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Cumulative Relative Gain Score vs.
Chronological Equivalence Score

Teara Archwamety
Kamonwan Tangdhanakanond

ABSTRACT

This paper focused on a common type of learning/development curve represented by
the mathematical equation: y=1-e . This learning/development curve shows continuously
decreasing gain as a function of time. In the past, (a) a Relative Gain Score (RGS)-defined
as“(Y,- Y )(F-Y,) x 100" where Y , is post-evaluation score, Y, is pre-evaluation score, and
F is full score of the evaluation, and (b) a Cumulative Relative Gain Score (CRGS), were
formulated to compensate for difficult gain near the end of the learning curve. In the present
paper, it was shown that when the coefficient “a” of the learning curve equation is known the
CRGS could be easily converted into pre-post Chronological Equivalence Scores (CES). A
common CES used in education is the Grade Equivalent Score (GES). The present paper also
formulates a mathematical method to determine the point in time where a grade equivalent
guin score starts to show higher magnitude than its traditional gain score counterpart. Finally,
the CES formulation was applied to a set of R-CBM data collected from a small rural elementary

school.
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Introduction

Tracing students’ physical, cognitive (intellectual or academic), and social
development is probably one of the most important tasks of educators. Archwamety,
Tangdhanakanond, and Pitiyanuwat (2005) proposed three fundamental forms of these
learning/development curves. One of these three forms was the focus of a subsequent
paper by Archwamety and Tangdhanakanond (2007). This learning/development curve

(see Figure 1) has the form:

Y=1-e* (1)
where Y is a measure of learning or development
X is a measure of time

a indicates the speed the curve approaches maximum

This form of learning/development curve is applicable to many situations. Examples
appear in Brown and Saks (1985, p. 124), in Hulse, Deese and Egeth (1975, pp. 24-26),
in Haber and Fried (1975, pp. 172 & 185), and in LeFrancois (1995, p. 39). Its application
in the area of Curriculum-Base Measurement in Reading (R-CBM) is shown in Figure 2.
The non-smooth curve shows the “national norm” growth of reading measured in number
of words read correctly per minute from first grade to eight grade (AIMSweb, 2006). The
smooth curve superimposed on it is the result of using Equation (1) as the theoretical

model of growth.
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Figure 1 Learning curves modeled by ¥ =1—e™* In the upper curve (fast), a = 0.17

and in the lower curve (slow), a = 0.01.
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Figure 2 AIMS web data in raw WRC score as well as unit length (left vertical axis)
together with corresponding GES and its unit length (right vertical axis) as a
function of grade. Least Square method was used in fitting the learning curve

“Y=1-e%” (a = 0.46) on the WRC data.
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One drawback of this form of learning/development curve is that it shows very
little improvement as students move towards the end of learning or development.
Kanjanawasee (1989) proposed the concept of “Relative Gain Score” (RGS) to correct
this shortcoming (also see Ruengtrakul, 2002). The RGS is defined as:

Relative Gain Score = rL-"n x 100 (2)

1

where Y2 = Score of post-evaluation
Y] = Score of pre-evaluation
F = full score of the evaluation

Note that F-Y, becomes smaller and smaller as the gain score is taken towards
the end of the learning curve-thus giving more and more weight to Y,-Y,. This is an
improvement over the traditional gain score considering the nature of the learning curve.
The RGS places progressively higher weights for the gains made towards the end of
learning or development. However, Archwamety and Tangdhanakanond (2007) pointed
out that the RGS index is not additive, and thus proposed the concept of “Cumulative
Relative Gain Score” (CRGS) which has the desirable property of additivity. The CRGS
that corresponds to the form of leaning/development curve shown in Equation (1) is

defined as:

b1
AYI(1-y1) +Ay2/(1-y2) + ... + Ay (1-y,) = I de

=-ln(1-v) |’

=In(1-Y,)~In(1-Y,) (3)

where n goes from 1 to infinity, 4 is the beginning of Y (pre-evaluation), b is the end of

6« _9

Y (post-evaluation), and the full score of evaluation is unity. Note that this “a” is not the

k&

same as “2” in Equation (7).
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The purposes of the present paper are :

1. To show the relationship between CRGS and Chronological Equivalence Score
(CES) such as the well-known “Grade Equivalent Score” (GES).

2. To propose a mathematical technique of calculating at what point in learning/
development would Grade Equivalent Score show higher gain than Raw Score.

3. To present the application of the above concepts to R-CBM data collected

from an elementary school in the U.S.

CRGS, CES, and GES: Theory and Data

Relationship between Cumulative Relative Gain Score (CRGS) and Chronological
Equivalence Score (CES)

Starting with the basic learning/development curve equation, Y =1- e ler's

express X (chronological score) in terms of Y (unit-based score) instead, as follows:

Y=1-¢
e = (1-7)
—aX =In(-Y) :
In(I-Y
x =220 ()
—d

Next, let Y, be pre-evaluation score and Y, be post. Then the gain score in X can

be expressed as

_In(l-%,) In(-%)

X, - X, — —

I
X, - X, =;[ln(1—Y,)—ln(l—Y2)] (5)

Thus, comparing Equation (5) with Equation (3), it is clear that the gain in Chronological
Equivalent Score (CES) “X,-X,” is equal to CRGS divided by the coefficient “a” of the

basic learning/development curve equation.
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When does Grade Equivalent Score show higher gain than Raw Score?

As seen in Figure 1, as well as the primary (left-hand side) vertical axis in Figure
2, which is a graph of Equation (1), a raw score shows a “decreasing” rate of growth from
one point in time to the ne);t. By contrast, a chronological equivalence score shown as the
secondary (right-hand side) vertical axis in Figure 2, which is the same as the time line

(horizontal axis), shows a “constant” rate of growth from one point in time to the next.

In Equation (1), Y represents any measure of learning or development rescaled to
a maximum of 1.0 X could be taken to be any measure of chronological units such as
clock time, day, week, month, year, age, grade, and so on. According to the form of
Equation (1), raw score has a maximum of 1 while chronological equivalence score
(CES) has a theoretical maximum of infinity. However, in practice, the “practical maximum
of chronological equivalence score” (maxC) should be at about the point where the
learning/development curve has reached the plateau approaching the maximum. This
“practical” maximum (“maxC”) could be used to rescale any CES to have a maximum of
1.0 by dividing it into the CES (x/maxC). Let “z” stand for this unitized CES (“z =
x/maxC”). This would allow us to compare raw score ( Y)’s rate of growth and CES (Z)’s
rate of growth with fairness since both have a maximum of 1.0. For example, if the
learning curve of a particular measure reaches the plateau at the eighth grade and a
student has a Grade Equivalent Score of fourth grade, the student’s “unitized” (or “standard”)
Grade Equivalent Score (Z) would be 0.5 (or 50%). Figure 2 also shows the graph of raw
score Y and chronological score Z as a function of time with both maxima set to one unit
length each. With both types of score scaled to have a maximum of one unit, let us ask an

interesting question. At what point on the time line will the rate of gain in chronological

equivalence score be larger than the rate of gain in raw score?
To answer this question, we need to find the value of X in Equation (1) when

Ay / Az =1 (6)
where Ay s the rate of gain for Y

Az is rate of gain for unitized CES
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or, at the infinitesimal level:

ay _ (7)
dz

Because z = x/maxC, we have from Equation (1)

. ~a.max C. X /maxC __ ~a.maxC.Z
Y=1-e I-e

We next differentiate Y with respect to Z:

Y v
— . maX C‘ e—a.max(,.Z
dz
o amaxCe/7) [from Equation (7)]
' 1
Therefore —amaxC.Z _

amaxC

—a.maxC.Z =Inl-In[a.max C]

_Inl-In[a.maxC]

V4
—a.maxC
7= In[a.max C] (8)
a.maxC

Thus, beyond the point where, Z = In[a.max C] , the rate of gain in chrono-
a.maxC

logical equivalence score will be larger than the rate of gain in raw score. For example,
if a = 0.46 and maxC = 8, then z = 0.35 and x = 2.83 grade equivalent. That is, rate of
growth in terms of GES will be larger than rate of growth in raw score only from about

the third grade on.
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Application to R-CBM Data

R-CBM Data From the U.S. National Norm. One popular measure of
reading progress in children in the literature of Curriculum-Based Measurement for
Reading (R-CBM) is the WRC (number of Words Read Correctly). Shown in Figure 2
is the graph of the normative data on WRCs of first to eighth graders obtained from
AIMSweb (2006). The smooth curve superimposed on it is the result of a Least Square
curve fitting (a = 0.46) using the learning/development curve represented by Equation
(1) Y=1-e . The original scale on the Y axis in number of words read correctly
(WRC) with its maximum set at 155, as well as its being rescaled to unity, is shown on
the primary (left-hand side) vertical axis. Similarly, the original scale of Grade Equivalent
Score, as well as its being rescaled to unity, is shown on the secondary (right-hand side)
vertical axis as a dependent variable. For normative data, the GES is simply the grade
In(1-Y)

—a

level from the X axis. Equation (4) : X = in the previous section suggests

an approach to convert a unit-length-max raw score into its corresponding Grade Equivalent
Score. For example, a student whose raw WRC score is 140 would be assigned a GES of

In (1-140/155) divided by -0.46 = 5.08.

Unfortunately, the conversion shown above does not work with a student whose
score is equal to or exceeds the set maximum of 155 because it will create a natural log
of zero or negative which is undefined. The maximum of 155 might work fine for an
average or below average student but not for those above. To make provision for
virtually all students who are above average, one could use as a maximum the score at
about two standard deviations above the average WRC at the 8th grade point on the norm
graph. AIMSweb (2006) provided the average and standard deviation at this point as 152
and 45 respectively. Thus, setting the maximum WRC at 152+45+45=242 or approximately
240 would accommodate virtually all students for the purpose of converting raw WRC
score to GES using the method described in the previous paragraph. With this new
maximum WRC, the new least-square curve fitting using Equation (1): Y = |
yielded “a = 0.17” and resulted in a learning/development curve shown in Figure 3. Note

that the X axis has been extended to about the 16th grade-an equivalence of senior year

10
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in college. This extension to the 16th grade can only be theoretical at the present time
because no data have been collected for R-CBM beyond the 8th grade. This extended
graph with an “a” coefficient of 0.177 and a WRC maximum of 240 can now be used to
calculate a Grade Equivalent Score for virtually any WRC score. For example, a student
whose raw WRC score is 140 would be assigned a GES of In(1-140/240) divided by
-0.17 = 5.15. A student whose raw WRC score is 200 would be assigned a GES of

In(1-200/240) divided by -0.17 = 10.54.
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Figure 3 The smooth curve is the theoretical growth curve of a typical learner modeled
by Y =1-e¢* projected beyond the eighth grade; The “a” coefficient = 0.17

by the Least Square curve fitting method; Estimated maximum WRC = 240 is

rescaled to 1.0.

11



& Cumulative Relative Gain Score vs. Chronological Equivalence Score

R-CBM Data from a Rural Elementary School in the U.S. Anderson and
Christensen (2006) collected longitudinal WRC data from 69 sixth-grade regular students
in a U.S. Midwestern state rural school district. Most of these students were tested for
WRC when they were in the fifth and third grade. For each of the third and fifth-grade
years, they were tested (or “probed”) three times—Fall, Winter, and Spring. For the sixth-
grade year, however, only Spring data were available. Thus, there were seven data points
(seven WRC averages) that could be plotted to show the development trend. Because
some of the students missed one or more of the tests, the seven averages did not have
equal sample sizes. The students’ raw WRC data were used in the present study to
demonstrate the conversion from raw WRC score to GES score using the methods described
in the previous sections. Figure 4 shows the trend of the seven raw WRC averages as well
as the trend of their corresponding GES averages. Note how closely the seven raw WRC
averages fit the idealized curvilinear curve derived from AIMSweb national data. Also

note how closely the seven GES averages fit the idealized linear trend.

Does the rate of growth in terms of GES larger than the rate of growth in raw
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Figure 4 How the elementary school data in WRC fit the theoretical learning curve
“Y =1-e " with a = 0.46, and how the same data in GES fit the theoretical
linear line.
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score from the third grade on? In the paragraph following Equation (8), it was suggested
that, if the “a” coefficient in the idealized curve represented by Equation (1) is equal to
0.46 and maxC = 8, then z = 0.35 and x = 2.83 grade equivalent. That is, the rate of
growth in terms of GES will be larger than the rate of growth in raw score only from the
third grade on. The AIMSweb national data precisely fit this description (see Figure 2)
and our data from the rural elementary school fit the national data (see Figure 4). Therefore,
we could hypothesize that “the rate of WRC growth for children in this school in terms of

GES will be larger than the rate of growth in raw score from the third grade on.”

To test the above hypothesis, one could perform a t-test for related measures
between Fall and Winter WRCs as well as between Winter and Spring WRCs, for both
third grade and fifth grade, in terms of raw scores as well as grade equivalent scores. One
should expect to see progressively higher level of significance. The results of these

t-tests for related measures were as shown in Table 1.

Table 1
Means of Words Read Correctly (WRC) and of Grade Equivalent Scores (GES) by
Fall(F), Winter(W), and Spring(S) Periods Within Grade, and t—statisg’cs Testing Significant

Difference Between Two Successive Test Points within Grade

WRC GES

Grade N t P t p

M (SD) M (SD)

3F 69 91.10 (41.82) 3.09 (1.93)
IW 67 103.10 (38.93) 3.56 0.00 3.56 (1.78) 2,73 0.00
3S 54 108.17 (38.97) 2.42 0.01 3.84 (2.04) 2.32  0.01

sF 65 130.86 (42.63) 5.17 (2.65)
5W 65 135.78 (41.24) 2.41 0.01 5.46 (2.69) 2.19  0.02
58 65 138.14 (40.14) 1.01 0.16 5.56 (2.60) 0.66 0.26

6F 65 144.54 (40.80) 6.07 (2.95)

13
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Contrary to the expectation, the several t-tests for related measures performed
showed progressively “lower” level of significance for Grade Equivalent Scores as we
moved from Fall vs. Winter, and Winter vs. Spring in the third grade, to Fall vs. Winter,
and Winter vs. Spring in the fifth grade. This unexpected finding seemed to be the result
of increasingly larger standard deviation as a function of time when Grade Equivalent
Scores were used (see the standard deviations for GES vs. those for WRC in Table 1).
The larger standard deviation seemed to offset the advantage of larger difference between

means in a t-test.

The above explanation makes sense when we consider the theoretical situation of
using raw scores vs. grade equivalent scores. Figure 7 shows the theoretical curves when
raw scores are used. Figure 5 shows the theoretical linear lines when grade equivalent
scores are used. In each case, the top line represents the fastest learner while the bottom
line represents the slowest learner. One could imagine other lines in between representing
the other learners. It is clear from the graphs that for raw scores the standard deviation
grows larger at first and then becomes smaller later while for grade equivalent scores the

standard deviation grows ever-increasingly larger.

25

N
o

—_
(8]

-
o

Chronological Score

0 5 10 15 20 25
Time
Figure 5 Chronological Equivalence Scores of a fast learner vs. slow learner as a function

of Time.
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Discussion

The finding in the previous section that a t-test for related measures, when Grade
Equivalent Scores are used compared with raw scores, is less sensitive in detecting a
significant difference, speaks against using grade equivalent scores when one is in need to
show a significant difference. In such a situation raw scores or some other derived scores
would be more appropriate. Many researchers also have found various cases against the
use of Grade Equivalent Scores. For example, Reynolds and Willson (1984) criticized
GES for having little to offer teachers or diagnostic personnel. Berk (1981) discussed the
danger of using GES to identify students with learning disabilities. Weiner and Zibrin
(1979) compared five reading achievement standardized tests and found dissimilarities in
Grade Equivalent Scores generated which posed a threat to criterion-related validity.

Finally, Taylor (1978) preferred standard scores to grade equivélents in measuring change.

On the positive side, Carver (1989) converted silent reading rates into grade
equivalent units and found GES provide reasonable validity in evaluating the status and
progress of individual students or groups. The authors of the present paper also think that
the use of Grade Equivalent Scores may be appropriate in case studies where the concept
of standard deviation of a group is irrelevant. In a case study, being able to say that John
Doe Jr. has gained one grade level may sound better than he has gained only one point.
Another possible appropriate use of grade equivalent scores is the area of “Hierarchical

Linear Model” or HLM-an increasingly popular new approach to data analysis.

Application of Grade Equivalent Scores in a Hierarchical Linear Model

The concept of the Chronological Equivalence Score or Grade Equivalent Score
discussed in this paper could also be applied to the recently popular statistical technique:
Hierarchical Linear Model (HLM). A typical HLM starts with a person unit such as a
student and then moves on to larger groupings such as class unit then school unit and so
on. For example, in Pong and Pallas (2001) study, level-1 units were individual students
with eighth-grade math achievement as outcome variable. Level-2 units were “classes”
with class size as a variable. In Raudenbush, Rowan, and Cheong (1997) study, level-1

units were classes, level-2 units were teachers, and level-3 units were schools.

15
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HLM actually could start with smaller than a person unit such as a time point
when a measurement of a series of measurements of a person is taken. Jitendra, DuPaul,
Volpe, Tresco, Junod, Lutz et al. (2007) studied 167 elementary school children with
attention deficit hyperactivity disorder (ADHD) who were randomly divided into two
consultation groups. Academic outcomes were assessed four times over a period of 15
months. One of the academic outcomes was R-CBM. Two-level Hierarchical Linear

Modeling (HLM) was used in data analyses as follows (also see Raudenbush & Bryk,

2002).
Level 1:
Y, =B+ Bat+r,
where ¥, - R-CBM measure of an individual student “i” at time “t”
B = intercept representing initial performance level
Bt - slope representing rate of growth
¥i = error term
Level 2:
ﬂ()j =Yoo +7’01Wj tu,,
/Bu =710 +711Wj +uy,
where W, = the group independent variable [j = 0, 1]

Other terms = dependent variables, intercepts, slopes and errors

In another similar study, Evans, Serpell, Schultz, and Pastor (2007) studied 79
middle school youth with ADHD randomly preassigned to treatment and control groups.
Several outcomes including academic were assessed several times during a period of

three years. The same HLM designed mentioned above was used in data analyses.

16
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In both studies above the Level 1 dependent variables “academic outcomes” used
were not Grade Equivalent Scores or Chronological Equivalence Scores and therefore
most likely are not a linear function of “time”-the independent variable. For example
CBM measures as a function of time are well-known to be non-linear. This violates the
important “linearity” assumption of a linear regression analysis approach. Rescaling
those academic outcome variables as Grade Equivalent Scores would have been more
appropriate. The important characteristic of a Grade Equivalent Score is that it increases

at a constant rate of one unit per year in the norm group (Schulz & Nicewander, 1997)
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