CHAPTER I

REGULAR-STAR SEMIGROUPS AND STAR-REGULAR SEMIGROUPS

Semigroups which are *-regular have been studied by Drazin
in [3]. Nordahl aﬁd Scheiblich have studieé regular-* semigroups in
[10]. 1In this chapter, various general proéerties of *-semigroups
are introduced. 1In partieular, we study regular-* semigroups and
*-regular semigroups in general. 'Many impo;tant properties satisfied

by both or by one but mot the other are introduced. Various examples

are also given,

Recall that a map.* from a semigroup S into S is an involution

of S if
(a*)* = a and (ab)% = b*a*

for all a, b€ S, and é-*—semigroug is a semigroup with an involution.
Observe - that an involution‘of a *-gemigroup is a one-to-one and onto
map on S,

Let S be“a (*<semigroup; 7 Then .for) any jsubset A of S, (A*)* = A,
If A is a subsemigroup of S;.then A* is cleérly a subsemigroup of S.
If e is an idempotént 0f S, <then le® =0 (ee)* = eke® € E(S).D [Thus
(E(8))* = E(S), so E(S) = ((E(8))*)* < (E(S))*  E(S) which implies
(E(S))* = E(S). If S has a zero 0, then for all a ¢ S, O*a = (a*0)* =
0* and a0* = (Oa*)* = 0%, and hence 0* = 0, If S has an idenfity i,
then for all a € S, l*a = (a*l)* = (a*)* = a and al* = (la*)*'= (a*)*

= a, and thus 1* = 1,
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Let A and B be subsets of a *-semigroup S. Then the following
are clearly obtained : (A'\UB)* = A*\J B* and (AB)* = B*A*, Thus we
have that (SA)* = A*S, (AS)* = SA*, and if a € S, then (Sla)* =

(sa.y {ah)* = a*S"\.‘J-.{a*} = a*Sl, (aSl)* = (aS'yU {al)* = sax'\J {a*} =

7

Sla*‘ and (Slasl‘)* = (SaSWJ SaJas U‘{a})* = Sa*S\U a*S\J Sa* \J {a*} =

Sla*Sl. Hence we have the following theorem :

1.1 Theorem., Let § be'a *-semigroup and A 'S, Then :

(i) If A is a left [right] ideal bf' S, then A* is a right
[left] ideal of S. If A ds the pf:inciéal left [right] ideal of S
generated by a € S, then A* dis tﬁe pringcipal right [left]“ ideal of S
generated by a¥*, :

(ii) If A is an ideal of S, then so is A*, If A is the principal

—

ideal of S generated. by a, then"A* is the principal ideal of S generated
by a%*,
The next theorem shows properties of the Green's relations of

any *-semigroup.

1.2 Theorem. Let Sibe.a #-semigroup and a € S. |Then the Afollbwing

hold :
(i) R: = La*_’ ,
(11). L* = R,
(i11) BY = H,
(iv) D* = D,
‘(v) Jx = J
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Proof : (i) and (ii) have been proved ‘in [a] .
| (iii) Because-Hx = Rx,’ﬂ L, for all x € S, it follows

from (i). and (ii) that H: = H'a‘*'

o

(iv) Llet x e(D:. Then x* € Da’ so (x*, a)G@.»
Thus (x%, u)e ¥ and (u, a)e R for some u ¢ S, By (ii), (x, u*)e R ,
and by (i),w(;u*, a®)e ¥, so (x, a*)eﬁo’_y = D which implies |

X € ].)a*" Thus D;.g D;a.*' This proves |that:: D;E Dx* for all x € S.

= * =
( *)* D S and therefore D* = D % °*
1 1

(v) Let x ng. Then x* ¢ J s S0 Slx*S1 = §"as".

since s'xs! = (sharsyxd (8'ashyx = s'ass'

, < *
Hence Da‘— (Da*) =D

, it follows that x ¢ Ja*,
1 * * '
hence Jas: Ja*‘f This shews that ch_: Jx* for all x € S. Thus

L %

* = * = J
Jac Ja*Q J(a*)* Ja. Therefore Ja Ja*

For any semigroup S, G is a maximal subgroup of S if and only
if G = H, for some e € E(S8). " If S has an identity 1, then H, is the

unit group of S,

1.3 Corollary, Let S be‘ a *—semigroup. Then the involution * of S
preser'ves the maximal (8ubgroups/ofi S, ;hé; isQ, if<G 48 a maximal sub-
group of 8, then'|/G* is a maximal subgrbup 6f S, Im paf;icular, if s
has an identity, then, the ihvolution % <;f § fixes the uuit group of S,

that is, 1f G is the unit group of S, then G* =G,

Proqf : It folléws from the fact that (E(S))* = E(S),
(He)* = He* for all e ¢ E(S) and 1* = 1 where 1 is the identity of

s. #
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Recall that a *-semigroup S is a regular-* semigroup if

a = aa*a for all elements a in S, A *-semigroup S is a proper
*-semigroup if for a, b € S, a*a = a*b = b*a = b*b implies a = b;

or equivalently, for a, b € S, aa* = ab* = ba* = bb* implies a = b,

A *-gemigroup S is a *-regular semigroup if S is proper and for each
a € S, there exists x € S such that & =.8xa, x = xax, (ax)* = ax,
(xa)* = xa.

Let- S be a semigroups « Foria € S, let V(a) denote the set of

all inverses of a, that'isy Ggqgg’)
v@ 4~/ es | a=axa and x = xax}.

Let S be a *-senﬂgroup andlfaff €S oA a4e V(a), then a = aa“a and
a” = a“aa”, so a* = -a*(a®)%a% and (a“)* = (a”)*a*(a“)* which implies
(a’)* € V(a*). This proves that (V(a))*c V(a*) for all a € S.
Hence for a€s, Vr("a) € (V(a*))* = V((a®)*) = v(a), and thus
(V{a#))* = V(a) which implies (V(a))* = V(a*). [If S is an inverse
semigfoup, then for all a € S, V(a) ='{a_1}, hence-(a_l)* = (a*)-1
for all‘a € S.

Every inverse sémigroup is/bothjregular-* and'*—regulara
Let S be an inverse semigroup. Dgfiﬁe af_= a-1 for all a in S,
Then S is‘al*-semigrolip since (a-l)h1 —a /and (ab)—1 = b_la-l for all

a, b in S/ If a ¢ S, then a = aa-la = aa*a., Hence S is regular-*,

If a €S, then a = aa a, a~l = a-laa_l, (aa_l)* = (a-l)*a* =
(aml)_vla-'1 = aa_1 and (a-la)* = a*(ax;;)* = a--l(a_l)'-1 =~a-1a.
Suppose a, b € S such that a~la = alp = b7la = b7'b. since

(ab”l)(ab-l) = ab;}ab—l - aa~lap7! = ab_l, ab-d'e.E(S); Thus
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ab~! = ab_laa-l = aa

a= aa_la = ba-la = bb-lb = b, This proves that S is *- regular.

1 1

- -1 -1 -

aa -~ = aa =, so ba = aa 1. Hence
A regular-* semigroup need not be a *-regular semigroup and

a *-regular semigroup need not be a regular-* semigroup. They are:

"shown by the ‘following examples :

»
Example ': Let X be a set+such that |x1 > 2.and let S = XxX be the
éemigréup with the operation defined by (g, b)(e, d) = (a, d) for all
a, b, c, d € X, Define thé map *ﬂ@n S by (a, b)* = (b, a) for all
a, b € X. Then *# is an inVolutionlqn B Since.for a, b e X,
“(a, B)(b, a)(a, b) = (a, b), it follows that S is a regular-* semi-
group, ‘

Next, we show that § is not a #-regular semigroup. Suppose
S is a *-regular semigroup under an invélution *, Let a € X. Then

(a, a)*

(x, y) for some x, ¥y € X.. Thus (%, y)* = (a, a) and hence

]

(x, a)* = (%, ¥) (@, AF= (@ GG =G (2, ) = (x, a).
Similariy, we can show that (a, y)* = (a, y). Thus (a, y) =
(@, V*(a, y) = (a, *ay) = (x, y)¥la, y) = (x, )*(x, y). Since
S is a proper *-semigroupy (a, ¥) = (x,.y), S0 X = ay fhus (a, ¥) -
(a, y)* = (x, y)* = (a, a), so y'= a. Thisuproves thati(a, a)* =
(a, a) for?all ac X;

Let a, b be two distinct elements of X. Then (a, a)* =
(a, a) and (b, b)* = (b, b)., Hence (a, b) = (a, a)(b, b) =
(a, a)*(b, b)* = ((b, b)(a, a))* = (b, a)* which implies (a, b)* =

(b’ 3)0’ Thus (a, b)*(a, b) = (a, b)*(b’ b) = (b, b)*(a, b) =
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(b, b)*(b, b) = (b, b). Because S is a proper *-semigroup, it fol-
lows that ‘(a, b) = (b, b) which implies a = b, a contradiction.

Therefore S is not a *-regular semigroup. #

Example. Let I be a set such that |I| = 2, Z thévéet of integers,
and S = IxZXI. Let P : ixI + Z be the map such that
« 0 if a = b,

= BT — "¢ Fap S  1 if a # b.
Then P.b = Ppa for ali®a, b &¢I,/ Define a multiplication on S by
(a, n, b)(c, m, d) =a, n+pbc+m, d)., Then S is a semigroup. Define
the map * on S by

(af nd b)* =..(by n, a) V(a, beI, neZ).

Then the map * is an involution,on S, so S is a *-semigroup. To show
that S is a *-regular semigroup, supﬁose a, b,c,d €I, n, m € Z
such that (a, n, b)*(a, n, b) = (a, n, b)*(c, m, d) =
(c, m, d)*(a; n, b) = (c,; my;d)*(c; m; d):  Then (b, n; a)(a, n, b) =

(b, n, a)(c, m, d) (d, m, e)(a, n, b) = (d, m, c)(c, m, d) which

implies (b, 2n, b) = (by nip . tm, d) = (d, mp 40, b) = (d, 2m, 4),
sob=4d, n= ﬁfand n+pac+m = 2m, | Thus Pl 0 which implies a = c.
Hence (a, n, b) = (c; m, d). This proves that S is a proper *-semi-
group. Because (ay; n; b) = (a, ng b)(b, -ny a)(a, n, B), (b, -n, a)

(b, -n, a)(a, n, b)(b, “n, a), ((a, ha b) (b, -n, a))* = (a, 0, a)*

(a, 0, a) = (a, n, b)(b, -n, a) and ((b, -n, a)(a, n, b))* =
(b, 0, b)* = (b, 0, b) = (b, -n, ;)(a, n, b). Hence S is a *-regular

semigroup.
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Next, to show that S is not.a regular-* semigroup, suppose S
is a regular-* semigroup under an involution *., Let a, b be two dis-.
tinct elements of I. Then I = {a, b}. Let x, y ¢ I, m € Z such that
(a, 1, D)* = (x, m, y). Then (a,’l, b) = (a, 1, b)(x, m, y)(a, 1, b)
= (a, 1+pbx+m, y)(a, 1, b) = (a, 2+m+pbx+p§a, b). It follows that
1= 2+m+pbx+pya, som = —1-pbx—pya. ‘Thus (as 1, ﬁ)* =

(x, —l—pbx—pya. y) and hemee(x, -p, , b)* =

((x’ 'l-pbxfpyé’ Y)(as Lot 004 (a1, b)*(a’ 1, b))*

(a, 1, b)*(a, 1, b) = (& 2B, b)-and (2, =p . V)* =

: ((as 19 b)(x9 ‘1'Pbx‘Pya, Y))* I ((a: 1’ b)(a, 1’ b)*)*

(a, 1, b)(a, 1, b)* = (a, =p 5 y). ~JBecause (x, —pbx+1-pya, y2>=

¥

(x5 =Ppys D)@, -y, ¥) = ((@iop s 9* (G, =py,, DY)* =

((a, -p y) (x, “Ppx’ b))* = (a, —pya+pyi‘pbx’ b)* and S is a

ya’

regular-* semigroup, it follows that (a, —pya+p b) =

z vx Pbx’
(a, -pya+pyx-p5x. b) las “PyatPyyPpxs PI*(2s =Py [Hpo,~Pyys b) =

(@, =Py tPyyPhys PYGG =P Hl=Poos 30 (35 =By ¥y "Ppy o b) =

(a, —zpya+pyx—pbx+1’ ¥) (a, 'P§a+Pyx’Pbx’ b) - (a5 _Zpya+2pyx-2pbx+l’ b)

which.implles --p-ya+-pyx—pbX = 2(-pya+pyx—pbx) +~1 .~ Hence

Pya = Pyx T Pk T 1 which implies y = x =a # b, y =x=b # a, or

X =a # b= Fsince I ={ay bk

Case y = x'=a # b, Then (a, 1, b)* = (a, -2, a). Hence |

@a, 1, b)(a, 1, b)* = (a, 1, b)(a, -2, a) = (a, 0, a) = (a, 0, a)*
and (a, 1, b)*(a, 1, b) = (a, -2, a)(a,; 1, b) = (a, -1, b) =
(a, -1, b)*, Thus (a, O, a) = (a, -1, b)(a, 0, a) =

.(as -1, b)*(a: 0, a)* = ((a, 9: a)(as -1, b))* = (a; -1, b)* =
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(a, -1, b), a contradiction,

Case y =x=b # a., Then (a, 1, b)* = (b, -2, b), and hence

(a, 1, b)*(a, 1, b) = (b, =2, b)(a, 1, b) = (b, O, b) = (b, 0, b)*
and (a, 1, b)(a, 1, b)* = (a, 1, b)(b, -2, b) = (a, -1, b) =

(a, -1, b)*. Thus (b, 0, b) = (b, 0) B)* = ((b, 0, b)(a, -1, b))* =
(a,-1, BY*(b, 0, b)* = (a, =1, b) (b, 0D 5 (a, -1, b), a contra-
diction.

Case x =a # b =y. Then(a, 1, b)* = (a, -3, b) and so

(a, 1, b)*(a, 1, b) = (& -3, /b)fa, 1, b) = (a, =1, b) = (a, -1, b)*.
From (a, -3, b) = (a, 10) £ /((a; 0, 2 (e} 1, b))* =

(a, 1, b)*(a, 0, a)* = (4, £34 b)(a, 0, a)*, we have that (a, 0, a)* =
(a, =1, b) or (b, 0, b). /If (ay 0, a)%& (a, =1, b), then (a, -1, b)
=-(a, -1, b)* = (a, 0, a),/a contradiction. If (a, 0, a)* = (b, 0, b),
then (a, 0, a)(a, 0, a)* = (a, 0, a)(b, 0y b) = (a, 1, b) = (a, -3, b)*
and thus (a, -3, b) 2\(a, 0, a)(a, 0, a)* = (ajulf b), a contradiction.

This proves that S is not a regular—*’semigroup. #

A regular-* semigroup and a *-regular semigroup are regular
semigroups. But a regular semigroup S which is a #-semigroup need
not be a regular-* semigroup andineed not be a *-regulap semigroup

under the involution of |S. (They are shown by the following examples :

Example. Let C be the set of all complex numbers and let MZ(C) be
the set -of all 2%2 matrices over C. Then MZ(C) is a *-gsemigroup with
matrix mpltiplication and A* = At (A-transpose). Next, to show MZ(C)

is regular, let A ¢ MZ(C)' From [1, Theorem 25] there exist

0
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nbnsingular matrices P.dnd Q such that PAQ = ”<§r g) wheve IY'- ( )

) ox’ ( ;Z?;&; Let A” = Q. 0 g P. It is easy to verify
.that A= AA A. This proves that MZ(C) is regular. Since <} 1 #

6 D6 DE 96 D-€ D6 9" G 9w

reégular-* semigroup under the involutlon *,

Example. Let X be a set such that ]X| > 2 and let S = XxX be the

. sémigroup with an 0perat10n ;eflned by (a, b)(c, d) = (a, d) for all
ﬂ.:a, b, ¢, d € X. Then the map ‘¥ on g defined by (a, b)* = (b, a),

(a, b € X), 1s an involutlon on/ S, so S is a %-semigroup. Since

(a, b) = (a, bi(b, a)(a, b) for all a, b € X, S is regular., We have
shown that S is not a #-regular semigrqup.under any involutionv*. #

I8

A_homomorphic image of a regular *-semigroup is not necessa--
brily‘regular—*. Also, a homomorphic image of a *-regular semigroup

need not be-*—regular. i

Examgle.‘diet X be a ;et such that |X| > 2 and let S = XxX be the
sehigroup ﬁith the operation defined by (a,“b)(c, d) = (a, d)
for‘all a, b, c, d& X, Define the map *jon S by (ag b)* = (b, a)
for all a, b € X. We have shown that S isga regular-* semigroup
under the involution %, | tet,a € Xvand let @ ¢ IS ; S |be' the map such
that (x; y)y = (a; y), for all x, ylﬁ:X; The axX is a homomorphic
image of Sa For x, y €. X, (a, x) = (a, y)(a, x) and (a, y) =

(a, x)(a, y), then (a, x) R (a, ;) in axX. Thus the semigroup axX

has oniy one R -class, so P =R . Hence the semigroup axX has only
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one & -class which has only one R -class. Fo£ X, y€ X, if

(a, x) ¥ @, y) in axX, then (az X) = (a; u)(é, y) for some u € X, -

-. thus x = y., Hence tﬁe cardinality of the set of Y -classes in the
semigrogp axX is IXI > 1, Therefore the semigroup axX has a D -class
D such that the cardinality of the set of Je-classes in D and the
cardinality of the set of 1?-élassés in'D"are ﬁot equal, so by [10,

Corollary 2.4], the semigroup axX is ngt a regular-* semigroup. #

Example. Let I be a set suchsthat |I| = 2, Z the set of integers,

and § = IxZxI. Let P*: IxI # Z he the map such that (a, b)P = Pab

o 0 if a = b}
and p_, = ‘Define a multiplication on S by
ab 1 if a # b
(a, n, b)(c, m, d)- = (a, np, Hm, d),

and define the map * on S by (a, n, b)* = (b, n, a) (a; b €I, nez),
We have shown that S is a *=regular semigroup under invélution *, :
Let T = IxI be the semigroup with the qperation defined by

(a, b)(c, d) = (a, d). Then T is a seﬁigroup. Let § : S~ T be
defined by (a, n, b))y = (a, b). .Then-w is a homomorphism from S

onto T. But we have/ shown that T is‘nqt a *-régular}semigroup. This
proves that a homomorphic image of a *-regular semigroup need not be

*-regular,  #

. Let S be a *-regular semigroup. Let a € S. Then there exists

X € S such that a = aka; x = xax, (ax)* = ax and (xa)* = xa. For each
T ‘

a€ S, such x is unique and it is denoted by a+ which is called the

Moore-Penrose‘ggneralized inverse (or, more briefly, the MP inverse)
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i

of a. To showvthe'uniquenéss of x, let a, x, ¥y € S such that

a = axa = aya, x = xax, y = yay, (ax)* = ax, (ay)* = ;y,-(xa)* = xa
and (ya)* = ya, Then x = xax = xayax = (xa)*(ya)*x = k(ya)(xa))*x =
(ya)*x = yax = yayax = y(ay)*(agﬁ* = y((ax) (ay))* = y(ay)* = yay = y.
Observe that if e € E(S) such that.e*-= e (that is, e is a projection
of S), then eT = e,

Let S be a prOpér<*—semigroup.~ Then S is *-regﬁlarJif and _
onlj if for all a é S, aa* and afa are both regular, Let a é“Sﬁand
assume that aa* and a*asare'both regular. Ihen there exist x, y€ S
“such thatvaa* =vaa*xéa*_and a*a = a*aya%*a, so aa* = aa*xaa* = aa*x¥*aa*
ana a*a = a*aya*a = a*ay¥*a*a. Thus a%a = a*(ayg*a) = (a%*ayka¥*)a =
(a*ay*a*)(aya*a), a*a = a*(af*a*é) = (a*aya*)a = (a*aya*) (ay*a*a),
aak = a(a*xaa*) = (aa*x*a)a* = (aa*x*a)(a*xaa*) and aa* = a(a*x*aa*) =
(aa*xa)a* = (aa*xa)(é*x*aa*). Siﬁce S is proper, it foilows that |
a = :aya*a = ay*é*a =.aa¥*x*a ; aa*xa, Let z = a*xaya*i Claim that

.i.

Z=a, From aza = aa*xaya*a = aya*a = a, zaz = a*xXaya*aa¥*xaya¥* =

a*xaya*aya* = a*xaya* = Z, az = aa*xaya* = aya* = ay*a*aya* =

(aya*)* (aya*) (az)* (and z4d) & a*xayak*a &)a%xa s a*xaa*x*a =
Tlay y

(a*xa) (a*xa)*

(Za)*, it follows that 2 = a+. Hence S is *-regular,
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S is_proper.‘ If S is regular and S is proper, then for all a € S,
aa*, a*a are regular, and hence, from the above proof, S is *-regular,

It has been shown by Nordahl and Scheilblich in [10] that in
any regular-* semigroup S, the ipvolution % fixes one and only one

idempotent per R -class, aRb implies aa* = bb* and each & -class D
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of S are square; that is,‘the cardinality of the set R -classes in D
and the cardinality of the set & -classes in D are equal, Similar

results are true for *-regular semigroups.

1.4 Theorem. Let S be a *—regdla; semigroup. Thensfor a € S, aa

is one and only one idempotent in _R;\which is fixed by the involu-

tion * ,

‘Proof : Let a € 8. .Then a = aaTa, a+ = a+aa+, (aa+)* = aaf
and_(a+a)* = é*a.~ Thus aaT~é E(S); (aaT)* =.aa* and aa+é Ra' Sup-
pose e € E(S), e € Ra sdch/that e¥* = e, . Then e = e* € ( Ra)*'=

i} _ \ (L 4 i} |
(R H* = L(aaf)* = L_4F, Sofe, aa E Raaj'(\,LaaT = Haa+ and hence

;ev=°aa+, #

The dual of Theorem 1.4 is as follows :
For a *-regular semigroup S, if ‘a € S, then aTa is one and only one

idempotent in L, which is fixed by the involution *,
1.5 Corollary. Let S be a *-regular semigroup, Then for a, be S,

aRb if and only if aaf 7o/, ’

Proof : Let (a, b) € R ./ Because f(a, aa-‘-) €R and

(b, bb") €R [\ 1t Eollows| that ((aaly BB IER | | Since aa', bb' ¢ E(S),

(aa*)* = aa+ and (bb+)* = bb+

aaT = bb+.

, it follows by Theorem 1.4 that,

The convefse follows from the fact that for all a ¢ S,

aJQaa+. #
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By the dual of Theorem 1.4, we also have that in a *~regular

semigroup'S, for a, b € §, alfb if and only if afa = b+b°'

1.6 Corollary. For any @ -class D of a *-regular semigroup S, the

Qo

set of 3?-classes in D_and the set of éf-classes in D have the same

cardinality.
Proof : Let a€'S. Let C'= {e€ D/ e = e = e*},.
A= {L_ | x e D } and B =Ry | x € D }. Then by Theorem 1.4,

A=1{L | ec¢c) B= (R |/ €}, and |a]| = |B] by the map

L~ R (e €C). #

It was shown by/Nazdahl and Scheiblich in [10, Theorem 2.5}
that the product of two ‘projections in/a regular-* semigroup is an
idempotent., However, the product of twoe projections in a *-regular

semigroup need not be an idempotent.

Example, Let I be da“set such that |I| = 2, Z the set of integers.
Let S = IxgxI and P :“IxI + Z the map such that (a, b)P = p_, and

0 ifya = by

P
ab 1 if a # b.

Define a multiplication én S’ by

(a, n, b)(c, my d) = (a, n+pbc+m, d),
and define the map * oﬁ S by (a, n, b)* = (b, n, a) (a, b € I, n€ Z),
We have éhown that S is a *-regular séinigroup° Let a, b be. two .dis-
tinct elements in I. Then (a, 0, a) and (b, O, b) are projections

of S, But (a, 0, a)(b, 0, b) = (a, 1, b) which is not an idempotent
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of S. . #

In any *-regular semigroup S, it is true that (a+)+ = a for

T for all a, b €8S,

all a € S, but.it is not true that (éﬁ)+'= b+a
From the above example, (a, 0, a)(a, 0, a)(a, 0, a) = (a, 0, a),

((a, 0, a)(a, 0, a))* = (a, 0 a)(a, 0, a), (b, 0, b)(b, 0, b)(b, 0,b)
= (b, 0, b), ((b, 0, b)(by-0, bY)* = (b, 0yd)(b, 0, B), (a, 1, b) =
(a, 1, b) (b, -1, a)(a, 1,:b), (b, -1, a) = (byi=l, a)(a, 1, b)(b,-1,a),

((a, 1, b)(b, -1, a))*'= (&, 4, b) (b, -1, a) and ((b, -1, a)(a, 1, b))*

]

.f.

(b, 0, b) and (a, L¢#b) = (b, =1, &) But (b, -1, a) = (a, 1, b)

((a, 0, a)(b, 0, b)) Fand (b, I, a) = (b, 0, B)(a, O, a) =

®, 0, BT, 0, &), sof ((a, 0,/a)bs 0, NT# @, 0, BT, 0, .

1.7 Theorem. Let S be a *-regular semigroup. Then for a € S,

W @li= @hs,

(i1) (a+)+ = a,

(iii)“ (aa+)+ = aa+ and (afa)+ = a+a.

Proof : (i)s Let a € S._ Then aa+a =a, 2Taat =\a+,

.I..

T and (afa)* = a a and thus a* =-(aa+a)* = a*(a+)*a*,

(aé*y* = aa
(af)* = (a*aaT)* = (af)*a*(a+)*, (a*(af)*)* e alal= (afa)* = a*(aT)*
and ((af)*a*)* < aal = (aa+)* = (aT)*a*. Hence (a*)* = (aT)*. |

(ii) For a € S,'afaa+ = a+, aaTa = a, (a*a)* = ata

and (aa+)* =.aa+, it follows that (aT)T a.

©, (iii) For a € S, aa+ and a+a,arevprojections, and

(b, -1, a)(a, 1, b); werthave that (a, O, a)f =", 0, a), ®, O, byt

9
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¥

hence (a+a)+‘= a?a and (aa+)+ =aa , #

By.an ordered semigroup we shall meén a semigroup S on which

is defined a partial order < in such’'a way that for any a, b of 5,
a < b implies ax < bx and xa < xb for each element x of S,
Let S be an inverse semigroup, /The relation < on S defined

by a < b & aa_1 =ab“l is a partial otder on S and it is called

"the natural-partialuorder on S, The inverse-semigroup S is an ordered
semigroup under the nattiralspartial order; If an inverse semigroup S»
is a %;semigroup, then the/natural'partial order '< on S satisfies the
property that for a, b#€ $; a £ b implies a%* < b% because a < b if
and only if a_l < bflo

~ Let P bé a partially ordered sef. The greatest lower bound
of the subset:{ai | i € AY ofiP, it it.exists, is denoted byiéhai and
-igkai denotes the least upper-bound of the subset'{ai | i € A} of P,

if it exists. For a, b-&P; a/Ab and aVb denotz the greatest lower

bound of {a, b} and the least upper bound of la, b}; respectively.

1.8 Theorem, Let S be an-ordered *:seﬁigroup with the property
that a < b implies a* ﬁgb*. 'Let:{ai ] i_G,I} be a subset of S, Then
the following thold

. / L. %
(i)e 1f féiai ex1s§s, then féiai exists and (féiai)

s o 3 ' * - *
(ii) 1f {X&ai exists, then {g&ai exists and (£¥&ai)

N

-\ a¥,
léll

*
i\e/Iai .

P f: i th \a, exists, B . < a,
Y00 (i) Assume at ié& i xists ecause fé&al < aJ

.. % % .. _ % s
for all j in I, (félai) < aj for all j in I, so (ieﬁai) is a lower
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bound of the set {ai |1 € I}, Let c be a lower bound of the set

{a;‘_ | i € 1}, Thenc _<_'a35‘for ;11 j in I, so c* < a, for all j in I.

Therefore c* is a lower bound of the set {ai I i € 1}, Thps

c* < ié[ai’ so.¢ < (iélai),*. This proves that (iélai)* = _iéla;'s_.
(ii). Assume  that i¥Iai exists, Then aj, < i¥1:ai

for all _] € I, Thus a35 < "(iglai)* for A1l je€ I, so (i¥1ai)* is an

upper bound of the se_t'*{a; ‘ i € I}, Let ¢ be an upper bound of ‘the

set"{a’;l‘ | 1 € 1}, Thén aj_']f R 5A 110 € I, .s0 a, < c* for all

k| § I. Hence c* is an upper ‘bound ~of {ai ] i € 1} which implies

i¥1ai < c*, and théfefore (i\e/lai)* .f c. This shpws that (iylai)*

i . ' I e ‘ V% = VM ak,.
is the least upper bound of. {ai | i €1},  Hence (i\élai i¥Iai' #

1.9 Corollary., Lef: S be an ordered #*-semigroup with the property
that a <b Aimplies a* < b*, 'Then the following hold : '

(i) For a, b G s, if al\b exists, then a* /\b"* exists and
-(a/_\b)* = a*/A\bx

(ii) For a, b € S, if aVb exists, then a*Vb* exists and

.

@Vb)* = a’_"Vb* .
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