CHAFTER III

REGULAR MATRIX SEMIGROUPS OVER A SEMIFIELD

semigroup M (F) is weguia shiev — f€orem that gives a
generalization of tt €17/ is' in, as follows : For any
positive integer n_ & any-ei ‘.:':' iatrix semigroup H (R) is
regular if and onlyfi&fR/ 4 -'* ‘~ ‘- Semifields are a
generalization of fields {Ej “\ \

result by establishing nee " : sufficient conditions of a

edinot be a ring, and

conversely. In this the above wall—lmawn

positive integer n and a sémifield 8 such that the matrix semigroup

M (8) is regulapd AN L
——, 3

Some e ea of semifields which a:m not fields are as
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where + an the usual addltlml and the usual multiplicatim of

““W‘]ﬂ“@ﬂ?fu UNIINYAY

We first give some general properties of any commutative

additively idempotent semiring with 0,1 which will be used later.

Proposition 3.1. Let S be a commutative additively idempotent

semiring with 0,1. Then the following statements hold:
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(1) For x,y € S, x+y = 1 implies 1+x = l+y = 1,

(2) For x,y €S, x+y = 0 implies x = y = 0,

Proof : (1) Let x,y € S be such that x+y = 1. Since x+x = x

m
Y

and y+y = y, we have that 1+x = (x+y)+x = (x+x)+y Xty = 1 and 1+y

' c W{:h that x+y
‘ {x+5r}+:.r

can be shown similary.

0, then x = x+0

x+(xty) = (x+x)+y = X+(y+y) = x+y = 0

since X+x = x and y1y -
To obtaingtlie 2 coper the ( ing lemma is required.
Lemma 3.2. Let S ‘ ield " is not a field, Then the matrix

semigroup M,(S) is
semifield,

is an additively idempotent

Proof :.Ass ' ey matrix semigroup.

To prove that x i€ds to show that 1+1 = 1.

It follows from t_m regularity C e matri)ﬂemig;mup Hzf.s} and
Theorem 1.2 that S Gsoa re aﬁ j:ﬁ.%mular, (5,+) is a
regular se%uﬂ ’JMI‘I w j 21 s not a field,

(s,+) ia not a p. Mﬂﬁﬁ up which
is nca‘ o jl »+). Hence

the semigroup (S,+) contains more than one idempotent (see Chapter I,
page'4 ). Thus there exists an element a € S such that a # 0 and

ata = a. Since (5~{0},:) is a group, the inverse, a"i, of a in the

group (5M0},+) exists. Then 1 = aa ! = (ata)a ™t = aa ‘+aa™? = 141,

Conversely, assume that x+x = x for all x € S. To prove that
a b
the matrix semigroup M,(8) is regular, let be an element of
= d
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M,(8).
Case 1 : ad+bc = 0, By Proposition 3,1(2), ad = be = 0, Let X, ¥ 42 oW
be the elements of S defined by
al ifazo, bt ifb#o,
X = L F:q
0 ifa=0, L0 ifb=0,
o2 (a! ifazo,
= A %
0 ‘ ' ifd =0,
X =z — - 4
Then EM ' .
¢ / '
(1 ' | ) 1 ifb # o0,
ax = ‘ = B\ NN
_ i e\ if b =0,
y s swcnel UK)
if d # 0,
cZ = f
L ifd = o,
a 4
Claim that We first consider
c

w'hqﬂ b(ax+by)+d(az+bw)
+c(cz+dw} b(ex+dy)+d(cz+dw)

AU 3 %Wﬁ nai-d ﬂ%ﬂrmm]

(ax+cz+dw) dy ﬂ(hfﬁqi’ﬂﬂj+bcx

Sm@%ﬁﬁﬁﬂﬂwﬂﬁmq'«] ngIag
a "b|[x =z]la b . a(ax+bytcz)  b(ax+by+dw)
L d]L J L :’J ; L(ax-l-uz«rdw} d{b‘ymz«l-dw}} p
Since 1+1 = 1, it follows easily:from (*) that axtbytcz =1 if a # 0,

axtby+dw = 1 if b # 0, ax+cz+dw = 1 if ¢ # 0 and by+cz+dw = 1 if d # O,

Then a(axtbytcz) = a, b(axtby+dw) = b, c(ax+cz+dw) = ¢ and

a bi|lx z||la b} a b
d(by+cz+dw) = d. Hence = .
c 4 Mije d o=l
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Case 2 : adtbc # 0. Since (S\{0l},.) is a group, there exists a k €S

dk bk
such that (adtbc)k = 1. Then [ } 3 H2{S]. Claim that

ck ak
a b a bjlldk bklla b
= . BSince adk+bck = 1 and x+x = x for
c d e dl|lek ak d

every x € S, we have that

[a h} [ﬂk ' abk+abkl[a b
e aflek w8 g - adk+bek]|c 4

b(1+adk)
d(1+bck) '

Because adk+bck = ‘et : proposition 3.1(1) that

1+bck = 1+adk =

we have the claiw

Hence the ?onvez‘ﬁe is pmved

ﬂuﬂ"J‘ﬂEl‘Vl‘ﬁWEﬂﬂ‘ﬁ

Theorem 3.3 3. Let Sbea aag.tfiald and na posltlveqylteger Then
= PRIRHGOIHHATHEAR B oo
:E¢11 ing conditions holds :

(1) =1,

(ii) s is a field.

(iii) w = 2 and § is an additively idempotent semifield.

Proof : If n = 1, then the matrix semigroup Hi{S]' can be

considered as the multiplicative structure of S which is a pegular
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semigroup, so Hi{S] is a regular matrix semigroup,

If S is a field, then by Theorem 1.1, the matrix semigroup
Hn(SJ is regular.

If n = 2 and S is an additively idempotent semifield, we have
by Lemma 3.2 that the matrix semigroup M,(8) is regular.

For the converse, assu M (8) is a regular matrix

i) and (iii) holds, suppose

’ ﬁls a semifield, S is not

.{8).is regular and S is not a

semigroup. To prove
that n > 2 and § i
a ring. Then the
ring. By Theorem Now we have that S is
a semifield which is a regular matrix
semigroup. Hence d tively idempotent

semifield, Theref
'r\l]ﬂ “

ai:ﬂiﬁ" '_'

nonnegative real) nimbers t 1 multiplication which are not

fields. Howeves

such that (Qt'{ﬂ] @,

e N T’L LIAILE
’W‘“fﬁ ﬂ“ﬁ“ﬁ‘m ﬂ‘ﬂ"’r’a NYA Y

m g P . mafpn
5 %" The

operation @ on g{ﬂ} is a field where -+ is

for all m,n,p,q € NU{0}, n # 0, q # 0. To show that @ is well-defined,

L] L]
et B=B ang E = B where m,n' ,p,p' € NU{0} and n,n',q,q" € N. Then
n q

1 ' ' T ' 1 1 L] 1 L
mn mnand pg =pgq, somn q@ = m ngq and nn pg = nn p q. Thus

T { I L |
nq(mq*pn}=nqmq*nqpn-mnqq*unpq ng{m q *p n ) and hence
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LI | (I |
moP_my*pn _mgFpn _
n q nq = T ¢
It is straightforward to vertify that the operation & is associative
on Q'U{0}, the usual multiplication is distributive over the operation @
on Q'U{0} and 06x = x80 = x for all x € Q'u{0}. Because the operation *

; / ) +
is commutative on NU{0}, the lppération @ is commutative on Q U{0}.

It remains to show that fo 'u{0}, %8y = 0 for some

¥ iE QU{0}. Let —veguin) wie Qand n € N, Since
(NU{0},*) is a J | fom somesp € NU{0}. Then

The next corolla vgi Simple necessary and sufficient
*: eld S of nonnegative
real numbers ufidér ‘* h that M {S} is a

regular matrix amrigroup. ollowing lﬂa related to any semifield

of nmegam meﬁﬁmmm is vequired.
ﬂatmmmﬁi@mm z:rmf::::”

semifield S. Then S is a field if and only if 1681 =

Proof : Assume that S is a field. Then 1éx = 0 for some

X € 8, s0 xﬂxz = 0, Hence 1 = 32. But since x 2 0, x = 1, Therefore

1@l = 0,

Conversely, if 161 = O, then x6x = 0 for all X € S, so S is
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a ring, and hence S is a field (since S is a semifield).

Corollary 3.5. Let S be a semifield of nonnegative real numbers

under the usual multiplication and n a positive integer. Assume
that @ is the addition of the semifield S, Then the matrix semigroup

M (S) is regular if and only i of the following conditions holds :

i) n = 1.

(i1) 1m &

Proof : 3.3 and Lemma 3.4, "

It then hat if § is the semifield

(BIJ{Q},max.,' .,*) where - is the usual
multiplication, then'th& marvis semif s Hiis} and HE(S} are regular

and for n 2 3, the maﬁdik%ﬁi; ’f}iﬁ‘ is not regular.

0r| a semiring (Q'U{0},max,6)
(the operation iﬁ mu#i}plicatinn]. Then the

matrix semigroup My(S) is regularyif and only if (S,8) is a regular

semigrous ﬁnw INYRINY HNS e e ()

is not re ar since 5 is ngt a ring. olt follows fgom Theorem 3.3

Y PRKEEGI G raK TR T

It is natural to ask whether this converse is true if S is commutative
and has an identity. To answer this question, we give a general

ﬁrupnaitian as follows :

Proposition 3.6. Let S be a commutative semiring with 0,1 and 0 # 1.

Assume that for x,y € S, either x+y = x or x+y = y. Then for a
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positive integer n, the matrix semigroup Hn{S} is regular if and
only if

(i) n =1 and (8,*) is a regular semigroup where - is the
multiplication of the semiring S or

(ii) n = 2 and S is a semifield.

Proof : If (i) holds 1M (S) is a regular matrix semigroup

‘considered as the semigroup
-d

£ (1 M €8) is a regular matrix
semigroup
For th =, e matrix semigroup HH{EJ is

regular and sup C ) - de 1ot hold. Suppose that n = 1,
Since (i) does egular semigroup. But by
assumption, HI(S} a Iregular I semigroup. This implies that
(8,+) is a regular se a‘confradiction, Hence n > 1. Since
S is not a rf *mm' % semigroup, we have by
Theorem 1.3 thﬁ n

Next, to show that {5\{ },+) is a group. Let a € 5\{0}.

oo [ AHUMENG NSNS o e
tnaammn ﬁsﬂd@}%ﬂﬂ NENa Y

i Al
Y ol i

- 2 2
xtaztayta w  ax+a z]

ax+azy a’x

1]
(ST,
n

1]
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which implies that

1= x-ra.z+a.:.r+a2w ....... (1)

g (11)
a= ax+a2y ....... (111)
0= azx ....... (1v)

Since the matrix semigroup M.(8) is regular, by Theorem 1.2, S is

a regular semiring, so \. d /5 me r € S. Since azx =0

(from (IV)), we ha¥e™

This proved thaf for eve;
1 4 e
a € s\{0}. Itdren l - to” show 5\{0}" is closed under the

= (ara)x = ax. From (I),

x_+{az+a;r+azw} = \ e semiring S, x = 1 or

2
aztay+a w = 1.

\

= 0, a contradiction.
1

Hence az+ay+a w

multiplication of'S. Le {0} hen aa' = 1 for some’

" f‘{ -—".-;; '
aEE\{D]whic:hinpli s tab) = (aa)b =b # 0. Thus ab # 0.
Hence S\ .Y i5 a e 2 fig _’- S is a semifield. 4
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