CHAFTER V
THERMAL CONDUCTIVITY

'V,1 Mechanisms of Thermal Conductivity

The heat flux in a2 mgtal L) cozgoséd of two compohents; tﬁe
électronic thermal conduetivity ‘and tpe-fhermal conductivity of
thg lattice. As the temperature is reduced below Tc the.electro--
nic cohducti?ity becomes sméller than in the normal'sfate,while
the lattice componeént riges stgadily and becomes the éominant
component at temperatures.wellvbelow Tc’ The. physical reééoﬁs
for these features have bgen Ffirst recognized and understood by
Mendelssohn and Reptéﬁzgith the supposition that thé supercoéduc~
tife_electroné carry no entropy{which .is derived from the fact-
that a superconductor has no Thomson heat) ,and thepeforé_give no
¢ontribution to thetransport of heat. Thus the elécfronic cone
ductivity of the'metal will proéreséively dectrease towards'loﬁer'
temperatufes. Sincelét lowy enongh températures the concentrafion
of normal electrons will'be negligibly small,the heat conduction
of the mebalicintirisremionemaysbey entirely due‘to the| lattice
waves, From the experimental evidence available these aufhbrs“
~also concluded that as superconduétivity_is established,;interacs.
tion between électrons énd lattice vibrations diSappéars. It
might therefore be expected that in é supercbnductor,correspon—
"ding to the decreasé of the electronic conductionj,an increase

in the lattice conductivity will take place owing to the increased
!
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phonon mean free path. Near absolute zero the heat conductivity
of a superconductcr should therefore depart completely from ordi-
nary metalllc behavior and present the same aspect as that of a

dielectrics Base on BCS theory Bardeen,R1ckayzen and Tewor&JZB)

worked out the magnltude and- temperature dependence of the lattice

and electronlc conduct1v1ty in the euperconductlng state.

V.2 Kubo?!s formulas for e Transport Coefficients .

(24)

The transport €oefficient can be defined as:

oA L G AATTILEYT, G

Ny - =M (_L s --)_\_,_‘_ e

W = ,E.L' /MWA TVT LTVT) (5.2)
wherpe j is the electrical ‘current dehsity and u is the energy flux.,
‘T is the temperature and/u_the chemical potentials Then the

(11)-

transport coefficients,Li,afe given by the Kubo formulas:

L, = 3‘9 ijt fft’f\ TQ[P J'('o),.:]'ctﬂ?\)]; L (5.3)
L, =__ 3 . agfc'J an Tv [P cho) juﬂa)]

_ 352 L ’c[d;\ Tv*[poj'(o,)fuiC{+L7\)J, s
L 392 ﬁfj:fl.hﬁf [POU(O).U(tﬁ-L?\)] . (545)

Here,J and I are the Heisenberg operators for the total electri-

cal and energy currents,respectively..P'is,the equilibrium den=
. - 0

sity matrixi
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where H is the Hamiltonian for the system and N is the number
operator.lﬁ =1/kBT‘, and g? is the volume of the system. .
If there is no tempcrature gradient, V/”- =-2E ¢+ where

E is the external edectric field, then we may identify the dec
- gonductivity & with B A

T = G-I (5.7)
The heat flux q is given by

q = H&5 ' (5.8)

£ . .

From the definition of the thermal conductivity,K,

'a =KV T, = - (5.9

then the thermal conductivity can be defined as

; 2
2 N LCEN ], -
K e g (LE—LO )Y _ . (5.10)

In evaluabing (the right-hang side of Hq.(5410), the major
difficulty is that we are required to compute the L's to order T2

in order to obtain a non-vanishing result.

V.3 Calculation of the Thermal Conductivity

Our stérting_ﬁoint will be the Kubo formula -for thermal

o 25, .
conductivity ag derived by_Luttinger in a homogeneous system.
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In order to obtain a rigorous dérivation, he does not'infrof
ducé thé isual Hamilfonian describing the varia%i;n of temperature,
but computes the linear response to a gravitational fleld which in
prlnclple produces energy flow and temperature fluctuations. But
we aré'interested in the flow of energy with no flow of matter.

To avoid 1nf1n1ty when the system beécomes superconductlng, he
dlscusses some new eguatiens and derlves directly the thermal con-
duct1v1ty in terms of #hel correlation function of current den51ty
in the gnpeftupbed systems

For’}he‘thermal conductivity‘we,are interested in the flow
of energy with nd flow of matters Ve shall néglect terms of'order
(k'rLAA) . and we caf verify that to this order the matter current
accompanylng an energy current is reduced to _zero b; measuring
Aenergles with respect t6 the chemical potential. The Kubo formula

for the thermal conductivity K meay be written as follows(we use

units in which h = )2

:rW:r T jt dE; Jd”’xi d_3xz<u.(><,,o),u(xzﬁq)) . (5.11)

_Aéqve.V is the volume of thé system;Tsds the témperatﬁre, and u
is the heat-current densityloperator at the spaée-time point1(x1,
tq); The brackets denote an average in the grand canonical en- -
-semble. 1f we write-the Hamiltonian for the system in terms of
the annihilation and creation operators (4/cx)k4/tx), the heat

B

currsnt density operator has the form

Wwex) = - E(q/rx).v(..}/(xs +Vq/(><)0q/(x))f (5.12)
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obeys the heat egquation

hexy + Touexy = O ; (5.13)

where n(x) is the Hamiltonian density of the system.

N

It is convenient to dintroduce the correlétion function

Lo uln) (2, ) (5.14)

i

9(1 2)

where 142 denote space-tame’ points, and Tis chk’s tlme orderlng

operator.- In the staafard way we make Fourier transformations in

“the spatial and imagifary time difference'coordinates, so that
Pe,2) = LlgfT o fd%’ Pg >, )expiw,(x XJ-J/Cf t)}

B,/ (21F
(515)

’ e -1 .

Here Yz 2Mme/g and 3= (k.T) - m running over all in-
N .

tegers. In terms lof P(q,lgn ) Eg.(Seail becomes

t<=#_=_|.'ﬁq P =g, = WHS )'p(%"” w0 (5.16)

W20 W " i 6)
It is convenient to use Nambu’s| two component field operato$% de=

fined by ) :
;\{/Ci) :( :: | ) L}/CI) (L‘/Ci)tk(l))

In terms of these and the Pauli spin matrices gz the correlation

function may be written as follows

P,z =£~j—n1(§tv -Ha?t? -_3.%-,1'51 VZ)(’J;) (7,)

(5.17)

X(T[L}/ u)LI/( Z)g’/QZ)U’CI)-\>‘
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Where in writing the correlation funetion in the above form, we
ﬁave neglected the discontinuity terms that arise from the deri-
vatives acting on -the timé‘o;dering operators These terms do
not contribute tb the thermal conductivity.

By using the Hartree-Fock approximation, the T product of

four 0perators is
(TLY o L}/cmf(z') Ll;‘rub])-")' GG 29y (5.18) |
| L k 4 J L K | T
where Gil(1!2) is NAmbu® s/ watrix. Green?s function - |
'8 ,

G;QC‘)Z) - ‘L<T[W-L(‘)%(Z')j> . (5.19).

Then we obtain from Egs.(5, 17),(5.18),and(5.15)
_ L (A% |

. 5,0 2
- ‘pc—\ U = Z (Pﬁ'%)'l’(f""u);: .
- TR Rab7 cap % ] (5.20)

lv[TG(P+%) ) GCE})})]’

-

where j}_: (lzf?\)ﬂfiqg and ﬂ takes on integral values.

We now imsert the spectral represeéntation for G(ﬁ,fz )y

o0 -
Gipryy = fcég ackw) (5.21)
A b LT fl—r&)
where the spectral function.a(s;cu ) is obtained from - .
O,(ﬁ)hJ) = Z-I}h(3<;F)UJ—LC5*)

"

*[G c?,w co) - G(wa-\-LOTJj | F5’22)
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Substituting Eq.(5+21) into(5.20) and do the’ ¥, sum, then the

g!

-

thermal conductivity is

S fd%dw'p‘mlsecxf(z'ﬁw)[Tr{’g’atff,ww;acB@}]'
wm’kaTz (2m)*

(5.23)

+

We still must decide which Green’slfunctionﬁ, the s-elec-
Fron Green’s function er” the d-electrom Green's fﬁnction,-should
be used in formula(5.2%)4 / 1f we use thé d-electron Green’s func-
tion, then the carriér of ‘the heat current would be the d-electrons.
However if the s-elegtrgns are to be the carrier of.theiheat cur-
rent, then the s-eleciron wave functions should be used in(5.23).
For transition metals im the normal state, the chLoice is obvious
"~ since. the s;elecbrons:are the carriers. To decide which éiéctrons
are the carriers of the heat current when. tWwe transition metal is
in the superconducting state, we must remember that only normal |
electrons can contribute'tolthe heat current since the supercon~
ducting electrons, do, not ca;ry any entropye. Since the normal d-
electrons are ,not the carriefs of tﬁe.heat current in the first
place, bheinr transformation into super d-electfons should not cause
the observed decrease in the thermal current. The decrease in the
heat current can only be accoﬁnted fof by a change in éhe number
of normal s-electrons (these being thée carriers of the:heat cur;

*

rent). For this reason we believe that the s-electron Green's

functions must be.used in the thermal conductivity formula(5.23).



VoIt Analytical Treatment

The integral over momenta in EQ(B.EB) can be converted into
one over £ . DNow.let's consider the spectrél function a(p, ).

We have the Green's function for s-electrons as in Eq.(4.26) of

chapter IV, ie€s,

-- . . . & ; 2
e - Vi ¢ Y .
G \ '2'/‘ ~ a1 M‘z
Det G N wee-Y M.
- M L5 ' a7 -

where

*
DetG = (w-e- _\’Mu)( e - 4Tt 2 MM

2
Here we use the notation EE: \/ \ = \/
J

We consider first the snumeralor o.f G{e uJ) the numerator
of Tr {9; G(E,w)’]_;G(E)L,u)}is- then
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Ny L
then () — R = - w _ B 9 (5.2k)
T (A +B%-w®)
3tR = - NVE___ o : (5.25)
i CA;"+ Br- w) *
7 B ' o .
QR - oY 4B, , (5426)
s, (4w ) |
And the numefa.tqr of v {r);GC‘E, ) rJ’:}G(’ €, LU)} becomes

. . . p 12
(w-6-Q) +(BFEFR) -2 4

: o N » y R '
= zmﬂ—ze +2€(Q-R)— 2 (Qr R)+(Q+ R)-24?

= v T
-2 [:(_ e N—- g ) (C A O-J)*-NTV__.____.__
m (A9+B W) : T (A +8=4)]”
'  (5427)
i L 1 .
her A\ ) w’ * NV Tt a - (5.28)
wnere ‘- - 7 7 STi B T = vk | Y Je
"T(Aﬁ*b-w) T 4w B-a) J

Now, consider ‘the)denominator 6f GE LI Dy thdt is

-1 ot LR Ve
Det G = (w‘-e“;é M”)(w-ré —;\‘/ﬁ Mzz_)*q;n_/'?- MZ[MI?.

(m € -~ a)(e»re R - At

-€ _—E(@—R)+ou —w(QrR)+Q@R- A

I

. 1z v NVYTBY
= - [NAC B I AN /Y .
N 6)_'6('“(&“3 w))(+ )T Bw”)‘_

1"
(5+29)
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Hence, Ty {D;G Ce,w), G(e)un}.

o A ’ I
z NV B . 1z C-':UJL NV 8 -
Je-e(Fgrpmm) @Y R

- 7 ' ra 17 1 o9 '\17_\/4—37-

_c NV B N A v -w ) - - T
-f.e( u (A;»rB%bJ“)) _( . 4'WL(A31+B"-w)"" ‘

' (5.30)

The equation for poles dis

: . . \ ' 4 2
2wy B S\ NV BT
- =t —— £ NF A dc - ) — = Q

. Let € )Qz@e the pole_giﬁof v i'TBG (e,w+ ( o*'),z(}(%w-i-tg)} ?
and . E’l ) El

: : \ o .+ .+
(be- the poles of _n—-i‘)i(; CE/_LU—LO )'); G(E)Lu-to')} .

Then these poles are

R | - ) o ‘ |
E = NV . E‘l — + l.. Jid L+8— wz — Re e;% L—Ime% » (5,31)
L (4,+8 - A o |

_ z . ) - 1L ‘ . -
€, = NV - B_{_\ — — LA FC-W = ReEFLImEl'a (5432)
el (A +B-W) . :
' £ = —WL B P TSR Ree*—rﬂmg’@-%)
I Y o |
% T - PR z % - . * |
e = Ny B -t (A +C-W ) —‘»Reé': —.L—.[m(:l"(s.au)

2 A (A;‘+B"~-w”) N



The integrals over & of Eq.(5_523*‘ that are then needed are

. : - .+
T = [de W[4 GCe,w-10)TGew-0) ]
' < .-

NV
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‘-I—B?_

ot ;51_\_/2“ 8| )_(ﬁ{i&—{j)‘l‘
-~ dﬁ, N\ T (Bg+B° -7

yT (A +8*-LS)?
- °

o GEeEN) (emer)l

(5.35)

We choose E' to lie in the upper half-plane, Then by contour inte-

gration

T, = 2.2 8 Jfesidue )\ S b0 =0, (5.36)

The integral 12-, on tkhe other hand, is given by

dD ‘ .
T, = [de T [[oleuiddinaEieio) |

. . 2
) 7 _wl B 4. Ai?i_c?‘_u}*‘_*_ NV B
-2(de = el e | OB T ey
-5 (EE0( 48, 0(E-E 0 (€-€)) (537
% . .
Only EA’ and é' are in: the| upper half-plane.
' The residue of I, at_-EV. is
“m (E-€,).-numevalor ot E=¢€,
: * R
€& (€E-€)e-€,)(e-€)E-E;)
- nuwmevatovr gl € = €, (5438)

'(1i)3 T £, (IWIEI‘IM G:) ( Iw 6l + T e?* )
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*
_ The residue of 12 at €| is

. *

\: (E-E? ) » numeralor al €= €,

1 m . :
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ere” (e-e)(E-E)(e-eNEmE))
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T |8 5wt |+ (A C—u)
AN et - Wt l Ao = uf"
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.+MJ, - (5,40)
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The thermal conductivity is, then

- <0 ‘ \ fl 3 2
-——‘{1———Julw W a‘E'Ch (3 pw) ( NrC—w ); (5.41)
gm kT Aty 2 ‘A +C - w‘/ |

where n is the density of s~elecironse

V.5 Nﬁmerical Solution

Eqe{5.41) cangbe rewritten as

111

: + G- s ' "‘_
K_ - = f&(w)dw(l-‘— |—1——-——3—— ] g (5.42)
“/mke. ' < IA. .-(}) ‘ ..l :
- 7 2 n WA ’ _ ’
“where ]C(w) ’ W sech (153‘ ), 5
,\JA = o T
: = 3
We can zsee that the term I ig_iEL_PJ ’ has two.values
IA W l d

: . ' Tz
depending on w , that'is 2 for u;(,[a +c> and O for wW) A+ct,

F

Hence, Eqe.(5.42) becomes

K Iy % A |
—aol 14 Al (3 Lahdw B - (5444)
“/W\kg TE 4, _

NER
where W, = r] A TC .

-

: wWo ' ’ .

As the integral f’ f(undbu cannot be solved analytically,
& N .

its value has been computed numerically using Simpson's integra-

tion rule:
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e must first calculate the value ofw

. Wo
ff(cu)c\w =

\

6l
We - @) _ _ L o . We
e (3 ) [ufcw- %0 ) -y f(ms e )r2bf= 50

;q-{(w:zoia)«»nf(w: S":’_O)“ (5.145).
3 & ’

The calculation
has been done with the use of BCS expre551oh for the energy gap:?

The criticalstemperature T for Niobium is 9.5 K. Calcula=~

tion has been done by faking unibs of energy in eV,

.B_ -

X

and since E~-=U {(iiiobium is nonmagnetiec, Y = 7
R 1\ ¥

2

TA

. |
we can neglect the term B and we rewrite & and ¢ as

Hence,

.

= T AL E -
ok (Agw)

D
E +hi<n,>, |

. =
- . T, .
Ag = 37 kBTC (\ a T ) - (5.46)

-

{27)

For weak-coupling 2imit V is small compare to E and U, s0
we can neglect the last term in Byi.e.,

E+- u<ﬂ6>~-r____u__zmpﬁ v Q

(2T)?

w- Wy
)

oo AR .
N 4 ,
= 4 (5.47)
4% (A;—wz_)z
! (AP 7 H, .
LNVEGT LIV @ (5.48)
Tes, ST iyt
T A2 RN g
- N \/ Ag _ NV w - N\/Odz
WA AZ- WD ATCA- WY T M4 -w?)
Ny

NY@w®
‘“(@%J’)
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and the value of can be caiculated by using the relation

z fz 2
bz b +C y or by

2 z i z r 3
- +_._._N_.___\Lﬂm___ NVLG ’ = ) b
-’T'L. 1"'{.&11\‘ ) z_ 2
T (A~} T(Ag-w’)
3 .z 2 NV
Gl o~ W fa,+NY 4 ¥ = O
which has the solution : ]
, ; i .
T onve J 2 v E e N ‘
[(6 ﬂ) Cre B ./2 (5.?)

1_.6 )
Tor niobiumg we have taken QL-Q:IO‘eV; This last numen=

T

cal_value_has been detgrnined “in part by our treatment of the
hybridizdtion as a perturbation to the superconducting state.
.This imnlies tha£ the hybridiZation.term must be less than the
superconauctlng gaPle Otherwise the superconducting termegst
be treﬁteu as a per;urbatlon of the hybridized states.

Since A isl & function of temperature!,wo and.f(w) are
,also fhe functions of temperaturee. @e use the temperature
range 0.445.OOK. The temperature. dependence of bJ s the inte-

o

_gral J‘ f(uJ)cLug and tuo thermal conductivity are shown in
<

the follow1ng tabulation and granh.-
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T w? S Gemdw | K,
(oK) (x 163 e\/z) ' (xlg_se\/ ) [x15® (eVrort ]
0.1 | 7334779929 8.001357 x 10722 | 8.001357 % 1072
0.2 | 726,969427 5134708 x10-19 | 5.336978 x 1077
0.3 | 720.158317 114366207 % 10’6 0.000015.

0.4 | 713.346584 1.088014 X107 | 0,000068

0.5 | 7064534254 498380 %10 > .| 0.005994

0.8 | 686.093035 5, 459881 X107° | 0.116529 ’
1.0 | 672.162086 4 0263333 1 0,263333

1.2- | 658,827953 02530216 6.40'-2'928.

1ol | 645,190536 0,962750 | 0.491139

146 | 631.549693 1.331089 | 0.519957

148 | 617905131 b 10636953 1 .| 0505233 N
:2;0. "66#;256524 10002700 0.47067é |
2.4 | 576.9:6300 2 405690 0.417654

2.8 549.616564 3.,477608 O.443573

2.9 | 542.780667 . 3,897193 0,.4+63400

2.95 | 539.362182 134239 0475063
3,07 | B35.063568( 4. 390246 0.487805

3e5 501 0732335 8.067412 0.658564

4,0 | k67474261 134771323 | 0,860708

5.0 | 398.767035 29.648525 ‘1.185941
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We can see from the graph that bélow Tc_the thermal conduc-
tivity decreases according to the T dependence of electronic scat-
terlng of phonons. ‘The minimum occurs at temperature about 2.4%.
After . lowering further the tempera+ure, the lattlce conduct1v1tj
increases while the electronic'scattering of phonons decreases
rapidly with the condensatlon oif electrons into the superconduc—
ting ground state and the uhermal conduct1v1ty starts to increase,.
The maximum of the thernalleenductivity is at obout 1.6°K. Below
the maximum, therlattiﬁe gonductivity is presumed to dominate, and
the m3 dependence 1is characteristic of boundary scat%eriné. The

628)

data are in agreement with the work of Carlson and Satterthwalt
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