CHAPTER I

PRELIMINARIES
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for all x,y,z € (x+y)z = xz+yz [z(x+y) = zx+zyl.

The orperations +and * are called the addition and multiplication

of the right [left] seminear-ring, respectively.
If 5§ is a right and a left seminear-ring, then we call S a
semiring.

Throughout this thesis we shall only study right seminear-rings.



All definitions and theorems stated for right seminear-rings have a
dual statement and proof for left seminear-rings. So from now on the

word "seminear-ring" will mean a right seminear-ring.

Example 1.2.
+

(1) =z, z', z;, Q" and R’ with the usual addition and

M(S) = {f :'S + S|f igeamra: cEiffewhand * on M(S) by (ftg)(x) =
Then (M(S),+,+) is

a seminear-ring

Definition 1.3. P S is said to be a

right [left] zero if Xy = x]. S is said to

be a pight [left ] ze X € 8, x is a right [ left])

ZEero.
Definition 1.4, Lﬁ.J—---':-f e i ebhas ——\‘ Then x is called
right [ left ] ancgll v W1 1f Bor all y,z € s,

1 - J

yx = zx[xy = xz] igpé.ies that y 25 The element x is called cancellative

if x is hnﬂﬂl.‘ﬂ Ejﬂﬂﬂ%ﬁaﬂ%ﬂ_ﬂ@ Jifforall y e s,

y is R.C. [La!. ]. sis called ::am:ellaﬁéve if 5 is ¢pth R.C. and L.cC..

sl AN AN ANY)) ﬁmm

semigroup.

Proposition 1.6. Every finite cancellative semigroup is a group.

EEE[ 5]: page 8.

Definition 1.7. A semigroup S is said to satisfy the right [left]

Ore condition if for all a,b € $°{0} there exist x,y £ S~{0} such that



= by[ xa = yb] where 0 denotes the zero of § if it exists.

Remark. Every commutative semigroup satisfies the right and the left

Ore condition but the converse is not true.

X,Z E z" and y € 2 with the usual

Example 1.8. S={[x H}
0 =z

ad
Let X [ hen X,Y € S
0
agd
and AX = [
0

nencommutative.

Definition 1.9. »*) is said to be additively
[multiplicativel¥] , 9] is commutative.

5 is said to bewugbm ifively and multiplicatively

commutative. J] | o
e LA UH INENTNEINT
attinsrail b gy

addit and multiplication is an additively commutative semiring.
(2) Let (S,*) be a commutative semigroup. Define x+y =
for all %,y € S. Then (S,+,*) is a multiplicatively commutative

semiring.

(3) Z' with the usual addition and multiplication is a

commutative semiring.



Definition 1.11. A seminear-ring (D,+,+) is called a ratio

seminear-ring if (D,+) is a group.

Example 1.12,

X ¥ y
(1) Let D={[ ”x,zefandyeﬂ}. Then D with the
o z

usual addition and multipiiest _ ratio seminear- ring.

(2) @ and Fwill the éim and multiplication are

Definition 1.13. ng and x € 5. Then x is
called right [ left JFfmultip oo U engellative (R.M.C.) [(L.M.cC. )]
if x i= R.C. EL:C-] LT

additively cancellat

(S,+). S is called RJM.C "' all ye 8, y is R.M.C. [ L.M.C.]
€8, yis-RiAiC. [ L:A.C.].

MBS is called A.C. if
A
M

4 J
Zimf: ::ﬂﬁ Ef?:ﬁﬁérﬁr%fwgp‘qﬁﬁﬁm and multiplication
s RAAR N TUHIIRRUNAY o 7o

called qa right [left] additive zeroc if a is a right[ left] zero of

v_
S is both R.A.C."@nd

(S,+). Theelement a is called a pight [ left] multiplicative zero if

a is a right[ left ] zero of (S,*). Theelement a is called a right [ left]

additive identity if for all x € S, x+a = x[a+x = x]. Theelement a is

called a pright [left ] multiplicative identity if for all x € S, x.a = x

[a*x = x]. Theelement a is called an additive [multiplicative] zero -




if it is both a right and a left additive [ multiplicative ] zero.
The element a is called an gdditive [multiplic.;ative]_identiy if it is
both a right and a left additive [ multiplicative] identity.

Let d € S. Then an element x € § is called a right [left]
additive identity of d if d+x = d [x+d = d1. Let D € S be nonempty.

Then the set of all right [ left] additive identities of d in D is

See [3],

Proposition 1.17 ing and e the multiplicative

identity of D. of D, then D = {e}.

Ses [3 ] -

Definition 1.18. ninear-ring with a right [left]

multiplicative ze& dght [ left ] multiplicatively

cancellative (0%

il

¥ not a right( left] multiplicative zero imply that
‘ - :

X,¥,% € S, yx = ZX
[xy = xz] and x
ative (D—H.C.} if s

ﬁjm mmzu SJMM VAR Bheon 1 0.

Definition 1.20. Let S be a semiring and K € S nonempty. Then K is

called a right [ left ] semiring-ideal of S if

(1) for all x,v € K, x+y € K
and (2) forall xe Kand all s € S, xs € K[sx € K1

If K is both a right and a left semiring-ideal of S, then K



iz ealled a semiring-ideal of S.

Example 1.21. Z" with the usual addition and multiplication is a

semiring and for any n € Z+, nZ' is a semiring-ideal of Z¥.

o
Definition 1.22. A seminear-ring (K,+,*) is called a gseminear-field

if there is an element a € K such that (K™a},+) is a group, and such

an element a is called = If a seminear-field

(1) O; _ ¥ e us & e cn and multiplication are

semifields with

-4 ! .n 0
(2) % FLV ) Audiy € R ‘U with the
0 ‘ 1L ) 0 o
T '
usual addition and multiets A
0 0
as a special e 1;‘

'I
Theorem 1.24, ; K be a seminear-field with a as a special element.

DA e
aﬁqmmmimm

(4} ax

‘“’?

n

% and xa = a for all x £ K.

(5) .Et2 # a and ae = ea = a where e is the identity of (K\{a}?'}.

(6) a2 # a and ze

ea # a where e is the identity of (K~{a},*)

See [ 3], pages 62-63.




From Theorem 1.24 we get that there are six tjrpes of special
elements a in a seminea.r-field K. We call -a special element a aatisfying
(1),(2),(3),(4),(5) or (6) a category I,II,III,IV,V or VI special
element of K, respectively. A seminear-field sa‘tisfyilig (1),02),(3),

o
(#),(5) or (6) is called a seminear-field with a category I,II,III,

IV,V or VI special element, respectively.
A with a as a category I special
: yﬁ:h& following properties :
(1) a+x

2) atx F ‘ I. \\\\
:31 a+x = affa - - . \'\\\l\ e K.
(#) ax A fis ’\\\\ K.

%’R\

;
From Theorem #2505 a'tategory I special element a

Th&nmm 1-251 Lﬂt K Qe

element. Then K

See |:3]:| Page

A

has exactly one of the fol
(1)

his case we say that

ais a ﬂ—special

atx = Xx4a = a for-alleK In this case we say that
f ¥

m%%ﬁwmwmm

x=aandx+a‘-x for leK. faranyx,yEK
x+y %ﬁq Mﬂ&%ﬂ%%@ w&.lq al%: zero semigroup.
Tw) amx-= x and xta = a for all x e K. Then for any x,y € K,
xty = xt(a+y) = (x+a)+y = a+y = y. Thus (K,+) is a right zero semigroup.
If K contains a O-special ele-ment, then K is called a
O-seminear-field.
If K contains an e-gpecial element, then K is called an

m-gseminear-field.



If K contains a category I special element a satisfying (3),

then K is called an additive left zero seminear-field with a category

I special element.

If K contains a category I special element a satisfying (4),

‘then K is called an additive right zero seminear-field with a category

1 special element.

Proposition 1.26. oy rat o $afnifl o r-ring can be embedded into a
O-seminear-field. )

See [3],

can be embedded into an

Proposition 1.27.

w-seminear-field.

Proposition 1.28. 5 § ratdc seminear-ring such that (D,+) is

a left zero semigroup. embedded into an additive left

see [ 3 Topupeerrrmm—=7

Zero seminear-

{l

]
il |
-l

Proposition 1.29] Let (D,+,+) he a ratio s8 inear-ring such that (D,+) is

e “ﬂﬁ‘ﬂ“‘ﬁ VI I e = s o

zero seminedfi-field with a ca‘tegﬂry I s;:ecial elemant.

Qmﬂﬂ“ﬁ?m UNIAINYAY

Prapositian 1.30. Every ratio seminear-ring can be embedded into a

seminear-field with a category IT special element.

See [ 3], page 118.

Proposition 1.31. Every ratio seminear-ring can be embedded into Y

seminear-field with a category VI special element.
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See [ 3], page 118.

Theorem 1.32. Let K be a seminear-field with a as a special element.

Then a is a category VI special element of K if and only if there is
a unique d € K~a} such that ax = dx and xa = xd for all x € K.

See [ 3], pages 66-67.

Proposition 1.33. Let K be 'alddm ear-field with a as a category VI

special element. »¥ £ K.

See [ 3],

Proposition 1.34 i S ‘t\ “t\ﬁ\?- with a category III or IV
special element, : 2 {77
See[ 5] o N ’
s - o
#ld'-l ‘
i E
flatis” Y
¥ oy o

Proposition 1.35. Iff fig
2y

element, then |K| = 2

p—

,;":y

See (3], pages &

Definition ."V-'- £ ;l a multiplicative zero

i

1eld "y is called a seminear-field

0 such that |S| 15 .

of pight [ left] gquogients of S if ghere exists a monomorphism i : §+ K

s nae ) BB AR VR VR v e
AT
Example 1.37. Let S ={[: Z“ %,z € Z and y € z} U {[: :H»
mrelly encmredfoff; 7]}

Then S and K with the usual addition and multiplication are a
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seminear-ring with a multiplicative zero and a seminear-field,
respectively.

To show that K is a seminear-field of right quotients of S.

0 0 0 0 “fre o
let X e K. If X = » then 1&% 4 = and B € S\ [ 2
0 Q - 0 0 W] 0

1 X ¥ 0 )
So X = AB ~. Suppose that X ]# [ ].. Then x = E—,
N 3 q

Theorem 1.38. o with a multiplicative zero

such that |s| SESpight [ left] quotients
N
of S exists if ..;‘. 'ﬁ,,-} satisfies the

right [ left] Ore andltlcn

Quﬂ ’lﬂlﬂmi?ﬂxﬂlﬁlﬁi T
The left distributive law i § wa nja gﬂt the left
L AR R ied [

We shall now review the construction used in the proof of
Theorem 1.38.

Assume that S is 0-M.C. and (8,+) satisfies the right Ore

condition. Define a binary relation ~ on $x(S\{0}) by (a,b) v (c,d)

if and only if there exist x,y € S~{0} such that ax = cy and bx = dy
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for all a,c € S and all b,d € S~{0}. TIn[43J it was shown that ~ is

an equivalence relation.

sx(s~{0})

Let a,B e K = ~ . Define + and * on sx(sn0})

in the following way : Choose (a,b) € & and (c,d) € B. Then there

exist x € S and y,u,v € 5~0} such that bx = ey and bu = dv. Define

a«f = [ (ax,dy)] and o+p ]- Im[ 4] it Was.shnm that

(K,+,+) is a seminea H.,_":“: Lefle®tiot ients of S.
In (4] it was Sk [(0sa)] = [(-:},-.-1)] for all c,d € S~{0}.
We denote [ (0,c) 4] it was shown that 0

is a multiplicatj e identity of (K~{0},+)

where ¢ € SN0} e [(a,b)] e k\{o}.

In the prooiffoid ¥ Satravaha defined 6 : S + K

by 8(x) = [(xc,c)] foff fidts = @nd for all x € § and he showed
that 0 is a monomorphismers—FHis- ot necessary as we shall show now.

ifx=0

' if x # 0.

N
We shall show that iisa r:r.gh't quotient embedding of S into K.

“ﬂ'ﬂ‘ﬁ“ﬁ*’?‘i BV TNHARG = e

If ¢ = 0 or'¥ = 0, then :L(c%) 0 = i{c}i{d} Ass%e that ¢ # 0 and
at 5] P e §{H{Nmmﬂﬂ P Hen 101500) -
[(c? c}} [(d*,d)) = C(e®x,a0)] = [Cea®y,ay)). since ed,dy € s~{0},

there exist z,w € S~0} such that cdz = dyw. Therefore cdedz = cdlyw.

Hence i(ed) = [(cded,ed)] = [{cdzy,dy]] = i(e)i(d).
We shall show that i(c+d) = i(e)+i(d), There exist %X,y € S~{0}

such that ex = dy, Then i(ec)+i(d) = [(cz,c]] +[ (dz,d:l} =[ (c23+&2y,gx)] =
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[(c®x+dex,ex)] = [ ((e+d)ex,cx)].

Case 1. e+d = 0. Then i(c)+i(d) = [(0(ex),ex)] = [(0,ex)] =0 =

i(0) = i(e+d).

Case 2. c+d # 0. If ¢ = 0, then i(e+d) = i(d) = i(0)+i(d) = i(e)+i(d).

Assume that ¢ # 0. Since c+d, € S~{0}, there exist z,w £ S~{0}

d)(e+d)z = (c+d)exw. Hence
,et+d)] = i(e+d).
tion. Let c,d € S be

Hence ¢ = d, so done.
= [{dz,d]}. There exist
%,y € S~0} such th & : ; L % ‘dy. Since cx # 0 and S is

0-M.C., ¢ = d.

(3) ve mus € K there exist c¢,d € S~{0}

such that a = i(e)i(d) _Fg:"ﬂ Choose (e,d) € ¢¢. There exist

XxXeE Sand vy € ;r '__--'-*“’-‘-’--‘*‘“mfﬁ_"fl = [(e;d)] = [(sz,dzyﬂ =
(c ,c}]’[(d a9k o i(c

Hence i is@aemight quotie@# embeddmﬁof S into K

AUEINENITNE

Remark. LeflJS be a seminaar-rmg having K as its semmear'-fleld of

N FINT EUNTIRARE e

(1) If s is additively commutative, then K is additively
commutative.

(2) If 8 is multiplicatively commutative, then K is
multiplicatively commutative.

(3) If s is commutative, then K is a semifield and we shall

call it the semifield of quotients of S.
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Remark.
(1) If S is a seminear-ring having K as its seminear-field

of right or left quotients, then K is a seminear-field with a category
I special element.

(2) If S is a commutative semiring, then the construction given
in the above theorem is the same as the following construction :

Define a binary palath = S*{S\IG}J by (a,b) v (e,d) if
. ;\w/

a,by 8) € Sx(sM0}). It is easily

Let a,B+ and » on K' in the

following way : Chebsd (GABF S B SNdN(30d) € B. Define a+f =

[(ad+be,bd)] and®o-j "s*:*) is a semifield of

quotients of S.

(3) Let sfbeff e sefiring sucht that |S| > 1.

fl’r.- “"
Then a semifield of quotiegmts ot ists if and only if S is 0-M.C,.

Corollary 1.394 et S Ba g comine _;‘;_,__,_'i a multiplicative zero
(~% )
sucht that |s]| "i an emight [ left ] Ore condition.
.'\ u-l
en S can be Embedde& into a seminear-field with a

o Iﬁﬂ*&l’%‘l‘ﬁmﬁw dalqp)
TR

Ore condition, then either a is an additive identity or a is an

If 8 is 0-M.C.

additive zero or (S5,+) is a right zero semigroup or (S,+) is a left

zero semigroup.

Proof. This proposition follows from Corollary 1.39 and

Theorem 1.25.
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. Proposition 1.41. Let S be a seminear-ring having K as its
seminear-field of right ([ left J quotients, i : S + K the right[ left]
quotient embedding, L a seminear-field with 0 as a category I special
element and f : § + L a homomorphism such that £(x) = 0 if and only
if x = 0. Then there exists a unique homomorphism g : K - L such that

gei = f. Furthermore, if f is a monomorphism, then g is a monomorphism.

Proof. The p 3 HHUS A ositionwas given in [ 4], pages

25-26. The left dig P hurive ) =00l used in the proof.

Corollary 1.42. If demincar: \'.\~ aving K and K" as

WINN

seminear-fields of it JG AL j BrtS, then K =z K'.

is similar to the procf

in{ 4], page 26.

ing such that |$| > 1. Then

Definition 1.43. Let
a ratio ~{,@;:;:.==;.;:;:;;;-'=f——— B 'erlﬁ.near-rin of

AX
right [ left] quowns Stspa monomorphism 1 : S+ D

iF |

such that for all g £ D there exig} a,b € S such that x = i(a)(i(p) ™)

[ i{b}uii{aﬂ u ﬂnlmnjtuﬂgﬂ jove property is said

R a@ﬁ?ﬁaﬂ]’fffﬁ%mﬁa
Exmple 1.4, Lot § = [: "" [x,z ¢ 7 and y € Zhana

b4 ¥
D:{[ J’x,zEQ+a11dyEQ}. Then S and D with the usual
0 -

addition and multiplication are seminear-rings and D is a ratio

seminear-ring of right quotients of S with the inclusion map i : S+ D

017225
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as the right quotient embedding.

m construction of a ratio seminear-ring of right [ left]
quotients of a seminear-ring S is the same as the construction of a
seminear-field of right [ left] quotients of S, so we have the following

il

theorem : 4

Theorem 1.45., Let S5 be a semi

ar-ring such that [S| > 1. Then a

ratio seminear-ring of ght ] ; wotients of S exists if and only

if 8 is M.C. and (S s

Remark. Let S be a_sef idSavinifig having.D as its ratio seminear-ring

of right or left g oL ign gy S THen) OMleKing statements hold:

(1) 1f s 3# then D is additively
commutative.
(2) If S is Tiglics Y computative, then D is

multiplicatively comm
(3) If S is comiiEEativesshen D is a commutative ratio semiring

and we shall cgM commuy sEriring of quotients of S.

—

Remark. | I
P ' i¥

(1) 1If s F a commutativg,semiring, then the construction given

in the ahﬂﬂ HEIRER I AT cmocmoricn -

Def:. e a binary relgtion " on &xS by (a,b) gw (c,d) if and only
if aawr}:aﬁ]ﬂ imyﬁr}q m:gl ‘;a E]lmm that v is
an equ valence relation.

x
Let a,B & Sm_s . Define + and « on % in the following way :

Choose (a,b) € a and (c,d) € B. Define a+f = [(ad+bc,bd)) and

SX5

= [(ac,bd)]. Then (5= s+,*) is a commutative ratio semiring of

quotients of 5.
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(2) Let S be a commutative semiring such that [S| > 1. Then a
commutative ratio semiring of quotients of S exists if and only if S is M.C.
(3) If a seminear-ring S has a ratio seminear-ring of right

or left gquotients, then S cannot contain a multiplicative zero.
&

Proposition 1.46. Let S be a seminear-ring having D as its ratio

seminear-ring of right [left],guotients, i : S + D the right [ left)

quotient embedding, E a.paf 5 | sefif e ~ring and £ : § +E a

homomorphism. Then whemélekists a=lhag®€ homomorphism g : D + E

such that gei = f T et LB 1S"8"monomorphism, then g is a
monomorphism.

Procf is similar to the proof
of Propositien 1.41 _ _ ‘ e
Corollary 1.47. ‘ having K and K' as ratio
seminear-rings of r'igh‘l: ﬁ;‘:}'""’ gnts, then K = K'.

Definition 1.*-!-3"" ; : i€ifjects are seminear-rings

and whose mrphis are semir N homordd

e

phisms. Let ¥ be a

category whose objef{s, are semineggy-fields and whose morphisms are

mr-ﬁ@;umm NINEMD 4. mea

quotient seminear-field of Fw.r.t. themcatego %M,a triple (S,f,K)
mess®) PN F ZEUINAN I VE D DLEL. ...
9

monomorphism such that for each seminear-field K'e ¥ and fopr each

seminear-ring homomorphism i : S »K' there exists a unique

g € Hary(K,K'} such that geof = i,

Remark. It is clear that if a seminear-ring S has a quotient

seminear-field w.r.t.the category X, then S can be embedded into a
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seminear-field in 9.
We shall study the problem of the existence of a quotient
seminear-field with respect to a given category of seminear-fields in

Chapter III.
o

Definition 1.49. A semiring (R,+,*) is said to be a skew ring if

(R,+) is a group.

We shall always 4 note the ientity element of (R,+) by 0.

Note that 0 is a m

Example 1.50. Let (R arbitpdmygroup. Define » on R by

Xsy = 0 for all ) s

i@ skew ring.
In [ 4] and e f defimity ‘,1 &, ideal in a skew ring was

gEiven. We shall no

Definition 1.51.

called a pight [ left]

for all xeie

(1)
and (2] Flell e .":i Jlrx e J].
If J is B 9k 2 T wegl ideal of R, then J is
o 4

called a weak i a_J'--::sf R. A weak eal J of R is called an ideal of

Bidein o ﬂﬁ%%?%% %Woﬁlﬂ 179
l 3 i lﬁqﬂ ‘jm ring. 1’3 ﬂ Elr]}aamﬂldeals of R.

Let (R,+,*) and (T,+,*) be skew rings. Define
(x,y)8(z,w) = (x+z,y+w) and (x,y)0(z,w) = (xez,y-w) for all
(x,¥),(z,w) € RxT. Then (RxT,®,8) is a skew ring. Let I = Rx{0} and

= {0}%T. Then I and J are ideals of RxT.
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Definition 1.53. Let S be a semiring such that [S| > 1. A skew ring

R is said to be a skew ping of right [left] differences of § if there

exists a monomorphism i : S + R such that for all x £ R there exist

a,b € S such that x = i(a)-i(b) [(-i(b)+i(a)]. A monomorphism i

“satisfying the above property is said to be a right [ left ] difference

embedding of S into R.

oy A~
Example 1.54, Let 5 =4 : and y € Z} and A,B € S.

Define A®B = AB and, 1 TN(8,0,0) is a semiring.

X ¥y
Let R = [ € R. Define X@Y = XY
Q Z
1 ]
and XOY rmg of right differences
7]
of 8.

Theorem 1.55. | > 1. Then a skew

ring of right [ TeE x‘ and only if S is A.C.
| ¥

and (S,+) satisfie&® the right [1Eft] Ore con@ition.

‘”‘““FT’ﬁJ“Eﬁ“VI HNINYINT

We sha.ll now review €he construstion used irft proof of
The.area wf] aiﬁﬂf] ﬁm ;JM flrlq m-lgj flﬁﬂ the right
Ore cmd:.tmn Define a binary relation " on S%S by (a,b) ~ (e,d)
if and only if there exist x,y € S such that a+x = c+y and b+x = d+y
for all a,b,c,d € $SxS. In Theorem 1.55 it was shown that v is an
equivalence relation.

x
Letu,ﬂEK=i—s.

Define + and * on K in the following
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ways : Choose (a,b) € 0 and (c,d) € B. There exist x,y € S such that
btx = cty. Define 048 = [(a+x,d+y)] and a*B = [(ac+bd,ad+be)].
Theorem 1.55 has shown that (K,+,*) is a skew ring having [(z,z)],

where z £ S, as an additive identity which we denote by 0. We see

that [(a,b)] = - [(b,a)] and [(a,b)] = 0 if and only if a = b where

a,b g &.

Define i : S + K by (% +x,%)] for all x € S. Theorem

1.55 has shown that i e embedding of 8 into K.

Remark. Let S be"8 S skew ring of right or

left differences.” .35 we get that:

LS

(1) If piutative, then R is
multiplicatively#
(2) 1f sdfs g \,\ R is a ring and we

shall call it the

Femark.
(1) Ifigt right or left
differences, the na e zero and ab+cd = cd+ab

for all a,b,c,d €

T AHIT NN Ao 5. e

a ring of difFerences of S eg,lsts if and only if § :,s A.C.
TSN TRAATHYA Rt
given #h the above theorem is the same as the following construction
Define a binary relation * on SxS by (a,b) v (e¢,d) if and
only if ad = be for all (a,b),(c,d) € SxS. It is easily shown that
" is an equivalence relation.

SXS

Let a,B € — | Define+and-6n¥inthefallwingway:

Choose (a,b) € o and (c,d) € B. Define a+B = [(a+c,b+d)] and
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a*B = [(ac+bd,adtbc)]. Then {$ s+,*) is a ring of differences of §.

Froposition 1.56. Let S be a semiring having R as its skew ring of

right [ left] differences, i the right [ left] difference embedding of
S into R, T a skew ring and f : S + T a homomorphism. Then there

exists a wnique homomorphism g : R+ T such that gei = f. Furthermore,

pnonomorphism.

if f is a monomorphism,

See [ 4], pagess

Corcllary 1.57. and K' as skew rings of

right or left di
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