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CHAPTER VI

DETAILED DISCUSSION AND CONCLUSION

The expected accurac he approximate effective classical potential given by

‘\:\\

Feynman and Kleinert approach can be ass . ; the following observation: In the

limit of high temperatures, the , y l -f-’z- th for the approximate effective

classical potential and.it -V/- ,ti 3‘ ™

potential V(xp). In i€ opposiie 1 ) \
(5.50) will be domingiéd b tie inimum of Wy(p). By taking the T — 0 limit in

1 tend correctly to the classical

es, the integral over xg in

(5.51) we see that

fim, W ) A0 MR el ol + Vo). (61

N —— - (6.2)

™ AUHINYNTN k]

hm g (%) = [3"759(1‘0)+ z(xo)(xo)] =13

ARIANNTUURINEN e Y

to be m%‘urmzcd in a(xp). The integral in (5.50) is dominated by _the minimum of this

Xj(xo) (XO)] (6.3)

with respect to xo. But the right-hand side of (6.3) is recognized to be simply the
expectation value of the Hamiltonian operator,

- B, (6.4)

in a normalized Gaussian wave packet of width a centered at x,
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Yx) = 2_,;'“1’{’423(]‘40)2}' (6.5)
Indeed,

~ oY 2
() sy WAV = 3l_sva). (66

M
h
8 8

Let E; be the minimum ariation of xg and a2,

(6.7)
Then what we have j

(6.8)
In the low-temperature s to the exact ground state energy

Eo. The quality of the aj potentlal Wi (xo) in the low-

temperature limit is there i ate for the ground state energy Ej

rendered by the min Hamiltonian operator in a

Gaussian wave packﬂ o o (ﬁ unique minimum of quadratic -

shape this estimate is kpown to be excellc

ﬂ‘iJEl’JVIEWlﬁWEﬂﬂ‘E

For te application to anharmopic osc1llator,uwf the potential

vy & J 251 o e A - o} il hpproimre e

energles Fi1 = 1/BInZ; are plotted as a function of B in Fig. 6.1.
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FREE ENERGY, FOR POTENTIAL
B e V=S Lo

L5

Figure 6.1 "_-".-f».-f- 1mate iree ¢ 'ﬁJ* he a.nharm'onic oscillator
fi
as compared with rﬂ"d = - (I/ﬁ InJ (dx/ V2m, )

X e-PY®), and as we .1 as and carher apgoxnmatmn Fo = -(llﬂ) InZy given by
Feynman in 181 Wﬂl’m nds to F; for the non-
minimal chcﬂu ml et 1 sausfy the inequality
AT A

The exact free energy curve calculated from the known energy eigenvalues of
the anharmonic oscillator is seen to lie only little below the approximate F; curve. For
the comparison we have also plotted the classical approximation Foy = - (l/ﬁ) InZy,
which does not satisfy the Jensen-Peierls in equality and lies below the exact curve. In

Chapter IV we give earlier Feynman variational, he gives another approximation, here
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to be called Fo, which can be obtained from the present one by stopping the iteration of
(5.66), (5.67) after the first step, i.e., by using the constant non-minimal variational
parameters Q = 0,a2 = B/12 for all xo. Then Va2(x) = Vix)+ %28/ 24M)
V' (x), as in Wigner’s expansion[Hillary et. al., 1984]. This approximation is good
only at higher temperature. It is also blotted in Fig. 6.1. Just as the curve Fj, it lies

ject to the Jensen-Peierls inequality, which

above the exact curve since it is

certainly holds for the free ene oy tcntlal Wi (xo) in the general form
(5.51), i.e., before min@ hm) is still arbitrary, in particular for
Q% (xo) = 0 f

In Table 6.!/

1A E o0 a2(0)
A OSﬂ T Ao pp——
02 | 06049 0602405 195054 353630 134810 L3710  0.3650

S W& B\ 0bi7boa Blobabd Vsskenb V1ot V.0 03363

04 | 0.6734. 0.668773 221693 4.10284 154816 1.585 0.3154
0.5 [ 07017  0.606176 232441 432752 1.62823 1.627 0.2991
0.6 | 0.7273  0.721039 2.42102 4.52812 1.69998 1.749 0.2859
0.7 | 07509  0.743904 250923 4.71033 176533 1.819 0.2749
0.8 | 0.7721  0.765144 259070 4.87793 1.82556 1.884 0.2654




0.9 | 07932  0.785032 2.66663 5.03360 1.86286 1.944 0.2572
1.0 | 0.8125 0.803771 273789 517929 193412 2.000 . 0.2500
10 | 15313  1.50497 5.32161 10.3471 3.81694 4.000 0.1250
50 [ 25476 249971 891510 174370 6.41339 6.744 0.0741
100 [ 3.1924  3.13138 11.1873 21.9069 8.05590 8.474 0.0590
500 | 54258 5.31989 7 3407 137235 14.446  0.0346
1000 | 6.8279 17.2780 18.190  0.0275

Table 6.1 Comparisor *n‘ = limy _, oF}, obtained from a

Gaussian trial wave te energy ES . We also have
listed the energy of > excited s and EZ. The level splitting
AES = EL-E8 toghe ffirg \‘_“" e i, ~_' n.in column 6. We see that it is
well approximated by th of asitshould[Kleinert 1990].

| Y}

dotible well potcnnal with the

potential V(x) = xg/ 2+gx4/4 the resulting effective classical potcntial, and the

free energie zje ?15 a&'] ﬂx?seful to compare the
approximate @H classical potentl 1(x) with the true one Veﬁ' ¢t (x). For this

!QITGH ﬂtm ﬂe%jl of the double-
well Qinual wxﬁfhe constralnt X = nﬁ) dt = fixed and extract from these

Vefr, et . We have taken the coupling strength g = 0.4, where we expect the agreement

to be about the worst. The comparison is shown in Fig. 6.3.
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Figure 6.2 The effective classical potential for the double-well Vix) = -x2/2

+gx4/4 at T = 0 and T = o where it is equal to the potential V(x) itself. The
quantum fluctuations at T = (0 smear out the double-well completely if g = 0.4, but

notif g = 0.6[Feynman and Kleinert 1986].
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FREE ENERGY, FOR POTENTIAL
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Figure 6.3 Thc free energles ‘o thcm tone F,,the
classug oﬁﬁ‘ E' cides with Fy

for the non-rmmmal values Q = 0,a2 = fB/12)[Feynman and Kleinert 1986].
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Figure 6. ﬂ&&&% NENINEIDS i w160 o

various mvcrse temperatures = 1/T with the.exact one V gjxo) as obtained
RSB TR,

“the data points are from[Janke and Kleinert 1987]. We have picked the worst case g
= 0.4. The deviations are visible only for T = 1/8 < 1/8[Janke and Kleinert 1987].

configurations.
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The new improved variational treatment by Kleinert shown in Chapter V and

given the resulting approximation of the partition Z3 = e -AWs is shown in Fig. 6.5.

AUYANYNTNYINT

Figure 6.5 qf‘he anharmonic medel integral as a function g = g/ Pt i

compiekpith B i Vel Yt H&W on the Jensen-

Peierls mcquahty, the new variational approximation Zs, and the exact Zexact- On this

plot, Z3 lying less than 0.1% below Zexaer at g = 10[Kleinert 1993].

The curve lies so closely underneath the exact curve that it is impossible to

distinguish the two without magnification. We therefore state the values in Table. 6.2.
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The error is everywhere less than .1% amounting to an improvement in accuracy of

about a factor 40 with respect to the Feynman-Kleinert approximation.

Note that it is necessary to goto Z3 to get a substantial improvement over the
Feynman-Kleinert approximation Z;. If we were to stop the expansion in (5.80) after

the quadratic terms there would be no extremum in €. The reason in the alternating

sign of any additional expecta W ghlch causes the trial energy of order n

to diverge to (- 1)1 x oo, for. Q. s to positive infinity for large €,

only the odd orders h g imations can, however, serve to
slightly improve the Lafl Kleinert by alvating then at the extremal Q of the
lower odd approxim anof Table 6.2
z Zy
1 0.779618732
0.697727989 0.707793821
0.652511915 0.663692090

3

3 : 12

4 620282560 ' 32812  0.632059224
5 05954134560 0578026028 059@)02455 0.607536290
6

7

ahiha) Vﬁﬁm 3o i1 S
Jereven 5 s o s

99 | 0531331175 0.513912161 .543916527
10 0.520160764 10.502808246 0.519743112 0.532764372

Table 6.2 The new approximation Z3 for the model partition function (33) as
compared with the exact one Z.y, the Feynman-Kleinert approximation Z, and the
lower-order approximation Z,[Kleinert 1993].
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The minimization of W3 of (5.80) with respectto Q give the result shown in

Table 6.3
g'/4 ES EP E E}
0.1 0.559146 4 0559154219 0.558926659
02 ' (_é_gﬁo 0.601789378
TET———
0.3 6203 0.636984919
0.4 0.667405766
0.5 0.694480729
0.6 0.719043542
0.7 0.741631780
0.8 0.762616228
0.9 0.782265430
1 0.8037 0.800781250
10 5049 1.49462891
50 ) 2.48038428
100 313138~ 319244404,  3.13265657  3.10661623
500 ﬂ 3dibe ) Vsiosiskos Y\ Fdlsbishsa  s27e71970
| 1000 Yeeosn  eszmosi 6.69722906 - Ecls.cs3962245
——q—:ww-ﬂmw Y

|
Table 6.3 The new approximation E; for the ground state energy of the anharmonic
oscillator (in units #% ) for various couplings g as compared with the exact one EJ,

the Feynman-Kleinert approximation Elo, and the lower order approximation E2°
[Kleinert 1993].
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The gain in accuracy over the Feynman-Kleinert approximation is also here
considerable (about a factor 40). the error is now less than 0.1%. Also shown are the
numbers for the even approximation W, evaluated at the extremal 2 values of W;.

: In the two examples the new approximate energies always lie above the true
ones (a fact which is not true for the even approximations such as W,). We therefore

conjecture that it may be possibl 0 proyesan inequality for all odd approximations

W3, Ws,... izi arpeningthe Tensen-Peierls inequality.

R

||
¥ |

AULINENINYINT
RIAMNITUUNIINYAY



	Chapter VI Detailed Discussion and Conclusion

