CHAPTER II
REGULAR MATRIX SEMIGROUPS OVER A BOOLEAN SEMIRING
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semir?.ngs with 0,1. Under the assumption that Boolean rings with

: Bmﬂ a Boolean algebra and

identity are nontrivial, the semirings in (2) and (3) are Boolean
semirings which are not idemputt- semirings. An other example of
Boolean semirings which is not an idempotent semiring is the semiring
({0}U[3>1] ,8,min.) where x6y = 3 for all x,y € [3.1] and x60 = 08x = x
for all x € {ﬁ}U[%-,i] . More generally, if S is a set of positive

real numbers with minimum element m and maximum element M and



m # M, then (SU{0},6,min.) where x®y = m for all x,y € S and

%80 = 08x = x for all x € SVU{0}, is a Boolean semiring which is not

an idempotent semiring.

In the next two propositions, we give some general properties

‘ Water.
i ET the set of all additive

elements of S if t 5 has Zex Then the following

of semirings which will be

Proposition 2.1.

idempotents of all additively invertible

x(yty) =

2
&

n

2) IﬂtxasandyEI Then y+z = z+y = 0 for

o= - <1411 S RUNANHARG sie o

x(y+z) = =0, xztxy = x(‘;ﬂ,r} X0 = ﬁ VR+ZX = {8-7.)3 = = 0 and
=R YR ERITOH HAT IS T e o
* anda 1'sc1t.

(3) Clearly, 0 eENI'. Let x e ENI'. Then xtx =
and x+y = y+x = 0 for some y € S.  Hence x = x40 = x+H(x+y) = (x4x)+y =
x+y = 0. Therefore ENI’ = {0}..

(4) since E*1'C E's and EYsSET (by (1)), it follows

that E'I'%€ EY.  A1so, EY1'C 1t since E'1'e s1t and stic 1t by (2)).
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+_+
Then E'IC Eh1t, By (3), Eh1* = {0}, so E*1* = {0} since

0€ E+I+. It can be shown similarly that 't - {o}. "

Proposition 2.2. Let {Su} ac) De @ nonempty family of additively

commutative semirings and S = I S, the direct product of the
o

semirings §,,0eN. Then for sitive integer n, the matrix

semigroup M (S) is re il if the matrix semigroup Hn(SnJ

/ \ g § is additively

commutative sinc / utative. Let n be a
positive integer. ' As \I "' ] -. semigroup M {S] is regular.

Let o € A, For es beafixadalermentins

B’
To show that the ma ' s regular, let A € M (S).
Let the matrix B € ) e efi @s Wollows : For i,j € {1,2,...,:1},
B e A, let
oy
th’B PLIAACOMDONENT O B, , = 4 CRC R (*}

Since M (8) is nuular, there exists a mattm( i HB{S} such that

'”“‘nﬁﬁiﬁmﬁ'mqm g
JW?MHTMW‘T‘?WWW it

ij = the oth component of Bij
= the ath component of {Bﬂﬂ}ij.
n n
Since {BC:BJij = kzinlk(t‘:ﬁ) » bX Bik{ L cktntj)' it follows from

(*) and (**) that
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the oth component of (BCE}ij = i:'.ﬁik( E‘:ﬂkt’a"tj]
k=1 t=1
n
= (IIA}
oy 2 Al
= {Aﬂﬁiij.
Hence A;s = (‘&D‘.‘Jij'
For the converse, assufé that the matrix semigroup M (S.) is

for all i,j € {1,247, #ndf[sifce each M (8,) is a regular semigroup,
for each a € A, A “sc M (S,). Define the matrix
B e M (S) by

the ﬂth OmPo

aim that A = ABA. To prove the

claim, let i,j € {1,2,.. 50 Then

the ot »7 C

sa

J s e 1@{? E (B (Ag)es)

ﬂumww%’m < S
“‘"‘W‘iaﬁﬁ“ﬁ’m URIINYIAY

In order to characterize regular matrix semigroups over any

for all o € A, i,i i1

Boolean semiring, we need some general facts about Boolean semirings
which- are given in the next two propositions.

Proposition 2,3. If S is a Boolean semiring, then the following

statements hold :
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(1) For every x € S, 2x is an additive idempotent of S.

(2) For x,y € 5, if x+y = 0, then 2x = 2y = 0,

2
Proof : (1) If x is an element of S, then 2x = x+x = (x+x) =

2
x2+ X + 32+ x2 = X+X+x+X = 4X which implies that 2x is an additive

idempotent of S.

be such that x+y = 0. Then 2x+2y = 0
and by (1), 2x = Hem:e 2x = 2x+0 = 2x+2x+2y =
2x+2y = 0, and 2y
Proposition 2.4 g and let E¥ and 17 be
the set of all avd' 7y detn : rent S'and the set of all additively
invertible ele - tdvely \Then the following statements
hold N\

(1) E* } Aipder the addition and multiplication
of S, E is a comm atfﬁ? tent’ semiring having 0 and 1+1 as its

(2)

1’ addition and
multiplication Q 8, 1

Boolean ring @ving 0 as its zero.

FEINIYN Tirprans: o o

{2x|x € S}HET, 1fy € E then y = 23: e {2x|x € E} Hence
“ QRARINTAIUNIINYIAL

Next, we shall show that under the addition and multiplicatim
of 8, E' is a commutative idempotent semiring which has 0 and 1+1 as
its zero and identity, respectively. Clearly 0 € E'. By the
definition of E', x#x = x for all x € E'. And x> = x for all x € E'
since S is a Boolean semiring. Since BN = {2x|x € s}, 111 € B,

Also, for x € E"', (141)x = x+x = x. It remains to show that
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xty, xy € E' for all x,y e EY. Ifxy e EY, then (x+y)+(xty) =
(x+x)+(y+y) = x+y and xy+xy = x(y+y) = xy, so x+y, xy € ET,

(2) It follows from the definition of I' that
{x € S|2x = 0}c1'. Ifye I*, then y+z = 0 for some z € S, so
2y = 0 by Proposition 2.3(2), and therefore y € {x € S|2x = 0}.

Hence I' = {x e §|2x = 0}.

2

Now, we have 0 xEI+.x+x=nandx=x.

Then to show that i@ multiplication of S, I+ is
a Boolean ring hawi aro, Ttesiffices to show that I' is

closed under t

Then 2(x+y) = = 040 = 0 and
2(xy) = xytxy = : T A =\ 0% erefore X+y, Xy € I+. 4
The followifig Feguired to obtain the two main theorems

of this chapter.

Lemma 2.5. L&t/5 be & Boolean se Gfi |is not a ring. Then the

following state%:ts are m

(1) The watrix semigrou ) is regular.

A Wi ol SR Toree oy €5 s

that x+y = 1 and

AR A SANBAINLNE e .

Proof : (1) implies (2), Assume that the matrix semigroup My(8) is

1 2x
E HQIS}.
0

regular. To prove that (2) holds, let x € S. Then [
1
Since the matrix semigroup 112(5} is regular, there exist a,b,c,d € 8

such that
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Thus
1 2x] [at2ex+b+2dx  2ax+2ex
L 0 | g g atb 2ax ]
since xz = x and 4x = 2x (Ppapesition 2.3(1)). It then follows that
;‘;"l’ siivaars KD
S— ..... (11)
...... (III)
_ | TR s
Replacing a+b by 1 4Fuénf(F11))L8n (1)} we have 1 = 142cx+2dx. Since
2ax = 0 (from (IV))4 if folldws \fom (1I)\that 2x = 2cx. Then

1 = 142x+2dx. Sificefliyf= 22 1+ D424 2dx+2x% = 1+(2x+2x)+2dx =

1+2x+2dx = 1.

0 x

~ AUHINLNINGINS
FUARTINYAY

(sincé x° = x) which implies that

' X = extgx A W
1 = extg+fx+hx waisy o HGLT 3
0 = gx AP (III'}
x = gxthx . {I‘EF'}

Since gx = 0 (from (III')), x = ex by (I') and x = hx by (IV').

Replacing ex and hx by x in (II'), we get 1 = x+gfx+x. Multiply
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this equality by x, so we have x = xtgx+fx+x since x2 = %X. Then
X = x+fx+x because gx = 0. From 1 = x+g+fx+x and x = x+fxtx, we
cbtain 1 = x+g.

(2) implies (3). Assume that (2) holds. Claim that under
the addition and multiplication of S, E (the set of all additive

idempotents of S) is a Bool

!ehra having 0 and 1+1 as its zero

ion 2.4(1), under the additien

isga c@e idempotent semiring

which has 0 and 1 , 3 Ly, respectively. To prove

and identity, res;mct 1‘&

and multiplication

(x+y)(x+z) and fiop da h 2 BN e xists an x € E' such
i . / .
that x+x = 1+1 ‘and e,
W

To prove
y+z € ET, 2(y+z) = yt

@ummﬁﬁ%‘ﬂmjﬁ”w
N .

= 0. Hence we have the claim.
" Let I" be the set of all additively invertible elements of

S. Then, by Proposition 2.4(2), u;lder the addition and multiplication
of S, I+ is a B.nolean ring having 0 as its zero. By the assumption (2),
there exists a k € S such that 1+41+k = 1 and (1+1)k = 0. Then k+k = 0

which implies that k € I'. Then by Proposition 2.1(2), xk ¢ I*

012975
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for all x € S. By Proposition 2.3(1), 2x € ET for all xe S Since
1 = 1+14k, it follows that for every x € S, x = 2xtxk, 2x € E' and
xk € I, cresenns (%)

To obtain (3), we shall show that 5 = £+x1+ where the
addition and multiplication of gt and 17 are those of S. Define
¢:5»e%1t by

=)

for all x £ S (see

Since 4xy = 2xy h:,r Jpositish 2,3 and X~ = k, we have that

mﬁmm i ﬂﬁam MNAS. cze, U

::} Then {2::5-.&5 !ﬂﬁﬂ quml = yk,

Toshnuthat#iaanontomap,lethE andyEI . Then
(xty) = (2(x4y),(x+y)k)
= (2x+2y,xk+-_-.ri:}.
since x € E', 2% = x. By Proposition 2.4(2), 2y = O because y € I'.
since E'I" = {0} (by Proposition 2.1(4)),x € EV and k ¢ 17, we have
that xk = 0. By (*), y = 2y+yk, hence y = yk since 2y = 0, Therefore
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d(xty) = (x,y).

(3) implies (1). Assume that S = BXR for some Boolean
algebra B and Boolean ring R. Since B is a Boolean algebra, by
Theorem 1.4, the matrix semigroup M,(B) is regular. The matrix
semigroup H2(RJ is regular since R is a regular ring (Theorem 1.1).

It follows from Proposition the matrix semigroup Hz{BxR} is

migroup Hz(ﬂ) is regular, 4

is a regular ring an Boolean 18 R, for every x € R, 2x = 0,

and n a positive integer.

Then the matrix semig::-n! :
following conditiofis holc

gular if and only if one of the

(1) mE
(ii) s E a Boolean ring.

(iﬁ) Hﬁ jﬁﬁﬁ wﬂm\rﬂ tjand there exists

ay € S such

QU IANNIVLIA o

considered as the multiplicative structure of the Boolean semiring S,
so Hu{EJ is a regular samigroup._
' If S is a Boolean ring, then S is a regular ring, so by
Theorem 1.1, lllr'l{S} is a regular semigroup.

Assume that (iii) holds. If S is a ring, then S is Boolean

ring, so HQES] is a regular matrix semigroup. If S is not a ring,
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it follows from Lemma 2.5 that the matrix semigroup M,(S) is regular.
For the converse, assume that the matrix semigroup un(s} is

regular. To prove that cne of the conditions (i), (ii) and (iii)

holds, suppose that n > 2 and § is not a Boolean ring. Since HD{SJ

is a regular matrix semigroup, it follows from Theorem 1.3 that if

! ﬁ}ﬂ not a ring, so n = 2. Hence by

d n a positive integer,

n 2 3, then S is a ring.

Lemma 2.5, (iii) hol

Then the matrix sepif rg (s} i 5 regul f and only if one of the

(i)
(ii) s
(iii) n = ¢ om@ Boolean algebra B and

Boolean ring R.

Proof L¢4I tesh nirfg, then the matrix

\J

Theorem 2.6).

semigroup %(S 5
Assume that n 2 and S = BxR for some Boolean algebra B

and Bmleaﬂzﬂﬂ ’3%&] %Wrﬁﬂﬂ %mnt BXR is not

a ring. Th®h S is not a r'i%g By Lem 2.5, we hm@that M, (8) is
For the converse, assume that the matrix senigxm;p M,(S) is

regular n 2 2 and S is not a Boolean ring. By Theorem 1.3, n = 2,

Then M {S) is regular and S is not a ring. Thus by Lemma 2.5,

S & BXR for some Boolean algebra B and Boolean ring R. Hence (iii)

holds - #
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