CHAPTER IV

GROUP HYPERGRAPHS

4.1 Group Hypergraphs

Let (V,Z) be a hypergraph of rank Y > 2. Then (V,8) is
called a group hypergraph if there exists a binary operation o on V
such that (V,0) is a group and there exists admissible set\A/of

(y-1)-subsets of V such that §§==§54

/

4.,1.1 Remark Let.(ﬁbiﬁﬂ) be a group hypergraph. Then for
each E in E* and each win E//, ‘v-‘jo (E —{v}) belongs to ‘74'.

Proof Let (V,E%;)/bé’a group hypergraph, Let E belong to
Eié+and v belong to E. Henc91;6§f1emma 2+2e¢7, there exists A in f4
such that E - {v} = vo A, Ihéféfore v—qo(E ~{v}) = A, Hence

~

v o (E - }) belongs to‘ = #

ot

1

. * *x ok
Le1.2 Remark TLet H = (V,E) and H = (V , =) be isomorphism
*
hypergraphs. If H is a group hypergraph,then H is also a group

hypergraph.

Broof Lok Hi= (V,5) #ad B = (V' ,T) be isomdrphisn hyper—
graphs. Let H be a group hypergraph. Let o be a group operation on
V and J4'be an admissible set of subsets of V such that & = 524.
Let a be an isomorphism from H* to H. Define a binary operation *
on V* by putting

* * -1 * * * * *
u*v =a (@(u)oa(v )) for every u , v in V
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A straight forward verification shows that (V*,*) forms a group and
G is an isomorphism from (V*,*) onto (V,0).
Let

A = T aaHyedy,

sk

* * o *
Assume that A is any element of f%. Let u be any element in A
* * ¥ *
and v be any element in V , Then A = u(A ) belongs to 74', u=oa(u)
* 2 -
belongs to A and v = a(v ) belongs to V. Since 74 is an admissible

set, hence there exists B¢ dn f& such that ({vivvoA)=-{voul}
7

= (vou)o Bu ¢ Since ¢ is dnto, hence there exists B € V such that
9 i v > !

¢(B) = Bu v Therefore, by”%pfinition of 94 s B belongs to 04‘.
s 1777,

/ A¥
Choose B , _, = B. Heneé B //., belongs to V4‘. For this choice of
u*sv Y yw

B we have &
u*,V*

(v 1o’ s A L

o

= o GEEE T A aT) - e w)

i

B v Ju(v « AL a({v » u 1))
i

WA AGRERIMABNE 28 ~a({v s v )

(1-1(({a(v*)}U(a (v*)o u(A*)))-—{a(v*)oa(u*) }

a'1(({v}u(vo A)) -{voul})

S oovak) v B, )

9

a“1((a(v*)° a(u*))o a(Bu*'v*))
9

n

0‘1(a(v** u*)o Q(Bu*'v*))

(f1(a((v** u*)* Bu

))

. e
A

* *
(v*u)*Bu .

* *
2V



*
Therefore V4 is an admissible set.
=k i 3k
Next we shall show that = = EEAf « Let [ be any non-empty subset
* * *
of V. and v be any element of & .

Then

av TTE - )

(v " Noa(z - &'}

oty "ol (") - (a(v*) )

,(eg(v*n‘“o(am*) ~{e(v)])

[

* *
If E belongs to % , thenfﬁ(ﬁ ) belongs to E%+

Hence, by remark 4,1,1 —a(v ) o(d(E ) Naty )}  belongs to~f$, i.e.

(v e - Ty belongs to Wt oresove v *~V (v V) beLongs 1o
R . Blase t's (v 1o N ’1*6:6 [¥'1)) belongs to &,54
Therefore ngi 234* A Convczee}y, it o belongs to %= ,, them, by
remark 4,1,1, v *(E «~tv*??’b§lﬁngs E5=9%/. Therefore
av (B (v'1)) belongﬁ o vy ties o (v~ Yo (a(") —{a (v") }) belongs
to . Remee a(8") HHGTYIVGHS @Iy Yota(®") ~a (+")1))

: y .

belongs to ;—-_,74. Therefore T belongs to = , Hence & &

* .

(1%

Therefore

P
E =E *

* *
Hence (V ,2) is a group hypergraph., #
L,1,3 Proposition Let (V,E&) be a group hypergraph, Then
there exists a subgroup & of the automorphism group r(v, EA)'such that

la] - [v] ana A acts transitively on V,
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Proof Let (V,SEA) be a group hypergraph, For each element

v of V, we define a mapping uv: V =V by putting
“v(u) = vou for all u in V

Observe that for any elements u, u' in V if av(u) . av(u'), then we
have vou = vou', which implies that u = u', Hence L is one~to-onec,
For any w in V, we see that uv(v_qow) = vo(v~ 1o w) = w. Hence a_ is
onto,.

Next we sh;ll show that ¢  is an antomorphism of (V,§%4). Let B be

any non-empty subset of V., Then

g~

av(E) “v .0 K

'vo({uo}um-{uo}),

where ug is an element in E, . Hence

a () = {vo&‘(}gg;\:{(voE-~{v ou_})
dzondubrou)ol(vou ) o(voE~{v ou}))
i fl’”"w}ﬁ;‘}‘v (vou o,
where
A = (vou) lo(voE —{v ou })

u-qo v-1o(v<>E--{v011 1
0 o

i

-1
uo'c(E-—{uo}).

If E belongs to £ hence, by remark 4.1.1, A belong to 7&. Hence

A!
av(E) belongs to}%+. .If(iv(E) belongs to E}}, i.ce v O belong to S%,
then, by remark 4,1.1, A belongs to f%. Hence E belongs to 5;4.

Thereforeav is an automorphism of (V,Ei¢).

Let
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g 8 = fa | v e V.

Clearly A is not empty.

Let LE R belong to 4 and u belong to V., Hence

@ o av,(u)

o (v'o u)
v

v o(v'o u)

(vov')ou

]

= 0O (U),

vlo v :§
which implies that (%.oavl;%géongs to. 4 For any a, in A and any

win V, a (s (w) = v oAv76/) = u.
ey A8y AV

Hence -
a’q ;/,a fq
v /’v,,, - ,\
Therefore, for each g in z&;gu;1 belongs to A. Hence Ais a sub-

™~

Eroup of P(V,§%4). o

HiE \

Define a mapping © : V - A by

e(v) Fat Fa for all v.in V.

Clearly, © is onto. To sce that it is one-to-one, assume that
o(v) = o(v'), i.e. @, = u 4+ Hence for each u in V,kiv(u) = av'(u),
i.es vou = v'ou for all u in V. 1In particular when u = e, the

identity, we have v = v!', Therefore O is one~-to~one., Hence
lal = |v|

To show that A is transitive over Vy let v, v' be any elements of V.

Note that o belongs to & and we have
vo v”
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(v'o v-q)o v

Q
e
<
-3
1]

vto v~

Therefore & is transitive over V.

Hence POI,E#Q has a subgroup A of order |V| such that o acts transi-

tively on V, v#
The converse of the abowe proposition is also true. To prove

the converse, we need the following lemmas,

ho1.4 Lemma Let A‘be,any?tgansitive subgroup of the automor-
phism group ' (V,=) of H =4{%:<f)i Then for each w in V,

/
b = Yed |[¥(w) = w }is a éﬁbgroup of & “of index [4 : w] = |v].
e 4p/; oy

Proof Let H —/(V é;) b?%? hypergraph, Assume that A is a
transitive subgroup of th?/éybomarghism group I'(V,¥), Let w belong

to V and

Y SRR
Note that identity of 4 “Belongs to Aw, hence AW £ P. Let W},‘Xé

belong to Aw’ hence }Q(W) = w and'Ya(w) = We Therefore‘y% Oﬁé(w)

, 'I - .
= )H(w) =w and‘Y: (w) = ):1(Ya(w)) = w, Thus ?q 0}2 and\g(,]’I belongs
to Aw. Hence Aw is a subgroup of A.

Since Aw is a subgroup of A, hence A has a left coset decomposition

PR W 908 V.o LG, © 4, Where o, belongs to & for all i = T§2 a4

eey m and foga 1 ajo 6,=8 for i # j. To show m = [v], let v

belong to V. Then there exists £ in A such that B(w) = v. Since B

belongs to 4, B belongs to a;o04 for some i, 1 ¢ i ¢ m. Then
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B = @; 0 ¢ for some o in Ew. Therefore B(w) = a0 a(w) = @ (w;.
Hence v = «, (w). Then v belongs to {o (w)l L = 1,2 000y m}
Therefore V S Ui(w) e 1424000ym}t. Hence [V| is less than or equal
m. To show that opposite inequality. We show that the function

|2 &y 0 AwFﬁ ai(w) is a one—to-ohe function from the cosets in to V.

i A = X 7 A s — o
Suppose that w(dio uw) E ¢(Jj0 uw), i.e. ai(w) <%(w). Then

a31o ai(w) = w, which implies that a31oai belongs to & , or equivalently

Hence m = IV].

Therefore == g —

[A / /hﬂ “ 4

4.1.5 Lemma  Let A'ﬁé//ﬂQ tnga%mtlve subgroup of the automorphisna
group I'(V,E) of H = (V,E) of gr e@_hﬂ;\{f*if Y, is au element of 4 such that

‘Y;(u) = u for some u in V, then ggfggbgﬁhé;identity of A.

Proof Let H = (V,é%ifgé:ﬁ:ﬁypéTgféph. Assume that 4 is a tran-

¢ ~—

W —— .
sitive subgroup of the automorvhism group P(V,\“) of order ]v] Let‘yb in

& and u in V be such that'yg(u) = 4.  Let

A = {yes|viu =

u
Hence\Yg belongs toAu.By lemma b.1.k, Au is a subgroup of A and [A:&u]= |7].
A ! ¥ » o
Since |V| = |A| and [A:Au] = +flT s therefore IAu; = 1. Hence 4 = {e].

u
Therefore '7; = e, #

4.1.6 Proposition ILet H = (V,€) be a hypergraph of rank at
leset 2. If its automorphism group I'(V,E) contain a subgroup A of order

IVI such that A acts transitively on V, then H is a group hypergraph.
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Proof Let H = (V,%¥) be a hypergraph of rank at least 2.
Assume that the automorphism group I'(H) contains a subgroup 4 of

order IVI such that A acts transitively on V,

Case I Suppose 7 .= f. Let o be any group operation on V,

Let ?4= f. Then '.’E.ff @, which implies that = = 5)4'. Hence (V, &)

is group hypergraph.

Case II Suppose & # P. Then there exists at least one

element in & . Let T belong tQﬂEi//‘Eix uo in E, let
4 L

A= (] ast—{eh amatu v e E 1,

-
—

where Alv) = { p(v)l_g/g/?ﬁlu;ﬁ‘
For each v in E-—{uo}, fha%e‘exggﬁs,ov in-4 -{e} such that qv(uo) - V.

Observe that / f,»‘

P!
v,

> :"

N

2

(o ()| v e BAw =5 -{u),

T ——

Hence

e e
i
E

{uo} v {ov(uo) v e E-{uo}}

Therefore {uo} v {cv(uo)l vie (B —{uo}} belongs to T . Hence

{Ov | vs:E-—{uo}} belongs to.j%. Therefore j4/# Do

To see that 7%’15 admissible, let A be any element of ?%, p be any
element of A and 0 be any element of L,

Choose

Bpﬂ = p1o({e}u A-{pl).

We shall show that B, 5 belongs t034‘. Since A = 4 —{e}, hence
,

A - {pls &-{e,p}. Therefore we have
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i o(A-{p} )€ o~ o(t-{e,pl})

= p-1 6Lh — p-'] 0({@,‘)})
=04 < {0-1, el
S ~1e)

-1
Since p € A and A € A~{e}, hence P # e, Therefore p~ e a-lel,

Thus
- =1
(o™} o (4 ~{p}’¢%%2i9" {e}
But
Bp’0 =
Hence we have
Bp,o =

Observe that

i

{u}v Bp,c(“o)

{u }I)p-qo({e}lJ(A~~{p}))(u )
o o

{uo}\)0-1(({e}l>(A~—{o}))(uo))

fagd v e™ a3 v (aCu )= o (u ) 1)

p'“<{p<uo)} Vlu b (Alu ) ~ Lo ) D)

SURLE’) v alu )
0o 0

Since {uo} v A(u ) belongs to £ , hence {u V) B, (uo) belongs to - .

Therefore B belongs to f% From our choice of Bp g We see that
9 1



S——
——-

(top)oB (o op)o(.p_10({e} vA-{p}))

Ps0

]

o o({e}v (A -{p}))

{oluv(ocok —{cop})

({o}v ¢ o&)—{o op})

Hence f4/is an admissible set.
Next we shall show that (L'EA’) is isomorphic to (V,% ), Define a

*
mapping ¥ : 4 =+ V by 1/7;
YJ) ,/,

* S
Y (o) = Gf‘g'}j?;‘ = for aﬁl o in &
I 4 * *
Let ¢,, 0 , belong to L./e’ /Assumse that ¢ (0'1) = ¥ (02). Then

-1 2
uo. Therefore o 00, is an

G(u)—O(u )e Hen/céd 5u1 L 2

element of &4 such that }quofiﬁ};(u“ u . lence, by lemma Lk.1,5,

have o Tie for H ¥’ &
we have 07 0 o, = e, ez{é e=a§_./= o, ence ¥ is one-to=-one.

Let u be any elemenb\ of V. Hence thgre ex:Lsts o' in A such that

*
0'(uo) =M1, That 3a HN@ ‘ _.¢~(‘U‘);. Hence ¢ is onto

Finally we shall show that \p‘ is an isomorphism from (A,\’{—_*) onto
(Ve )e

Let F be any non-empty subset of A. Then

v (F)

F(uo)

({y} v (F- {y} ))(uo),

for some Y in F, Hence

1

PR = v} v (- D)

()} vy o F o(F -0y} ) ()
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o )oY ™ o (7 - 1y} (u )

Y({u } v o (F —tyD) (u ).

- -1
If T belongs to ”ﬂ) then, by remark 4,1,1, ¥ o(F —-{y}) = A for

some A in f*. Hence we have ¢ (F) -\(({u } v A(u ))e. Since {uo} uA(uo)
belongs to & , and ¥ is an automorphism, hence Eﬂ{u } UA(u )) belongs

to & , i.e. W*(F) belongs to £ . Conversely, if w (F) belongs to & ,
then Y-1(w*(F)) belongs tc & . Buth- (v (7)) = {uo}l)A(uo), where

. i1 o(F - {¥}). Therefopé:fﬁb}U/Aégb) belongs to % . Hence A

\/

belongs to f4. Note that‘/

F

ot xfy b <yr1 (P ty1))

¥

{Y} U/‘( 0 A

//,

*’\ﬁ

which belongs to & ,. Hen ce/w s ‘an isomorphism from (&, ,#) onto

A& e
(V,8). P 0N

Therefore, by remark 4, Tg ~(V,= ) is a grgup hypergraph, #
W
Wle may now summarize prop051t10n Li,143 and proposition 4.1.6

into the following.

441.7 Theorem A hypergraph H = (V,£) of rank at least 2 is
a group hypergraph if and only if its automorphism group contain =a

subgroup & of order |V| such that & acts transitively on V,
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AFPENDIX

An Example of a Quasi-group Hypergraph., Let Q = {0,1,2,3,4,5}.

Let a binery operation o on § be given by the following teble :

0 0 1 2 3 L 5
0 2 5 3 L 0 1
1 3 L 2 5 1 0
2 4 1 e ] 2 3
3 5 0 i 1 3 2
! 3 A 2 4 5
2 1 2 0 3 5 4
)

Clearly (Q,0) forms a quasi-group. It can be verified that
v‘¥= {{0,1}, 11,2}, {2,3}}
L
is an aduissible set., For this we have

£A/= {{0,2,5},(1,3,4},{2,4,1},{3,5,0},{%,0,3},{5,1,2}}.

Hence (Q, £ ) is a quesi-group hypergraph.

w
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