CHAPTER II

ALMOST MULTIPLICATIVELY CANCELLATIVE SEMINEAR-RINGS

In [2 ] the concept o most multiplicatively cancellative

. ” ﬂmiman—ring is a generalization

semirings was given. By g
of a semiring. In thiswe ize the concept of an almost
multiplicatively came€e Tiew concept, an almost

multiplicatively cal

Definition 2.1. miflefid r TS ) alled an almost

multiplicatively caplfellls sine e PAng N A.M.C. seminear-ring)

if there exists an e

semigroup. If a € S i (s~{a},*) is a cancellative

semigroup, then 5 is cs s " i eminear-ring w.r.t. a and a is

called an essentidil element of 9. s 2 vN

|r‘

£ A:I g an Ao semitiear-r »;r_l_l then lSE} g

Remark. (1)

(2) Everél ear-fieldQis an A.M.C. seminear-ring.

UEINENINYINT

Proposition #2. Let S be an A.M.C. sem:.near-rmg.

- QAN AT ABAE o i

an a € % such that a is not M.C. in S, then |a| ¢ 2.

Proof. Assume that there exists an a € A such that a is not

M.C. in S.

Case 1. a is not L.M.C. in S. Then there exist x,y € S such that

ax = ay and x # y. To prove that [Al € 2, suppose not. Then there
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exist b,c € A~{al} such that b # c. Clearly, x,y € Sx{a} or x,y € s~{b}
or X,y € S~c}. If x,y € S~{b} or x,y € Sx{c}, then x = y. This is a

contradiction, so %,y € S~{al.

Subcase 1.1. a is a right multiplicative zero. Then aa = a = ba.

Since a,b € S~{c} and S~{c} is M.C., a = b. This is a contradiction.

Subcase 1.2. multiplicative zero. Then there

exists a u £ S such ihat = (ua)y, x = y. This is

a contradiction.

Case 2. a is not. B ne proof as in Case 1, we

Proposition 2.3. ar-ring w.r.t. a. If
xa = ax = x for all x »*) has an identity or
5 is M.C
Prcof.f S e S ey
Case 1 . There ewl sts an e £ S~{a} such that e = e. Let x € S~{al.

= ARG

identity of Ys~{a}

caze Y] NIASMINYIAL. ... —

If = = a, then ay

az. Therefore y = z. Assume that x # a. If y £ a

and z # a, then y = z so done. Without loss of generality, assume that

y =aand z # a. Then xa = xz, so X = xz. Therefore xz = xz2 and hence
zZ = 22, a contradiction. Thus S is L.M.C.. Similarly, we can show that
S iz R.M.C..



24

Theorem 2.4. Let S be an A.M.C. seminear-ring w.r.t. a. Then exactly

one of the following statements hold :

(1) xa=ax=a for all xe S.

L

(2) a® a and there exists a b € S~{a} such that ab # a or

(3) srgjaxists a b € S<\[a} such that ab =

Case 1. a

for all x £ S.

Subcase 1.2. lltiplicative zero. There exists

WD 7 a.

Y

a b g S such thatls

Case 2. a2 # a. M e
¥

Wﬂ it ﬂ’?ﬂﬂ"l‘f‘f‘:“"‘ e

Sub ase 2.2. For gll x e s~{a}, ax # a. ax # a for all

mammﬂimumfmmaﬂ

Subcase 2.2.1. For all x € S, xa # x and ax # x.

n
m
-

Subcase 2.2.2. There exists an X, € § such that xa=x_ or
o
& = 3 2
ax = x_. Assume that x a = X,+ Then x, #a,a =aa #aand xoaa =

2 :
X,a . Therefore aa = az. By inductien, a? =a' foralln € 3+\{1}.
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Similarly, we can show that if ax, = X, then a2 = a" for alln e z+~{1}.

From Theorem 2.4 we see that if S is an A.M.C. seminear-ring
w.r.t. a, then there are exactly five mutually exclusive possibilities
for the essential element a of 8 :

In (1) we say that S is a Classification A seminear-ring w.r.t. a.

In (2) we say that S is aaClas8iffgitdon B seminear-ring w.r.t. 3.
il

In (3) we say that S

In (4) we say tha seminear-ring w.r.t. a.

_In (5) we say thae®S 1 @!\\\\ eminear-ring w.r.t. a.

\\ or E seminear-ring w.r.t.
"\n 3 i =

_ elements of different

If S is a @
some element of S5, tiEn

seminear-ring, respecinv

Note that 5 1

classifications, so S may a1l classifications.

Remark. (1) ;;"—"'m*ﬁ“““—"“' ‘ ring w.r.t. a, then
=l \~F d

SxS is never a Clﬁi o :u:uw.r.t. (a,a) since for

A

x € S<{a} we have that (a,x), (x,a) g (sx8)~(a,a)} but (a,x)(x,a) =

(s2) - fﬂ:ualfmﬂmwmn‘s

(2) If S is a Clasgification A or E semingap-ring w.r.t. a,

enen DY RN TI I Nﬁﬂﬂﬁl’lﬂ&l

(3) If S is a Classification C, D or E seminear-ring w.r.t. a,

+hen a is cancellative in (S~{a},-).

(4) If S is a Classification D seminear-ring, then |S| > 2.

Proposition 2.5. Let S be a Classification A seminear-ring w.r.t. a.

If § is also a Classification p seminear-ring w.r.t. b, then a = b.
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Proof. Since ax = a =xa and bx = b = xb for all x€ S,

Theorem 2.6. Let S be a Classification A seminear-ring w.r.t. a. Then:
(1) a+a = a.

(2} 5 is ﬂ_HlCit

(3) For all x,y.8 ok ami only if x = a or y

i
i

e o o - w ’é\\ %a = a, a contradiction.

|/
Case 3. z =a. The p .f-‘srtr_ir_ 5 to the proof of Case 2. Similarly,
=

we can show that_y - hat ¥ =z. Thus § is 0-M.C..

(3) Thg ’ |

.'I pri
¥ iF |

Proposition 2.7. [€t=S be a Classgfication A seminear-ring w.r.t. a

such that (ﬂ- u%lg wmuﬂmgdrtim Then either

ais an addit:.ve identity orfa is an agditive zero gp (S,+) is a right

soro Bt b BRNITD 3EM WINEIR

Proof. It follows from Proposition 1.40 and Theorem 2.6(2).

#

Pronosition 2.8. Let (S,+,*) be an A.M.C. seminear-ring. If (S,*) is

a right or a left zero semigroup, then (S,+,*) is a Classification B

seminear-ring and |8| =
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Proof. Assume that (S,+,-) is an A,M.C, seminear-ring w,r,t. a

—_—

such that (S,*) is a right zeroc semigroup. Then a? = a. Let b & 5~{al.
Then ab = b # a. Thus (S,+,*) is a Classification B seminear-ring
w.r.t. a. Tq prove that !S| = 2, suppose not. Then there exists a

¢ £ 5<{a,b}. Therefore bb = b = cb which implies that b = ¢, a

contradiction, Hence |S|

Similarly, we o w thd “/)i *) is an A.M.C. seminear-ring

such that (S,-) is a" e

B seminear-ring and

Theorem 2.9. Let S
w.r.t. a. If ab =

.#ld-l

2 ;_nu
y 5%

i)

183 wit catégory II special element of

s

x omorphic to a seminear-field
‘\ \

with a category I speg 2. (Otherwise, S must be

isomorphic to a semineal-fifie
i
.;-"5"5-

order 2 or a seminear- fie egory III or IV special element.

.' given below :

a b or

fu
W



(3)

(%)

(5)

()

(7)

(8)

QWWG

(9)

and .

and

ﬂﬂﬂ?ﬂﬂﬂ?ﬂﬂﬂﬂﬁ
Nﬂﬂ?ﬂﬂﬂ

n'ﬂl-I-

a b
a b
a b

a b
a b
a b
b a

or

or

or
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(10)

(11)

(12)

(13)

(1y)

(15) Y

L, FlﬁﬂJlIWl’JﬂEJ

(18)

and

and

ﬂuEJ’JVIEWITWEI'Iﬂ‘i

a

a

b
b

b

a b

+ ]| a b
al a b
bl B b
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or

or




(17) and

(18)

(i)

CURDNpT)
(iv) s [ at e and

YRIINY

or

with a' as a category IV

structures given below :

a' a' or
a' a'
a' a'
a' e! or
a' a'
e! e!

or

t |at e
at| a" ef
e' | e e' .

Define F : S+ K by F(a) = a' and F(b) = e'. Then we can show

that (1) = (i), (2) = (ii), (3) = (iii) and (4) = (iv).
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Let K = {a',e'} be a seminear-field with a' as a category III

special element. Then K must have one of the structures given below :

(v) . a' e’ and ' + a' e! or
a' a' a' a' a' a'
Ef e'l' E‘ ﬂ-‘ al al‘

(vi) a' e' or
a' a'
a' e’

(vii) a' e! or
a' a'
e' e'

(viii) a' e! or
a' e'
a' e'

(ix) or
i .,
e' | e' ¥ e e | '@ o
ARIANTIIRANTING TR |

(x) . I a' e! and + I a' e’ or
a' | a' a' a% | af e!
e' | e e! & | =& e'




(xi) = ‘ a' al and + al al
a' a' a' at e' a'
E' E‘ Et lﬂl ai E'I

(xii) = I a' a' and + l a' a!
a' " a' at e el
e' el e!

Define F : =at,

that (5) =z (v), (B) =

Let K = {a

special element.

(c) a' e!
a' e'
ei‘ 'E'
(d]’ at el‘
a'l 3'

(£) . ‘ a' e! and + a' e
a'l‘ a'l‘ al a'l‘ al ﬂ.‘
et | a* e! e’ a' e!

3z

or

bth a' as a category I

estructures given below :

or

or
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(g) 3 a' e' and + | :af e' or
al‘ al‘ ai‘ al ai el
'E‘ al El E-' e' a'l‘
=l
(h) . a' e! and + | &t e!
a' | a' a' a'| a' al

2

i(b) a'. Then we can show

Define F :

that (13) = (c), (i - : -

Proposition 2.10. seminear-ring w.r.t. a.

If a is M.C. in % all x € S-{a).

s b € S~{a} such that ab =
or ba = a. Then ab =, oba = ‘ refore a is not M.C. in S.
Hence we have the pr-opo

Y ~d
Let S be | e agrring w.r.t. a. Then

|

! a. We shall now show

> EHHINUNTNYINT
—“ﬁﬁﬁﬁ\‘lﬁ?ﬂfﬁﬁ“‘l?ﬂma’fﬁt‘“ il

Classiflication B seminear-ring w.r.t. 1 but 2,3 Z \{‘1} are such that

there is a b £ S } auch that ab i'! a op ba™

2.1=2#1 and 3.1 =3 # 1.

Proposition 2.12. Let S be a Classification B seminear-ring w.r.t. a.

If there exists a b € S~{a} such that ba = a and xa = x for all x € Sx{b},

then the following statements hold:



(i) s~{b} is a seminear-ring.

(ii) For all x € S~{b}, bix

1]

b or b+x = a+x.

(iii) If S is A.C., then |S| = 2.

Proof. (i) Let x,y € Sn{b}. If x+y = b, then b = x4y =

xatya = (uty)z = ba = a. This is a contradiction, so x+y # b.

Similarly, we can show that x b, Hence S~{b} is a seminear-ring.

£ ; then done. Assume that
.

(iii) Asstfe La s| Al “-3‘:,!- ove that |S| = 2, suppose
. —

not. Let x £ S~{a,b

Case 1. bix

1l
:
B
i
:

Case 2. bix =
Subcase 2.1. Btysaata o a¥is not A.C., a contradiction.

Subcase &, A b h+x. Hence b is not

]

J ' i}
o m@“ﬂﬁiﬁﬁ G REEIA By e e e
s 910) RO O U TN BT B

A.C., a contradigh

. a b and + | a b
a b a a
a b b b

By Proposition 2.8, S is a Classification B seminear-ring

w.r.t. 8. 8 is not A.C. because ata = a+b but a # b.
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Proposition 2.14%. Let S be a Classification C seminear-ring w.r.t. a.
Let b € S~{a} be such that ab = a. If there exists an element c € S

such that ac = a, then b = c.

Proof. Clearly, ¢ # a. Since ab = a = ac, azb = azc. Sinece

a2 #aandbfaandc#a,b=c.

Corollary 2.15. Let

Let b € S~{a} be suchwehat=ah =3, "f_H # a for all x € S<{bl}.

Proposition 2.16

k! = =
C seminear-ring w.r.t. a.

Letb € S~{a} be s a\following statements hold :

(i)

(ii)

(iii)

Proof. Since a> # aand b # a,
b° = b. ‘a Y [

{ii@l utaj QS%LEJ nj mal;].nﬁce b#aand bx # a,
bx

R0 IR NEAAEL, .

that xb = x for all x € S~{a}. Since ab = a, xb = x for all x € S.
#

Proposition 2.17. Let S be a finite Classification C seminear-ring

w.p.t. a. Let b & S~a} be such that ab = a. Then (S™al,*) is a

group and b is the identity of (s~{al},*).

V1M SRG L nO
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It follows from Proposition 1,6 and Proposition 2.16(i).

Proposition 2.18.

W.r.t. a.

zero or an additive identity of S~{a}, then |S]

Proof.

It follows

Proposition 2.19.

be isomorphic to &

Proof.

Ww.r.t. a.

(1)

(2)

m K,,HIJ ] ﬂmm 7 AR

Then S j

Let S be a finite Classification C

" O

lLet b £ S a} be such that ab =

=

seminear-ring

If b is either an additive

tion C

&1\ \j"\i\ o

seminear-ring

given below :

b

or

asition 1.16 and Proposition 1.17.

: néinear-ring of order 2 must

Stegory V special element.

“AWTRIN S ﬁm?w‘m*a"zr $hrmcvasen

94)

(ii)

e' a
et at el
- a' e!
a' el a'
el a' e'!

and

a' a' a
e!' | ! e'
+ a' e
a' a' el
E—' al‘ El

or

#

#
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Define £ : S+ K by f(a) = a' and f(b) = e'. Then we can show

that (1) 2 (i) and (2) = (ii).
#

Proposition 2.20. Let S be a Classification C . seminear-ring w.r.t. a.

Let b & S<{a} be such that ab = a. If b+b # a, then for all x,y € S~{al,

x+x = y+y if and only if x = ¥.

Proof. Let x,ysg" i-nr that x+x = y+y. Then (b+b)x =
bx+bx = x+x byEhy = (b,rr}y"ﬁmh faand x#aand y # a,
— ———
N
The con
Remark. If S is a i : saminear-ring w.r.t. a, then a

may not be L.M.C. ve an example where a is

LlH.cl in- S.‘

Example 2.21. 3 with the usual and-multiplication is a

Rd P is L.M.C. in Z'.

¥
assification C

e S UH AT NS YT
SR TR

Extend + and » from Z' to Z' U {a} by defining

Classification A

.II
]
s

We shall n%ﬁ give an example of a

a+x = 2+x and x+a = %42 for all x € ztu {a},

1a = a1 = a, ax = 2x and xa = x2 for all x € (z v {a})~{1}.

We shall show that Z+U {a} is a Classification C
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+
seminear-ring w.r.t. a. lLet x,y,z €% U {al,

To show that (x+yl+z = x+(y+z), we shall consider the following

cases @

Case 1. x =y =2 = a.

(x+y)+z = (atalta = U+a = 442 = 2+4 = ath = a+(a+a) = x+(y+z).

Case 2. x =y =a, z £&8

at(2+z) = a+(a+z)

x+(y+z).

Case 3. xXx=2 =

2+(y+2) = a+(y+2)

at(y+a) = x+(y+z).

Case 4. x=a, y# a

(xty)+z = (aq-y; T 24(y+z) = atlysz) = x+(y+z) .
Case 5. x # a,l .“:‘

(x+y)+z ‘i : ” ) = x+(at+a) = x+(y+z).
Case 6.

(x+q}+z = {:;ahzﬂmjﬂ EJ’]I] +l.'.a+z} = x+(y+z).
caze ) wm@nmum? NYQY

(x+y)+z = (xty)+a = (x+y)+2 = x+(y+2) = xt(y+a) = x+(y+z).

Case 8. x # a, y# a, 2 # a. This case is clear.

To show that (xy)z = x(yz), we shall consider the following

cases 3
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Case 1. x=y =2 = a.

n

(xy)z = (aa)a = 4a = 8 = a(4) = a(aa) = x(yz).

Cage 2. X =y=a,z ¥a.

Subcase 2.1. z # 1. (xy)z = (aa)z = 4z = 2(2z) = a(2z) =
a(az) = x(yz).
Subcase 2 (aa)l = aa = a(al) =
x(yz).
Case 3.
(2y)a = (2y)2 = 2(y2) =
a(y2) = a(ya) =
aa = a(1a) = x(yz).
Case 4., x=a,y# a, ﬁ:’.'
)z = (2y)z = 2(yz) =
a(yz) = x(yz). %
Subcase 4.f.amy # 1, z =@ (xy)z ﬁ) = (2y)1 = 2(y1) =
ityaye mmﬂmw &1

RN TOEHN PREEE -0 - o

Subcase 4.4. y =2z = 1. (xy)z = (a1)1 = a1 = a(yz) = x(yz).
Case 5. x#a,y=2 = a.

Subcase 5.1. x # 1. (xy)z = (xa)a = (x2)a = (x2)2 = x4 =

x(aa) = x(yz).
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Subcase 5.2. x = 1. (xy)z = (la)a = aa= 4 = 1(4) = 1(aa) =

x(yz).

Case B. x# a, y=a,2#a

Subcase 6.1. x # 1,2z # 1. (xy)z = (xa)z = (x2)z = x(2z) =
x(az) = x(yz).
Subcase 6.2. = (xa)l = (x2)1 = x2 = ®a =
x(a1) = x(yz).
(1a)z = az = 2z = 1(2z) =
1(az) = x(yz).
. )1 = a1 = a=1a = 1(al) =
x(yz).
Case 7.
_xy}a = (xy)2 = x(ya) =
x(yz). -?“

v}

Subcase 7.2. xifi,ywi- (xy)z = (x1)a = x2 = xa = x(1a) =
(). ﬂ‘IJEI’JVIEI'VITWH’]ﬂ‘ﬁ

5 Hﬂjﬁ*ﬂﬂ‘iﬂiﬂﬂ%ﬁﬂ“fﬁ‘ﬂ '

Subcase 7.%. x = y= 1. (xy)z = 1a = 1(1a) = x(yz).
Case 8. x#a,y#a,z# a. This case is clear.

Lastly, we shall show that (x+yl)z = xz+yz. Consider the

following cases :
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Case 1. =y =2 = a.

(x+y)z = (ata)a = 4a = 8 = 444 = 2a+2a = aataa = xz+yz.

Case 2. x =y = a, z ¥ a.

Subcase 2.1. z # 1. (x+y)z = (a+a)z = Yz = 2242z = az+az =

KZ+YZ.

ata

i =(4§)L =4 = =
al+tal = xz+yz
Case 3.
= (2ty)a = (24y)2 =
L+y2 = aatya
= (2+1)a = (2+1)2 =
4+2 = L+a
Case U.
Subcaserﬁ'i. 1 (at+y)z = (2+4y)z =

i!

2z+yz = aztyz =

QE ’Jnﬂﬂzwﬂlnlm = @4y
Wﬁﬁ“ﬂ‘imuﬁﬂﬂmaﬂ

Subcase 4.3. 1,z #1. (x+y)z = (a#¥l)z = (241)z

2+y =

]
n

2z+4z = az+lz = xz+yz.

Subcase 4.4, y =2z = 1. (xty)z = (a+1)1 = (2+41)1 = 3 = 241 =

a+l = al+yz = XZ+YZ.

Case 5. x#a,y=2z2 = a.
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Subcase 5.1. x # 1. (x+y)z = (x+a)a = (x+2)a = (x42)2 =
¥2+4 = xataa = X2+yz.

Subease 5.2. x = 1. (x+y)z = (1+a)a = (142)a = (1+2)2 =
244 = ath = lataa = xz+yz.
Case 6. x#a, y=a,z# a.

Subcase 6.1. (x+a)z = (x+2)z = xz+2z =
Xz+az = XZ+yzZ.

(x42)1 = %142 =
xlt+al =
Case 7
xatya = XZ+yz.

Case 8.

Since 2* is a cancellative

semigroup and o I42 -4 #a, 2zt v {a} is

1
a Classification il seminear-ring w.r.t. s. Furthermore, a is not

““““ﬁﬁﬂ?ﬂ%ﬁ%ﬁﬂﬂnﬁ

Pmpos:.tmn 3. Let S beea CIassificatmn c semnear—ring w.r.t. a

e AOPIR O I INHARSE = -+ ™

ha-—aandbisLHC.inE h;r-tharmre,ifaiaal{{:.ms then

b is R.M.C. in S.

Proof. Assume that a is L.M.C. in S. To show that ba = a,
suppose not. Since a(ba) = (ab)a = aa, a is not L.M.C. in S. This
is a contradiction, so ba = a. Let x,y €S be such that bx = by.

Then (ab)x = (ab)y which implies that ax = ay. Hence x =y.
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Furthermore, assume that a is R.M.C. in S. Let x,y € S be
such that xb = yb. Then xa = x(ba) = (xb)a = (yb)a = y(ba) = ya.
Hence x = ¥. Thus b is R.M.C. in 8.

#

Theorem 2.24. Let S be a finite Classification C seminear-ring

w.r.t. a. Let b € S~{a} be such that ab = a. Then for any ¢ € D = S~{a},

the following statements
(1)
(ii)

(iii)

{iv)

Proof. Me identity of (D,-).

(i) Let x & for some y € LI (b), so

y+b = b. Therefore xtc ==y = c. Thus x € LI (c)

and hence LI( b (). On the other £i4nd, let x € LI (c).
..I'P;_:-; D
y |.“'

Then x+c = ¢, S0 :- B T oxe xc_i £ LID{bJ and
b

e
iF |

hence x = * c g &l (b). Tays LI, (c) CLI_(b). c.

ﬂuﬂa%ﬂwswaﬂnf

of of (ii) :..s similar tn the proof of (i).

QWW BRATY IR L TR T8 ok e o

vy E LID[b} and some z € LI (c), so y+b = b and z+c = c. Therefore

xte = yz+e = yz+(z+e) = (yz+z)+e = (yz+bz)+c = (y+blz+ec = z+ec = e.

Thus x € LI (c) and hence LI, (b) * LIp(c) C LIj(e).

The proof of (iv) is similar to the proof of (iii).
#
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Theorem 2.25. Let S be a Classification D seminear-ring w.r.t. a.

Then a is not L.M.C. in § if and only if there exists a unique

d & S~{a} such that ax = dx for all x € S~{a}.

Proof. Assume that a is not L.M.C. in S. Then there exist

d,yt—:Ssunhthatﬂ;i:,rmday=ad,sua2y=a2d. Ify#aand d # a,

then y = d, a contradictio . |\ Ths ore vy = a or d = a. Without loss

of generality, assume ¥ a and a° = ad. Let

x € S~{a}. Then aj es that ax = dx. To prove

uniqueness, assume® {a} such that ax = d'x

for all x £ S~{a

Conversely, ists a unique d € S~a} such

that ax = dx for all sz n $ald = alad) = a(dd) = (ad)d.

Since 32 # a and ad #a f’ff_- 2d. Hence a is not L.M.C..

Proposition 2.20% seminear-ring w.r.t. a

such that a is -:l - S -"" be such that ax = dx

for all x € S~a}. ¢1f xa # a foppll x € E‘*-{a} then xa = xd for all

e AUBINENTNYING
amawnfm}umwmgq fele S

xa # affand xd # a and x = da.

Theorem 2.27. Let S be an A.M.C. seminear-ring w.r.t. a such that

32 # a. Then S is a Classification E seminear-ring w.r.t. a if and

only if ax = x for all x € S~al.
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Proof. Assume that S is a Classification E seminear-ring

w.r.t. a. Let x ¢ S~{a}. Then azx = a2(ax). Since ax Faand x ¥ a

anda?#a,ax=x.

Conversely, assume that ax = x for all x £ S~{a}. Let

X, € S~[a}. Then ax xofa- Siﬂﬂa'azfa,ﬂiﬁa for all x e S.

2 N\ .
Since a . = aaxﬂ, a2 S N Fofigetion , a? = a" for allne 3+~.{1}.

Thus 8§ is a Classi

Proposition 2.28. . _Clasa; Ation E seminear-ring w.r.t. a.

Then xa # a for

Proof. & x € S such that xa = a.

Clearly, * # a. S az. Thus a = xa = a’a = a3

a contradiction.

EySgminear-ring w.r.t. a.

Corollary 2.29..

Then xa = x for @l x'¢

WW TNENTYrEARge == oo

(xa)a2 -xa -xa andxa#‘aandaz#'a,

amaqmmumawmé’ ¢)

Prepcs tion 2.30. Let S be a Classification E seminear-ring w.r.t. a.

If S8 is also a Classification E seminear-ring w.r.t. b, then a = b.

Proof. Suppose that a # b. Then a € S~{b} and b € s~{a}.
By Theorem 2.27, ab = b and ba = a. Therefore a = ba = (ab)a = a(ba) =

aa, a contradiction.
it




We shall now show that if S is a Classification B, C or D
seminear-ring w.r.t. a, then a may not be unique. First, we shall give

some examples where a is unique.

Example 2.31. Z' with the usual addition and multiplication is a

-

Classification B seminear-ring w.r.t. 1 and 1 is the unique essential

element of 2+ .

Example 2,32,

Then (S.+

and a is the unique,

Example 2.33. Let S = {a * and + as follows :

.‘F‘ | a b c

o g

uuqmﬂwswsﬂn s o

Q'ﬁ’fﬁﬁ‘ﬂ‘i‘ﬁ?ﬂﬁ’]m‘ﬁt R

the unijue essential element of S

We shall now give some examples of Classification B, C and D

seminear-rings w.r.t. a such that a is not unique.

Example 2.34. Let § = {a,h}. Define + and = on S by Xty = X = X.y

for all x,y € S. Then S is a Classification B. seminear-ring w.r.t. a

and a Classification B seminear-ring w.r.t. b.
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Example 2.35. Z' with the usual addition and multiplication is a

Classification C . seminear-ring w.r.t. 2 and a Classification C

seminear-ring w.r.t. 3.

Example 2.36. z'~{1} with the usual addition and multiplication is a
Classification D seminear-ring w.r.t. 2 and a Classification D

seminear-ring w.r.t. 3.

Proposition 2.37. LetyS be a'Clats tion D or E seminear-ring

w.r.t. a. If § is

Proof. P a for all x,y € S~{al.

Let e be the ide Let x,y € S{a}. If

%ty = a, then a a contradietion. Thus

Xty # a.

next examples show.

= g
-

minimum of X%,y 3 all #*,¥ £ S. Then (s, + ) is a seminear-ring

where + is ﬁﬂm%ﬁww Iﬂﬁﬂ?ﬁymbnl not representing

any element @f S. Extend + ami « from S 1 b_v,r defining

Qﬁ?ﬁﬂﬂiﬂﬂﬂﬂ‘ﬁmﬁﬂ

atx = 24x X+a =

for all x € S U {a}. Claim that 5 U {a} is a Classification D
seminear-ring w.r.t. a. The proof that § U {a} is a seminear-ring

is the same as the proof used in the proof of Example 2.22. Clearly,
(S,*) is a cancellative semigroup, ax # a, ax # x and xa # x for all
x £ 5 U {a}. Therefore S U {a} is an infinite Classification D

seminear-ring w.r.t. a.
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Example 2.39. (2+,B,-] is a seminear-ring where x8y = x for all

XY € 2’ and « is the usual multiplication. Let-a be a symbol not

representing any element of 2+. Extend @ and » on 2+ to 3‘+ U j[a] by

defining
2 _ +
a =1 i ax = x=xa forallxe Z,
abx = a for all x ¢ 2’ U {a}.
We shall show that Z5 0L T8 Nis = weS fdcation E seminear-ring w.r.t. a.
Let X,¥,Z E, Then (xBy.)8z x = x@y = x@(ydz)

and (x@ylz = xz

To show =20 we\ shall\consider several cases :

Case 1. x =¥
(xy)z l _
Case 2. X =¥ =
(xy)z | '.-
!

Case 3. = , ¥y # a. -

‘ﬂuﬁﬁmmwm’m‘“’

Case 4. x-aszﬂfa,Z#t

K| mmm TUBIINGAY

Case 5. n#a,y= a.

&
:
a3

(xy)z = (xa)a x(aa) = x(yz).

Case 6. x #a, y = a, ¢ ¢ a.

(xy)z = (xa)z = xz = x(az) = x(yz).
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Case 7. % #a,y#a,z=a.

(xy)z = (xy)a = xy = x(ya) = x(yz).
Case 8. x #a, y # a, z # a. This case is clear.

Thus Z° U {a} is a seminear-ring. Clearly, (z*,+) is a

cancellative semigroup, 32 — i

2, ax = x # a for all x € Sx{a} and

a2 =a" =1 for allnm * U {a} is an infinite

Classification E semipgar=xang é
Proposition 2.40. / asaifieat Ton seminear-ring w.r.t. a.

To prove that S is

infinite, suppose flot #fs@y, 55 18 AN : Then for any i e {1,2,...,n}

gt ax; = Rgs
i 7

Case 1. There exist diStdfde a5 B « - ;1) such that ax; = ax;.

Then a is not L A hY

'I "
’ 1]

iF |
Case 2. For all dlﬁtinﬂ‘t i, e {1,25...,0}, ax, # axj Then

oy FUUANIATWEING o e
AN Nﬁ”ﬁl bl )

Thus s‘lis infinite.

The converse of this proposition is not always true as Example

2.38 showed.

Proposition 2.41. Let S be a Classification D seminear-ring w.r.t. a

such that a is not L.M.C. in S. Let d € S~{a} be such that ax = dx
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for all x € S\{a}. Then the following statements hold:

(1) For all xe S, a+x = a or atx = d or a+x = d+x.

(2) For all xe S, x+ta = a or x+ta = d or x+a

x+d.

(3) a+a = a or ata = d or ata = d+d.

Proof. (1) Let xe S. Assume that a+x # a. Then (a+x)d =

ad+xd = dd+xd = (d4+x)d.

Case 1. di+x # a. Thenwa
Case 2. d+x = a.

The proof ofF (20 JES$) mid aph to\ the of of (1).

(3) Supposg thit o 2 ﬁgas”~; ald = ad+ad = dd+dd = (d+d)d.
Case 1. d+d # a.

Case 2. d+d = a. Thel (g#ayd = (@rdld =l ad = dd, so ata = d.

Proposition 2.42yCLe B geminear-ring w.r.t. a.

Then the fcllowingﬂ

(1) For all :cB g, atx = a or atx = a‘+x.

&umwmwmmm
aﬁﬁ NASEIL I N8 Y

Proof. The proofs of (1) and (2) are similar to the one used

1

a or atx

n

in Proposition 2.41 (substitute a’ for d).

To show (3), suppose that a?+a2 7 a?. Then ata # a. Since

(32+a2 2 2

(ata)a® = )a“, ata = a +a2.

#
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Proposition 2.43. Let S be a Classification D seminear-ring w.r.t. a

such that a is not L.M.C. in S. Let d € SMa} be such that ax = dx

for all x € S~{a}. If x+y # a for all x,y € 5, then we get that:

(1) a+x = d+x and x+a = x+d for all x € S.
(2) a+a = d+d. ¥
Procf. (1) Let x € = = ad+xd = dd+xd = (d+x)d.

Since atx # a and d+x Ly atX : 7 imilarly, we can show that
®+a = x+d. = — 3
(2) Sinc itad = a+a = d+d
: #
Proposition 2.44. £ & e /a ciassie “'x-__'{ E seminear-ring w.r.t. a.
If x+y # a for all 38 :, ] : g statements hold:

(1) a+x = ajfx Brlsats for all x € S.

(2) a+a

PNGf, ,‘.; x L e ,_v_.. o

L)

'5 similar to the proof
3 .

of Proposition 2 v_:'*" :

it

iF |

Es:.‘tiﬂgﬁ ft m Wﬂaﬁﬂaﬂw‘ﬂ T E seminear-ring

w.r.t. a. Tkn xy # a for a.'LJ. XE

ammnﬁmumwgwmaa

Proposition 2,46. Let S be a Classification E seminear-ring w.r.t. a.

Then xy # a for all x,y € S.

Proof. It follows from Proposition 2.28 and Proposition 2.45.
#
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Theorem 2.47. There does not exist a Classification D seminear-ring

which is also a seminear-field with a category I,II,III,IV or V special

element.

Proof. Let S be a Classification D seminear-ring w.r.t. a.
Then ax # a, ax # x and xa # x furalleSmd[S] > 2. Suppose

that S is a seminear-field @ jcategory I,II,III,IV or V special

element.

Case 1. S is a semipgam=Fie i b as ategory I special element.

Then xb = b for g contradiction.

Case 2. S is a se eld with b as a- ategorg- II special element.

Then xb = x for al 4 Henge¥ab =\al\a contradiction.

Case 3. S is a se 7' - id 2 catepory III, IV or V special

Now we .;_;.;._—..m;.:::;:;f,: D
L™ pl

seminear-ring whi I = ElHith. a category VI special
A 1

element

s S METNEN NN
Q e 11 797

Then S is a Classification D seminear-ring w.r.t. a which is

a seminear-field with a as a category VI special element.
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Proposition 2.49. Let S be a Classification D seminear-ring w.r.t. a

such that a is not L.M.C. in S. Let d € S~{a} be such that ax = dx

for all x ¢ SN{a}. If xa # a for all x € S~{a}, then s~d} is M.C..

Proof. By Proposition 2.26, xa = xd for all x € S\a}. Let

X,¥,2 € S~{d} e such that xy = x=.

= Xa

= xd. Thus z = 4,

el ¥R RTEN )

a contradiction y .»rd

.,i
i

iF

= a. U31ng a proof similar to the proof of

= 1ﬂ‘%ﬂ“3“”ﬁ gNINYINT
QTR

R.M.C

Suhcasa

Proposition 2.50. Let S be a Classification E seminear-ring w.r.t. a.

Then S~{a®} is M.C..
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Proof. The proof of this proposition is similar to the proof

of Proposition 2.449 (substitute 32 for d).
ft

Proposition 2.51. Let S be a Classification D seminear-ring w.r.t. a

such that a is not L.M.C. in S. Let d € S~{a} be such that ax = dx

for all x e S~{a}. If xa # a all x & S~{a} and utv # d for all

mvaﬁtﬁnﬁeﬁuwg-ﬁﬁﬁfN old:

(1) a+x 3 = X ll x E S.

(1) Let = Phen zkk)? datita = da+xa = (d+x)a. Since

at+x # d and d+x # d Similarly, we can show

that x+ta = x+d.
(2) since (a+a)‘“ 5+33 atda = (d+d)a and a+a # d and

d+d # d and a #/d)

b |
|
W

Proposition 2.52. t S be an A.M.C. seminde

ring w.r.t. a such that

ol Ffﬁﬂ“’.l"i"l 3) (11 s

Y (P X Gt gk IO

y. € Eh{a,xo}. Then x X = X, = XV . Thus-x_. = y_, @ contradiction..

#

Corollary 2.53. Let S be a Classification D seminear-ring. Then S

contains no multiplicative zero.
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Remark. Let S = {a,b} be a Classification E seminear-ring w.r.t. a.

Then xy = b for all x,y € S, so b is a multiplicative zero of S.

Proposition 2.54. Let S be a Classification D seminear-ring w.r.t. a

such that a is not L.M.C. in S. Let d £ S~{a} be such that ax = dx

for all x e S~{a}. If x#d # a for all x € LIS(a}, then we get that:

(1) Either LIS{d} : 4(d) is an additive semigroup and
either LIg (a) = ¢ or Ld ¥

(2) If d eWIFLlerhed LIgGaI="n ().

Let %,y € LIEE{U. Then

x+d = d = y+d. = d. Thus x+y € LIsid).

Hence LIS{ﬁ} is a

Assume that L3 .-ﬁ,v‘,ﬁ;r = sl (a). Then x+a = a.

Therefore dd = = (x+ f‘i’:f hus d = x+d, so LIs(a] = LIS(d] .

Let Xy E LI (a w&mf- i ‘“:...:.4
y v_ I-‘"‘
so xty € LIg (2). -i us 7 bsemigroup of LIS{d'J.

iF |

;! TJ”EJ?‘W gnInginT

LI (a'.'lg LI . Let % E LI (d4). Then wtd = mf-::-re a=d+a =

i} R ANRIIN B R < . =

LIEEa} = Lls{d}.

Fa = x+(y+a) = x+a = a,

Proposition 2.55. Let S be a Classification D seminear-ring w.r.t. a

such that a is not L.M.C. in S. Let d € S~{a} be such that ax = dx

for all x ¢ 5~a}. If dtx # a for all x € RIS(EI.), then we get that:
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(1) Either RIo(d) = ¢ or RI (d) is an additive semigroup and
either RI_(a) = ¢ or RIj(a) is an additive subsemigroup of RI(d).
(2) Ifrde RIS{a}, then RIS{a] = RIg(d).

Proof. The proof of this proposition is similar to the proof

of Theorem 2.54.

Wil W ogPropositions are similar to
-d

the proofs of Propos _- B 25 and FLOPOSition 2.55, respectively

(substitute a° fox ' N

Proposition 2.56.

n, E seminear-ring w.r.t. a.

If ‘.lc+:a2 #a for al owing statements hold:

(1) Either s an additive semigroup

s ‘ \:

Additive subsemigroup of LIs{ag}-

and either LIS{a) =

(2) Ifga

oA .

Froposition 2.57. rl onE seminear-ring w.r.t. a.
H iv

If 521-:-: # a for al¥W e Rlﬁ] then the following statements hold:

T 3 ) T A
Wﬂ@mﬂm‘?ﬂﬂﬂﬂ"ﬁ“ Sl

{2) 1f a% ¢ RI. (a), then RI (a] RI (a ).
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