
ba;,a,a =.a or b, and xa;;a,a =—x for-all xX\€ ka{a, bl.
Case aa*;b?b = a and.ba;?a7a =_b. . Then aa,b,bwa,b;b = aa,ﬁ,b’
%b,a,a?g,a,a T e e MU =% a,a BUE
%a,b,b mb,a,ama,b,b‘am-1 0‘a‘,.b,bo‘bﬁ,a',a = %.,a,a’ tben %a,b,b
ug’a,aa;,b’b = (aa,b,bab,a,a)* =}u§,a’a = ab’a,a'which is a contra-
diction because baa,b,b = a but'bab,a,a = b,
Case aai;b:b% b and ba;7a7a =.a, Then aa,b,ba:,b,b ='@b,a,a’
ab,a,adé,a,a-='aa,b,b’ T 0Lg,a,a iz 0Lb,a,a and ag,b,b b o‘a,b,b'
Thus O ¢ 4 = % 2 a%,b,b -~ “8,a,a%,b,b = ©a,b,t%,a,a" ~
ag,a,a = ab,a,a’ a contradictionf
Case aq:T =2 and'ba;Té’a = a, Then aa,b;ba:,b,b =’da,b,b’ s0
ak = a + t _ T

a,b,b - %a,b,b’ e %, b b T %a,b,b%,b,b%a,b,b  %a,b,b%,b,b?



% = g . It follows that o = )E =

a,b,b’ a,b,b b,b = ab,b
¥ t

: ; X = * .. * = =

©@,b,b%,b,00% = %,b,6,b,b°" = %,b,b%,b,b - %a,b,b* . I
¥ ¥ ¥ :

aao = a, then a = 0 = Q
b,a,a ’ b,a,a a,b,

which is a contradiction, If a o

t t ot
so (o
a

_A+ , SO O = A which is a contradiction. Then a a
a,b b,a,a - a,b
-'.

\ = * =
for some ¢ € X\ {a, b}, Thus o s ac,a?a’ so a*
+ " H

. _ - iy ‘
ac,a,a' Since b = bab,c,cab,c,cab,c,c (bab,c,c)ab,c,c

+ _ ' _
that bo, =~ =D orc. Jf x'¢ XN\1{ib, c}, then xo cie =

sCs b,c,
+ +
o

X0, o,  a
bsc,c b,c,c b,c,c i, a ¢

, it follows

+ _
s hence xo = X,
b,c,c

P b,c,c

.l.

1. _ 3 .
If bab,c,c = c4 then ab,c,cab,c,c ac,b,b’ and therefore

= g% = YR = ok % = o =
% .b,b - %e.bb - Codbda b, bt T 5%, bib - %a,b,b%,b,b

% bob? which is a contradiction since e # a.
,b® .

Assume that ba;,c,c =-p, Then ab,c,cu;,c,c = ab,c,c’ SO
oLﬁ,c,c =‘mb,c,c and hence ag,b,c X (ab,c,caa,b,b)* = u:,bgem;,c,c =
aa,b,bab,c,c' Thus cag’b’c = b, Since ac,a,b = aa,b,cac,a,a’
a:,a,b - a: a, aag b,¢ 3 ac,a,aaa b bab,c,cf b 0La,b‘,c B
o‘c,a,bma b,c’ so of a,b,c - “2 b, ca: a,b 0L:,b,cmc,a,ama7b,b°‘b,c,c'
Hence b = ca: b,c cae,b,cac,a,aaa,b;bab,c,c 1 boLc:,a,,ac‘na,b,bmb,c,c

= a, a contradiction.

t &

Case ao b b ='h and, bo =.b. A wroof to gnf a4 rantradicntion
u-.___a

]

can be giveh identicaliy to the proof for the case a a+ ,b,b =.a and

ba; a.a = @ only replaclng abyb and b by aj; respectively.
b Bt ]

Hence, the theorem is completely proved. #
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