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Let (X, 7) be a Hausdorff space, f: X — X and (Y, d) a metric space.

Ny the set of natural numbers with 0

St the set {z € C: |z] =1}

Nx (), N(x) the set of neighborhoods of z in X

fm the map fofo---of
W/

F(f) the set {x € X : f(z) =z}

C(f) the set {x € X : nh_)nolofn(x) exists}

Ba(z;7) the set {y € Y : d(z,y) <1}
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CHAPTER I
INTRODUCTION

This dissertation is in the field of fixed point theory which has the motivation
from the researches of P. Chaoha, W. Atiponrat and S. lampiboonvatana. In
2007, P. Chaoha introduced the virtual nonexpansiveness of continuous selfmaps on
metric spaces and showed that the fixed point sets of maps of this type are retracts
of convergence sets (see [1]). In 2009, the generalization of virtual nonexpansiveness
of maps on the Hausdorff spaces was shown by P. Chaoha and W. Atiponrat, and
called it the virtual stability of (continuous) maps. Also, in some situations, every
fixed point set of a virtually stable map is still a retract of convergence set of
that map (see [2]). Recently, S. lampiboonvatana generalized the virtual stability
of maps by dropping the continuity. Again the fixed point sets of this re-defined
maps are retracts of convergence sets. Moreover the notion of uniform virtual
stability of maps was defined, also. The uniform virtual stability of maps are
indeed dependent on some sequences. These sequences seem to have an implicit
structure and, in some sense, they are allowed to extend to bigger sequences. This
leads us to the concept of maximality of such sequences.

In this thesis, we give the definition of such maximality and also investigate
sequences which are maximal in this sense. We call these sequences maximal
sequences. In chapter II (preliminaries), all necessary basic knowledge for this
thesis will be reviewed (without proofs). In chapter III (maximal sequences),
the precise definition of the maximality of sequences will be given and also basic
and non-basic properties will be shown. The last chapter (examples of uniformly
virtually stable maps with respect to prescribed sequences) gives some interesting
examples of uniformly virtually stable maps whose its associated maximal sequence

is prescribed, and uniformly virtually stable maps without maximal sequences.



CHAPTER 11
PRELIMINARIES

Throughout this dissertation,

(1) the word sequence is referred to a strictly increasing sequence of natural

numbers (and also, for the notation of the sequence: (ay,));

(2) every infinite set A of natural numbers is determined by the sequence whose
image is A, similarly, every sequence (a,) is determined by its image, {a,, :
n € N}. Then there is no confusion when the same notion is used for both

set and sequence;
(3) all spaces are assumed to be Hausdorff spaces.

In this chapter, the basic knowledge for our invertigation is stated. The first
section gives the notion of virtual stability of maps, and also, some of its properties.
The second section states (without proofs) some results in number and set theories

used in this thesis.

2.1 Virtual Stability

Definition 2.1.1. [3] A selfmap f having a fixed point on a Hausdorff space X is
said to be:

(1) wirtually stable if for each fixed point = of f and each neighborhood U of z,
there are a neighborhood V' and a strictly increasing sequence (a,) of natural
numbers such that f* (V) C U for all n € N, and denoted by VS(X) (briefly,
VS) the set of virtually stable maps on X. That is,

feVS < Ve e F(f)VU € N(x)3V € N(z)3(a,)Vn € N[f* (V) C U].



(2) wniformly virtually stable if there is a strictly increasing sequence (a,) of
natural numbers such that for each fixed point x and each neighborhood U
of z, there exists a neighborhood V' of z satisfying a condition: f* (V) C U
for all n € N; in this case, f is called a wuniformly virtually stable map
with respect to (a,) and (a,) is called a sequence associated with f (briefly,
associated sequence). Denote the sets of uniformly virtually stable maps on X
and of uniformly virtually stable maps on X with respect to (a,) by UVS(X)
(briefly, UVS) and UVS(X;a,) (briefly, UVS(a,)), respectively. Thus

feUVS << J(a,)Vx € F(f)VU € N(z)IV € N(x)¥n € N[f* (V) C U].
Remark 2.1.2. In the case that X is a metric space, uniform virtual stability of
f with respect to (a,) is equivalent to the equicontinuity of {f* : n € N}.
Proposition 2.1.3.

(1) UVS C VS.

(2) Every virtually nonexpansive map is uniformly virtually stable with respect

to (n).
Proof. (1) trivial; (2) see [3]. O

The following are examples of uniformly virtually stable maps with and without

continuity and of a virtually stable map which is not uniformly virtually stable.

Example 2.1.4. The identity map is always uniformly virtually stable with re-
spect to (n).

Example 2.1.5. A selfmap f on C defined by

z if |z] =1;
f(z) =

Z otherwise,

is uniformly virtually stable with respect to (2n) because f?" = idc € UVS(n) for
all n € N (which implies that f € UVS(2n)).



Example 2.1.6. A selfmap f on X := J, {2 € C: |2| = r} defined by

i r if ¢ = 2mn for some n € Z;
f(z) = f(re?) =

rel(#+7)

otherwise,

is virtually stable but not uniformly virtually stable. To see this, notice that X is
disconnected, F(f) = NUS! and f|s1 = idg:1. The virtual stability of f is obtained
from the fact that for any n > 1, by setting Y = {z € X : |z — n| < 0.5}, then
fM(Y) =idy(Y) = Y. Suppose f € UVS(a,) for some (a,). We already know
that 2a; € F(f) and U := {z € X : |z — 2a1| < 0.5} € M(2a;). Thus

al  w

1 (2a,6'%) = 2alei(¢+zizl &) — 20,6 T = —2q,e% ¢ U

for all 2a;e'” € U — {2a;}. Hence there does not exist V € 91(2a;) such that
fe (V) C U, which is a contradiction.

Figure 2.1: lustrate the map f in Example 2.1.6

Example 2.1.7. Define a selfmap f on C by

r if r € N and ¢ = 27n for some n € Z;
f(z) = f(re?) = [r—0.1] dlorim) e (0.1,00) — N;
0 otherwise.

This map is indeed adapted from Example 2.1.6 but its fixed point set is No U S*;
so it is easy to see that it is virtually stable but not uniformly virtually stable.

The difference between these two examples is the connectedness of spaces.
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Figure 2.2: Illustrate the map in Example 2.1.7

Basic properties of virtual stability with respect to some sequence are now given

in the following proposition.

Proposition 2.1.8. Let f € UVS(a,) N UVS(b,). The following are sequences

associated with f:
(1) every subsequence (an,) of (an);
(2) (an) U (bn);
(3) (an) ® (bn), where (an) & (ba) = {an + b : n,m € N};

Proof. (1) is trivial. For (2) and (3), let x € F(f) and U € N(x).

(2): By virtual stability of f, there are VW € 9%(z) such that fo (V) C U
and fo (W) C U for all n € N. Therefore VNW € N(x) and f¢(V NW) C U for
all ¢ € (a,) U (by,).

(3): By virtual stability of f, there are VW € 9M(z) such that f*(V) C W
and fo (W) C U for all n € N. Hence fon*om (V) C fom(W) C U for all n,m € N

as desired. [

Corollary 2.1.9. Let f € UVS and {(a;) : i € N} be a collection of sequences
associated with f. Then both \J,_ . (an:) and @, . (an;) are sequences associated

with f.



We end this section with some applications of virtual stability of maps. The
first application was proved by P. Chaoha and W. Atiponrat in 2009 as stated in

the following proposition.

Proposition 2.1.10. 2] If f is a continuous uniformly virtually stable map on a
reqular space, then ¥(f) is a retract of C(f); also, C(f) is a Gs-set if such space
15 a complete metric space and there is a sequence associated with f of the form

(kn) for some k € N.

In 2011, a generalization of previous proposition was shown by P. Chaoha and

S. Tampiboonvatana, which is stated as follows:

Proposition 2.1.11. [3] If f is a uniformly virtually stable on a regular space
such that f(C(f)) C F(f) and f" is continuous for some n € N, then F(f) is a
retract of C(f).

2.2 Some Consequences from Number and Set Theories

The goal of this section is to introduce some necessary properties of integers and
sets for this dissertation. Let us first recall the definition of the greatest common

divisor of a finite subset of integers.

Definition 2.2.1. Let ay,...,a, be nonzero integers. The positive integer d is
called the greatest common divisor of ai,...,a,, denoted by ged(ay,...,a,) or
(al, Ce ,an), if

(1) d]a; forall 1 <i<mn;
(2) if ¢|a; for all 1 <14 <n, then ¢ < d.

Remark 2.2.2. We sometimes denote ged(ay, . . ., a,) by ged{ay,...,a,} (or ged A
where A = {ay,...,a,}).

Example 2.2.3. gcd{24,36} = 12, ged{24, 36, 18} = 6, ged{24, 36, 18,14} = 2.

From Definition 2.2.1, one of its equivalence definitions can be given in the next

proposition.



Proposition 2.2.4. [4] For any natural numbers ay, ..., a,,

gcd{al,...,an}:min{ZmiaiEN:mi € Z for all 1 gign}.

i=1
The following are some results on set theory which will be used later (for more

details see [5]). Let w; be the least uncountable ordinal.

Definition 2.2.5. For each ordinals a and [, we say that f : a — 8 maps «
cofinally into B if f(a) is unbounded in f3.
The cofinality of 3, denoted by cf 3, is the least ordinal o such that there is a

map from « cofinally into (5.
Remark 2.2.6. cfw = w and cfw; = wy.

Definition 2.2.7. An ordinal « is said to be regular if it is a limit ordinal and

cfla = a.

In fact, we have from the previous definition that « is a cardinal if it is regular.
The following lemma is a consequence obtained from the property of regularity of

ordinals.

Lemma 2.2.8. For each ordinals o and § < «, if « is reqular and 3 is unbounded

in «, then |G| = a.

Remark 2.2.9. w is bounded in w; because w; is regular and |w| = w < wy.



CHAPTER III
MAXIMAL SEQUENCES

From the previous chapter, the notions of uniformly virtually stable maps and
their associated sequences have been introduced. In this chapter, we concentrate on
associated sequences. The following notation will be used throughout this chapter

(and also, for chapter IV).

Notation. For each uniformly virtually stable map f: X — X, let
s = {(an) : f € UVS(a,)}.

Recall that Proposition 2.1.8(1) yields a result: every subsequence of associ-
ated sequence is also an associated sequence. Then, to investigate all sequences
associated with a given map, it is sufficient to consider the sequence whose every
sequence associated with f is its subsequence. Since our definition of sequences is

good enough, the notion as required can be defined as follows.

Definition 3.1. For each uniformly virtually stable map f, a maximal element in

(L%, Q) is called a mazimal sequence associated with f (briefly, mazimal sequence).

That is,
(a,) is maximal in . <= V(b,) € S[(a,) C (b)) = (an) = (bn)]-

Example 3.2. (n) is always a maximal sequence associated with every virtually
nonexpansive map. This result follows directly from Proposition 2.1.3(2) and the

fact that (a,) C (n) for all sequence (a,) associated with that map.

Example 3.3. A selfmap on C defined in Example 2.1.5 has (2n) as a maximal
sequence. To see this, consider i € C. Notice that U = {z : |z —i| < 1} € (i)
and that i € F(f). For each n € N and ri € U, since f**~(ri) = f(ri) = —ri ¢ U,
there is no V' € M(i) such that f2*~1(V) C U. Hence (2n) is maximal as desired.



Example 3.4. For a fixed m € N, a selfmap f on S! defined by

y el? if ¢ = 22T for some n € Z;
f2)=f%)=¢

el (6+3%) otherwise,
is uniformly virtually stable with respect to a maximal sequence (nm). To see this,
observe that F(f) = {z : argz = 27 for some k € N} and that a map f is in fact
a (2)-rotation of S* — F(f). Thus f™ = idg: € UVS(n), i.e., f € UVS(nm). To

verify the maximality of (nm), set
o A={z€ 5" :2kr <argz < 2km + 2 for some k € N};
e B={ze 8" :2knr — & <argz < 2kr for some k € N}.

Then U = AU BU {1} € N(1). However f((A)NU = @ = fI(B)NU for all
mk <i,j7 < m(k+1)—1 where k € Ny. This implies that (nm) is maximal in .%}.

After Definition 3.1 is given, our investigation is on the following two problems:
what is the structure of maximal sequences? And do the maximal sequences exist?.

Let us start at the first one.

3.1 Structure of Maximal Sequences

In this section, we give the structure of maximal sequences via the notion of
subsemigroup of natural numbers. Before we start this, the following proposition

states an interesting property of maximal sequence, the uniqueness.

Proposition 3.1.1. The mazximal sequence of a uniformly virtually stable map is

unique.

Proof. Let f € UVS. Assume (a,) and (b,) are maximal in .#s. By Proposition
2.1.8(2), (an) U (b,) € F%. Since (a,) C (a,)U (by,), it follows from the maximality
of (a,) that (a,) = (an) U (b,). Similarly, (b,) = (a,) U (b,). Thus (a,) = (b,). O

Notice that Proposition 3.1.1 is in fact a simple consequence of the directed
set. Let us recall, now, the definition of the subsemigroup generated by a subset

of natural numbers.
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Definition 3.1.2. For each A C N, define a subsemigroup of N generated by A to
be

(A) = {imai eN:leN,n; € Ngand a; EA}.
i=1
Example 3.1.3.
(1) (4,10) == ({4,10}) = {4,8, 10,12, 14, 16, 18,20, ... }.
(2) (4,10,11) := ({4,10,11}) = {4,8,10, 11,12, 14, 15, 16, 18, 19, 20, 21,22, ... }

Apply the notion of subsemigroups generated by subsets of natural numbers to

associated sequences, we obtain some properties of these sequences as follows.

Lemma 3.1.4. Let f be a uniformly virtually stable map with respect to (a,) and

c € {a,). Then
(1) (an+c) € .
(2) (an) U{c} € F;

Proof. Let ¢ =Y'_ na; € (a,). Then ¢ € @ " (a,). By Corollary 2.1.9 and
Proposition 2.1.8(1), we finish the proof because

(1): (an +c¢) = (ap +nag + -+ ma) C @;;’fﬁ“*m(an) € Iy

(2): (an) U{c} CULT™ Py (an) € 7. O

Corollary 3.1.5. Let f be a uniformly virtually stable map with respect to (ay,)
and ¢y, ..., Cp € (ay). Then (a,) U{ci,...,cnt € .

The next definition is a generalization of the concept of the greatest common di-
visor of finite subset of natural numbers, by consider that of an arbitrary nonempty

subset of natural numbers.

Definition 3.1.6. For @ # A C N, the positive integer d is said to be the greatest

common divisor of A if
(1) d|aforall a € A;
(2) if ¢ | a for all a € A, then ¢ < d.

We simply denote by ged A the greatest common divisor of A.
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Example 3.1.7. For any a € N, gcd aN = a.

One of the important results in this section will be shown in Lemma 3.1.8. It
gives additional tools for finding the structure of maximal sequences via a notion

of the greatest common divisor of sequences.
Lemma 3.1.8. For each sequence (ay,),
(1) ged(ay,) = ged (a,) = ged{a; : i < m} for some m € N;

(2) there are b € (a,) and m € N such that kegcd(a,) + b € {ay,...,ay) for all
kE>0;

(3) if (an) = (an), then exists | € N such that a; — a; = (i — 1) ged(ay,) for all
1> 1.

Proof. Let (a,) be a sequence.

(1): The fact that ged(a,) = ged (a,,) follows directly from the definition. Now,
let d = min{ged{a; : i < k} : k € N}, then d = ged{a; : i < m} for some m € N.
If d ta, for some n € N, then ged{ay,...,an,a,} < d, a contradiction. Also, for
any ¢ > 0 satisfying ¢ | a, for all n € N, we have ¢ | a; for all 1 < ¢ < m, and
hence, ¢ < d. This implies ged(a,) = ged{a; : i < m}.

(2): If ged(an) = ay, the proof is clear. So, we assume that ged(a,) # a;. By
(1), ged(ay,) = ged{a; : i < m} for some m € N. Then, for some partition {P, N}
of {1,...,m},

ged(ay,) = Z n;a; — Z n;a;

ieP ieN
where n; > 0. Set A =3"._,na; and B =) ._\ n,a;. Notice that B # 0 because
ged(ay,) # aq, and IB € (aq,...,a,) for all | € N. Then for each I € N and
0<r<B,

rged(a,) + B> +1B=rA+ (B—k+1)B € {(ai,...,an).
Since for k£ > 0, we have k = ¢B + r for some ¢ > 0 and 0 <r < B,
kged(ay,) + (B? + B) = rged(ay,) + B* + (1 + qged(a,))B € {ay, ..., a) .

Therefore, the result follows by letting b = B? + B.
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(3): Suppose (a,) = {(a,). Then, by (2), there are [,m € N such that for any
k >0, kged(a,) + a; € (a1, ...,ay,). By induction on i, we show that a; — a; =
(1 — 1) ged(ay,) for all ¢ > [. Recall that a; — a; = 0ged(ay,). Assume a; — a; =
(1 — 1) ged(ay,) for some ¢ > 1. Then

a; +ged(a,) = (1 +1—1) ged(a,) +a; € (a1, ..., am) C (a,) = (an).

If a; < a;y1 < a; + ged(ay), ged(ay,) | a1 — a; which yields a contradiction:

ged(ay,) < ajy — a; < a; + ged(ay,) — a; = ged(ay,). Then
a1 = a; + ged(ay) = (i +1 = 1) ged(an) + a;
and this finishes the proof. m

After all necessary tools are introduced, we are now ready to give the structure

of maximal sequences.

Theorem 3.1.9. Let f be uniformly virtually stable and (a,,) the mazimal sequence

associated with f. Then
(1) (an) = (an);
(2) (an) = (A) for some finite subset A of (a);
(3) if f is continuous, then (an) = (n).

Proof. (1): It suffices to show that (a,) C (a,). Let ¢ € (a,). By Lemma 3.1.4,
(a,) U{c} € F%, and hence, c € (a,) by maximality of (a,).

(2): From (1), we have (a,) = (a,). Then, by Lemma 3.1.8(2), there exist
I,m € N such that kged(a,) + a; € {aq,...,a,) for all k > 0. By setting

A ={a; i <max{l,m}},
we clearly have (A) C (a,) = (a,). On the other hand, for each ¢ € N, notice that
e if i < max{l,m}, then a; € A, and

e if i > max{l,m}, then a; = a; + kged(a,) € (a1,...,an) C (A) for some
ke N.
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Therefore, (a,) C (A).

(3): Assume f is continuous. Then for each z € F(f) and U € 9(x), there
are V,W € M(z) such that f(V) C U and f*(W) C U for all n € N. Thus
VAW € N(z) and f¢(VNW) C U forall ¢ € {1}U(ay,), i.e., (a,)U{1} € . Then,
by maximality of (a,), we have 1 € (a,) and hence (n) = (1) C (a,) = (a,). O

3.2 Existence of Maximal Sequences

The previous section informs us what structures of maximal sequences should
be. There is, however, no condition that guarantees the existence of maximal
sequences. In fact, there are some uniformly virtually stable maps which have no
maximal sequences, but these maps are quite complicated and we will see them
in the next chapter. Thus, in this section, we are going to find conditions that
guarantee the existence of maximal sequences. Two situations will be considered,

one is a condition on maps and another is a condition on spaces.

3.2.1 A Condition on Maps

Definition 3.2.1.1. A sequence (a,) is said to satisfy the sup-finite condition if

SUDpen(@nt1 — Gp) < 00.

Lemma 3.2.1.2. Foreach f € UVS, if (a,) € .7 satisfies the sup-finite condition,
then (a,) € .

Proof. Let f € UVS(ay) be such that d := sup,,(an41 —a,) < co. By Lemma 3.1.8,
there is b € (a,,) for which kgcd(a,) + b € (a,) for all k£ € Ny. Then, by Lemma
3.1.4 and Corollary 3.1.5,

(by) := (an)U(an+ged(an)+b)U(an,+2ged(a,)+b)U- - -U(a,+dged(a,)+b) € A,

and hence (¢,,) := (b,) U{c € (a,) : ¢ < a; + b} € .. The proof is immediately
followed from Proposition 2.1.8(1), once we can show that (a,) C (¢,). To see this,
let ¢ € (a,). The case that ¢ < a; + b is clear. Otherwise, a,, +b < ¢ < a1+ 0
for some m > 1. Since ged(ay,) | ¢ — a, — b, we have ¢ = a,, + b+ rged(a,) for

some 0 < 7 < @pq1 —am < d, and hence ¢ € (a, +rged(a,)+b) C (by) C (cn). O
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The following theorem is the main result in this subsection which gives an
equivalence condition on maps of the existence of maximal sequence.

Theorem 3.2.1.3. For each f € UVS, its mazimal sequence exists if and only if
there is (a,) € S5 satisfying the sup-finite condition.

Proof. Let f € UVS.
(=): If (a,) is maximal, then (na;) C (a,) and hence
sup(an+1 — @) < sup((n+ 1)a; —nay) = a; < oo.

(«): Assume d := sup, (@41 — an) < oo for some (a,) € ;. By Lemma
3.2.1.2, (a,) € S. If a1 =1, we are done. Now suppose a; > 1, and let, for

1 <i<a; =min/{a,),
A, ={m:m=imod a; and (a,)U{m} € .},
and m; = min A; if A; # &, otherwise m; = a;. Then
{c:(an) U{c} € S}t =AU ---UA, ;.

By Corollary 3.1.5, (a,) U {m; : 0 <i < a1} € .y and again by Lemma 3.2.1.2,

since sup,, (b1 — bn) < sup,,(@ny1 — an) < 0o where
(bn) == {ap) U{m; : 0<i < ai}),
(by,) € L. Notice that (b,) is maximal because whenever (b,)U{c} € .#; for some

¢, there is 0 < i < ay such that c€ A; C AgU---U Ay, 1 C (by). O

3.2.2 A Condition on Spaces

Definition 3.2.2.1. A Hausdorff space X is said to satisfy the property (P) if
for each z € X and each countable collection € of neighborhoods of x, there is a

neighborhood U of x such that U C (¥

The next theorem gives a sufficient condition guaranteeing the existence of

maximal sequence.
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Theorem 3.2.2.2. Fvery uniformly virtually stable selfmap on a space which sat-

isfies the property (P) has a mazimal sequence.

Proof. Let f € UVS(X) where X satisfies the property (P), (a,) € 7, (bn) = (an),
x € F(f) and U € M(z). Then, by Corollary 3.1.5, there exists a collection
% = {V, : n € N} of neighborhoods of = such that f(V,,) C U for all i € (a,) U
{b1,...,b} and m € N. Since X satisfies the property (P), there is W € N(z)
such that W C (€. Hence f(W) C f*(V,) C U for all n € N. This means that
(by) € F. Since sup,,(bp+1 — by) < sup,,((n+ 1)a; — nar) = ay, f has a maximal
sequence by Theorem 3.2.1.3. O

Example 3.2.2.3. The discrete space is a Hausdorff space which satisfies the
property (P). Thus every uniformly virtually stable selfmap on this space has

maximal sequence.

By using some knowledge in set theory, the following is an interesting example

of Hausdorff space which satisfies the property (P).

Example 3.2.2.4. A space X = {0,1}*! together with a topology generated by

base:

B = {I_IA7 X H{O,l}:Aﬂ/g{O,l} and&<w1}

v<a o

is a Hausdorff space and satisfies the property (P). Thus every uniformly virtually
stable selfmap on X has a maximal sequence.

To prove the above assertion, let € := {V,, : n € N} be a countable collection
of neighborhoods of € X. Then, by setting B, = ﬂiSnVi for any n € N, a
collection B := {B, : n € N} C N(x) satisfies B; 2 By 2 .... Without loss of
generality, suppose all B,’s are distinct and B, = [[,_,, m(z) x [[,5,, 10,1} for
some «, < wi; here m, is the yth-projection map. Thus o, < a4 for all n € N.
For each a < wy, set Do = [[,_, () X [[,5,{0,1}. Then Z :={D, : @ < w1} is
a collection of neighborhoods of = such that D, O Dg if and only if a < 3. Since
both (¢,2) and (Z, D) are well-ordered, |#| = w < w; which is an order-type of
(2,2) and wy is regular, it follows that # is D-bounded in 2 by Lemma 2.2.8. So,
there exists o < wy such that D, C (1% C €. That is, X satisfies the property
(P) as desired.



CHAPTER IV
EXAMPLES OF UNIFORMLY VIRTUALLY STABLE
MAPS WITH RESPECT TO PRESCRIBED
SEQUENCES

In this chapter, some interesting examples of uniformly virtually stable maps
are given. One is an example of uniformly virtually stable map with respect to
a possible prescribed maximal sequence and other are uniformly virtually stable
maps having no maximal sequence. Let us start with an example of a uniformly
virtually stable map with respect to a prescribed maximal sequence. Notice from
above that there is the word: possible for a prescribed sequence. This is indeed from
Theorem 3.1.9(1): if (a,) is the maximal sequence (associated to some uniformly
virtually stable map), then (a,) = (a,). Thus we will consider only the sequence
(an) = (an)-

Recall that the identity map is already itself uniformly virtually stable map
with respect to (n). For the case that the prescribed maximal sequence is not (n),

consider the following example.

Example 4.1. For k € NU {0}, let 6, = 7 >.F L. Then 7 < 6, < 2r for all k.

i=0 27"
Consider the sequence (a,) = (a,). Set o = a; and 0,, = a1 — a, for any n € N.

Define f : C — C by

(r+1)e'? if  =0,,0<r <9, — 1 for some k;
f(z) = f(re®) = (r— Lrj)ei(”%) if ¢ = 6O, r > §, — 1 for some k;
0 otherwise.
Then f is uniformly virtually stable with respect to the maximal sequence (a,).

To see this, note that F(f) = {0},

k+1 k+1

0 1 1
F+§:W(1+Z§):WZ§:91€+1
i=1 =0
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for all K > 0, and for eachn € Nand 0 <r < 1,
fan (Teieo) — f5n71+~--+50(7,ei00) — f§n71+--~+51 (rei01) — .= reien.

To show the virtual stability of f with respect to (a,), it suffices to prove that
o (B(0;7)) € B(0;7) forall 0 < r < 1. Let 0 < 7 < 1. For each z = se'® € B(0;7),

[fo(2)] < [ (se®)] = |fo fox (se)] = | o (se™)| = [se| = s <r

for some k, and a,, = a, + ax. Thus we get the claim. Moreover (a,) is maximal
because whenever b ¢ (a,,), either b < ay or a,, < b < a,, 41 for some m € N (and
S0 b = a,, + k for some 1 < k < §,,) and the first case implies that fb(rei®) =
(r +b)el% ¢ B(0;1) for all 0 < r < 1, while the latter implies that

|2 (rel®)| = | fEfom (1) = | fH(rel?)| = |(r 4+ k) | = r + k > 1

for all 0 < r < 1, i.e., fo(re®) ¢ B(0;1). Thus (a,) U {b} ¢ 7 for all b ¢ (a,),

which induces the maximality of (a,) as desired.

Figure 4.1: The map f in Example 4.1

Next, an example of uniformly virtually stable map without maximal sequence
is given. To do this, we recall some properties of a partition of the set of positive

even numbers.

Lemma 4.2. Let A; = {2" :n € N}, and for each n > 1,
A, = {22"1 'n; € N} — UAZ».
i=1 i<n
Then {A,, : n € N} forms a partition of 2N := {2n : n € N} and each A,, is infinite
for alln € N,
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Proof. Following from the fact that 2" +2" = 2"*! for alln € N, if 1" 2™ € A,
then n; # n; for all ¢ # j. Also for each n € N, since 2n = > 2 € J, 4,
we have 2n € A; for some i < n. Hence, {A, : n € N} forms a partition of 2N.
For the next assertion, observe that A; = (2") is infinite. Assume that n > 1.
We first claim that 2" — 2 € A,_;. Since 2" — 2 € 2N = (2"), 2" — 2 € A,
for some k € N. It follows that k¥ < n and if 2" — 2 = Zle 2" then n; < n
and S8 27 = 9" — 2 = 3777191 and hence k = n — 1. Next, we claim that
2ntm 4 on — 2 € A, for all m € N. Let m € N. By the previous claim, we have
2mtm (2" —2) € J, A;. Hence 2"t +2" — 2 € Ay for some 1 < k < n, ie,
gntm pon 9 = 3% 9mi Since

n+m—1
PP P A VAP R Ak
i=1

2% = 2"t™ for some 1 < ¢ < k. Thus, 2" + 2" — 2 € A,, as claimed. Finally,
since {2"t™ + 2" — 2 :m € N} C A, A, is infinite as desired. O

We are ready to give an example as claimed now.

Example 4.3. Let A, be defined as in Lemma 4.2, p; = 3 and for each n > 1,
Pn := the smallest prime number such that p, > max{n®+n,p,_,}.

For examples, p, = 7 and p3 = 13. Clearly, p, # p,, whenever n # m. Now, let
X =[0,2] x [0, 2] be the subspace of R? equipped with the maximum norm defined
by (@, y)ll = mas{al, Jyl}.

The goal of this example is to find a uniformly virtually stable having no
maximal sequence, which can be shown by constructing a uniformly virtually stable
map with respect to (2") but not to (2n). If so, we have that whenever such a
map has an associated sequence (a,) satisfying the sup-finite condition, so are
(a,) U (2") and ((a,) U (2")) 2 (2"), a contradiction. Therefore each associated
sequence of this map does not satisfy the sup-finite condition, i.e., this map has
no maximal sequence.

To construct such a desired map, named f, it suffices to prove the following:

(C1) F(f) = {0:=(0,0)};
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(C2) For each k € N, f*"(B(0; 15)) € B(0; 1) for all n € N.

(C3) For each k € N, there is ¢ € 2N such that f°(45,0) ¢ B(0;1).

Notice that (C1) and (C2) imply the virtual stability of f with respect to (2"),
while (C1) and (C3) imply that, for each & € N, there exists a € 2N such that
I (B(0; 17)

o (2n).
We are now ready to define such a map f. Consider the following subsets of

X:

) ¢ B(0;1), and hence f is not uniformly virtually stable with respect

.Tl_{<k+27) kEN}7

o Ih={(l,5):kleNandl+1¢€ A, for somem <k},
k

o Ts = {(sa=m l) k.l € Nand [ € A,, for some m < k},

o T, ={(1,%): k,l € N and either [ € A, or [ +1 € A,, for some m > k}.

[}
k

3

Observe that

(O1) T;NT; = @ whenever i # j. All cases are trivial except for the case of T,NT},
where it follows from the fact that {4,, : m € N} forms a partition of 2N.

(02) ||(z,y)|| =« for all (z,y) € Ui, T;, because for each k,m,! € N with m < k,

we have p. > pp > k*> + k > k + 1 and hence l< —a

k+1 S k+2 m’

Define f: X — X by

L) if (2,y) = (545.0) € Th,

m, #) INGAEGRD plﬁc) €Ty, where l+1 € A,
1

fla,y) = 1 ‘ X X
L) i@y =G ) €Bor (wy) = (L3 €T,

S~~~

otherwise.
\

Clearly, f is well-defined by (O1). The following properties are also satisfied :

(P1) f(TV) C Ty, f(Ty) € Ty and f(T3UTy) € ToUTy. So, Ji_, T; is f-invaraint.
Moreover, since p;’s are all distinct primes, we have pf = pé iff (i, k) = (4,10),
and hence (my0 f) |U‘-‘:1 7, is injective, where 2 denotes the second-coordinate

projection mo(z,y) =y .
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(P2) For each k,l € N, one can verify that

7 ( 1 O) _ <k+2+m,pi;€> if I € A,, for some m < k,
h+2 (1, p%) otherwise.
k

Thus we have the following:

° fgl(k—}rz,O) = (#, p%k,) = (k—}rl, ) since 2 € (2") = A; and 1 < k.

o (5, 0) = (1, piz), where ¢ = min Ay, since ¢ € Agy and k+1 > k.

3
mg|=

(P3) For each k,l,m,n € N with m < k and | € A,,, we have m +1 < k,

fl(k+r2,0) = (#@i) by (P2), and 2" +1 € A; C U:’jl A; for some

Jj < m+ 1. Again by (P2), it follows that

k42— ptt k+2 k+2—m’pl

Clearly, (C1) is implied by (P1). Let i,n € N. To prove (C2), it suffices to

consider the following two cases:

L If (z,9) = (555,0) € Ti N B(0; 77), then 715 < 75, and hence

» 1 1 1
2
—— ) T [
! (kr+2’ )‘ <k+1’p2")‘

2. If (z,y) = (=, ) € 3N B(0; =), then [ € A,,,, m < k and

(P2)

1 )l = \

lc-i—2—m’p_§c RS
1 (02) 1 1 1
19 _—m <—_’_l> < :
k+2—m E+2—m p, 1+ 1
If m = k, we have % = M;_m < Z.J%l, a contradiction. Thus m < k, and by
(P3), there is some j < m + 1 such that
o 1 1\ || 3 1 1
A\ 7 = — o
E+2—m p, k+2—7 p;
oy 1
k+2—j
1
<
“k+2—(m+1)
1

< .
7
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fU fl f‘z f3
1/2 1/2 1/2 1/2
1/3 1/3 1/3 1/3
[ ]
1/27 1/27 1/27 1/27
o

1/243 1/243 1/243 1/243

1/2187 1/2187 1/2187 1/2187 ?

R \

1/41/3 1/2 1 2 1/41/3 1/2 1 2 1/4 1/3 1/2 1 2 1/41/3 1/2 1 2
£ £ £0 £7
1/2 1/2 1/2 1/2
1/3 1/3 1/3 1/3
1/27 1/27 — T 1/27 1/27
[ ]

1/243 1/243 ‘F'L**f* 1/243 Py 1/243
s - RN ‘ .
1/2187 1/2187 |~ T 1/2187 T 1/2187

i ? ‘ A 10 o

1/4 1/3 1/2 1 2 1/4.1/3 1/2 1 2 1/4 1/3.1/2-1 2 1/41/3 1/2 1 2

Figure 4.2: The map f in Example 4.3 at (3,0) and (3, 0)
From above cases, it follows that f2" (B(0; Z%)) C B(0;1).
Finally, for (C3), let £ € N and ¢ = min Ay, € 2N. Then by (P2), we have

P 0) = (1, 7) € B(0; ).

Remark 4.4. The map f in the previous example is uniformly virtually stable
with respect to Ué’:l @7_,(2M), I € N, although (2n) = Ui, @7_,(2") is not its
associated sequence. This is because for each B(0; 1), f(B(0; 177)) € B(0; ;) for
all 1€ J._, @, (2").
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