CHAPTER III

QUASI-GROUP HYPERGRAPHS

3.1 Hypergraph Induced by the Quasi-group

Let (Q,0) be a quasi-group and A be any set of (Y-1)-subsets
of Q, where Y >2, We shall say that A is admissible if for each

A
A in 7(:"', each a in A and each q in Q, there exists Ba q in 74' sucht
1]

that

({q} v qu'}_’;“{qfOl.a }=(goa)o B, B

?

Note that the empty set is ,éh .adhl,issible set. TFor each admissible

i
set f‘.’, we define ?:74‘ by

T i {tq“}vv qdA' ] qge Q and A edAl.

3¢747 Lemma Let (D40) be a guasi-group and A’be an admis-
sible set of (Y=1)-subsets of Q.. Then for each A in v‘4’ and each g

in Q, q does not belong to g 0A.

-

Proof Let (Q,0) be a quasi-group and \/'4/ be an admissible
set of (Y-1)-subsets of Q. Let A belong to \A and g belong to Q.
Suppose that q belongs to g ©A, Then {qluqoA = q 0A, Choose an

a in A, Hence there exists B, ¥ in \/4/ such that ({q} vq 0oA)-{qoa}
?

= (qo&)o B, & Note that

|(t{atvgqoA)—{q oa}| lgea~-1{goa}l|

laoal-[{g 0a}|

(y=1)=1

i

2 ye2
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But

= -1
[(a o a)os,| Y
Hence we have a contradiction. Therefore q does not belong to q oA, #

3.7.2 Proposition Let (Q,0) be a quasi-group and f* be an

admissible set of (y=1)=-subsets of Q. Then each set in consists

e
=
A

of Y elements,

Proof Let (Q,0) be a quasi-group and JQ'be an admissible

set of (Y=1)=-subsets of Q. 1Let E bélong to £ . Then E = {qluqoA

A.

for some q in Q and some A inpf?. By lemma 3.1.1, q does not belong

to q © A, Hence

[{a}v q o/A) 4 ]{q}i[g |q oAl
EA4 ; (y=1)
=y
Therefore I consists of ¥ elementss #

Let (Q,0) be a fiﬁite‘qgasisgroup hsd . A ve 4R admissible set

-

of (y=1)-subsets of Q. Then (9, %,) will be called a hypergraph induced

3«2 Quasi-group Hypergraphs

Let H = (V,¥) be a hypergraph of rank vy > 2, H will be called

a quasi-group hypergraph if there exists a binary operation o on V such

that (V,0) is a quasi-group and there exists an admissible set fk of

(Y=1)=subsets of V such that = = ?EA,

*

An example is given in the appendix.
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30261 Lemma Let (V, EA) be a quasi-group hypergraph.
Then the following hold :

(1) For each E in EA’ and each v in E, there exists A in A’
such that E —~{v} = v o 4,

(2) For each w in Vy V= {woa |a ey},

(3) For each u in V, The function Wu : Vu-+U f*define by

Yy (uoa) = a for all uoa belongs to Vu is a one-to-one correspon.

dence

Proof Let (V, ?Q} be a quasi-group hypergraph.
Let E belong to :;A’and v beledg to E., Then there exists v, in E
and Ao in ?%'such that E =}{vo} U:voo Ao. Hence, by lemma 3.1,1,

E-~{v} =v oA
0 o F D

Case I If v = v s/ let Als A e Then

E“{V}:V OA.

Case II If v %:vo§‘then v belongs to E-{vo} =" 84

Hence v = v°° a for some a in Ao. Then there exists Ba in J4
9
o

such that ({v} vv oA )~{vy oa}= (v ca)osn Therefore, by

o o o o) o) a, &
letting A = B sy We see that

a,v

E—~1{v}l = v o1

Hence (1) holds.

To prove (2), let w be any element of V. Observe that if B belongs

to T':w, then B = E - {w} for some E in

m

A such that w belongs to E,

Hence, by (1), we have B = w o A for some A in.f*. Therefore B belongs

to {wod|aeg) Hence we have EW'E fwoA|ace 1. Conversely,

000513
71592858
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I
for cach A in /', E= {w}v woaA belongs to

-
S

and w belongs to E.
p g

Hence w oA = E —{w} belongs to - o Therefore fwoA | A eAle CE.W,

Hence

ad
0

woal neiAl

Observe that

ot

v 3 ok
w w

U{wo A lAeﬂ}

woal ace v A}

Hence (2) holds.

To prove (3), let u be any elément of V. Hence, by (2),

v, = fuoa|a eu f?}. Since V is a quasi-group, to each element v

of Vu there exist un:i.que'a“v in u94fsuch that u.Oav = Ve Hence the
equation _Wu(u<>a) = a defines a function on Vu into UJ4 N

Let uoa,, u oa, be any elementsiig;vu such that wu(u an) = wu(uo az).
Hence e, = a2. Therefore u 08, =u 9&2. Hence wu is one-to-one.

For any a in U ¥ we see that ¥ (uoa) #la. Hence ¥, is onto.

Therefore (3) holds. #

34242 Proposition Let (V,?EA) be a quasi-group hypergraph,
Then there exist a system (¢ ) such that each ¢ is an isomor-
U a,veV uv
phism from Hu onto Hv and for every u, v, v' in V if v Z v' then

Wuv(w) £ Wuv'(w) for all w in Vu'

Proof Let (V'EQ) be a quasi-group hypergraph.

For every u, v in V, we define wuv : Vu -+ Vv by

Yol = vo Wu(w) for all win Vv,
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where wu is as in lemma 3,2.1.

Since wu is a one-to-one correspondence and V is a quasi=-group,
hence wuv is & one-to=-one correspondence.

Next we shall show that uﬁv is an isomorphism from Hu onto Hv;

Let B belong to';.u. Then {u} v B belongs t03%4. By lemma 3,2,1,
there exists A in f@ such that ({u}vB)= {u} = uoA, But
({ul}uB) - {u} = B, so that B = u oA, Since A belongs to €4/,
{v}vvoi belongs to ?A’ Hence v %A belongs to Sv

Observe that

i e |
vuv(B) 0 1t*uv(u 0-A)

4

5./ o‘l’h(u oA)

=] Vo
Hence wuv(B) belongs to Ezvb Coﬁﬁeésely, let Wuv(B) belong to & .,
Then {v}v wuv(B) belongs tq_?%?}‘TﬂEice, by lemma 3,2,1, there exists
A in A such that ({v}u;yh;(Byi?{v};; voAs But ({v}v wuv(B))—{v}

Wuv(B), S0 that vo A = w;;?ﬁ);“wbbserve that

lbuv(uOA) = v 0 xl)u(u 04)

Hence u 9A = B, Since A belongs to f+, therefore {ulv yoa belongs
to Eg, Hence u o 4 belongs to E:u i.e. B belongs to ?Eu. Therefore

Wuv is an isomorphism from Hu onto Hv' Finally we shall show that

for every u,v,v' in V if v # v' then wuv(w) £ Wuv(w) for all w in Vu
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Let u, v, v' belong to V., Assume that v £ v', Then vo v, (w) # V'0¢u(w)
for all w in Vu' But wuv(w) = v owu(w) and paw= v'o wu(w), for all
w in V. . Hence

u

?uv(w) # wuv'(W) for all w in Vu.

Therefore there exists a system (wuv)u,ve'v such that each wuv is an
isomorphism from Hu onto HV and for every u,v,v' in V if v £ v' then

Vuv(w) P4 wuv'(w) for all w in Vu'

3¢3 Regular and Specially regular Hypergraphs

Let H = (V, %) be a hypergraph. We say that H is regular if
for every u, v in V, there exists an isomorphism wuv from Hu onto Hv'

In addition, if a system (¥ /) can be chosen such that for each
uy u,vev

v

u, v, v' in V if v # v' thend wuv(w) # wuv,(w) for all w in V2 we say

that H is specially regular, ‘e note that proposition 3.2.2 asserts

that every quasi-group hypergraph-is Specially regular.

3¢3+1 Proposition —Let H =(V,%) be a hypergraph., If there
exists u in V such that for each v in V, there exists an isomorphism
wuv from Hu onto Hv such that for every Ve v!' in V if v £ v' then

wuv(w) £ wuv,(w) for all w in V,» Then H is specially regular,

Proof Let H = (V,E£) be a hypergraph. Assume that there
exists u in V such that for each v in V, there exists an isomorphism
wu o from Hu onto Hv such that for every v, v' in V if v # v' then

0 o
v, (W) £ V¥, v (W) for all w in v, e
(o] -0 fe)

F L | i - ->
or every v, v' in V, define va, Vv Vv' by
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v (w) =19 (w;Zv(w)) for all w in Vv'

u_v!

vv!
o

-1 . sii . v
Since y and are isomorphism, hence y__, is an isomorphism
u v? uv vV

from H_ onto H_,

v v
Next we shall show that for every u, v, v'! in V if v # v' then
¢uv(w) #£ wuv'(w) for all w in V,+ Let u, v, v' belong to V. Assume

that v £ v', Then wu v(waqu(w)) £ (Wj u(w)) for all w in Vu'
o) g 0

u v'
o
Hence

qhv(W) £ #hv|(w) for all w in Vu.

Therefore H is a specially regular hypergraph,

34342 Lemma  Let H = (V,€) be a specially regular hypergraph.
Then there exist one~to-one function Pv, v belongs to V, from V onto

V such that
(1) V vy VeV (v £ vi» Yyev (Pv(W) # Pv'(w)))
| RO T
(2) Vv, viev¥rey (B (A) eGP (A) e 2D
Proof Let H = (V,F) be a specially regular hypergraph,
Choose an element ug in V and let it be fixed, For each v in vV,

let wu - be an isomorphism from Hu onto Hv such that for every v, v'

o
in V 4if v Z v' then v, v(w) # Yy v,(w) for all w in V, *
) o

o]
For convinience, let W = N__ (u ), Since H is specially regular
. i
hypergraph, hence, by remark 2,5,1, W = N (u)=v-(v viul).
(H) (o} uo (¢]
2
By proposition 2.5,2, (ﬁjz is regular, Therefore for each v in V,

W = |N__

(v)|« Hence, by proposition 2.2.2, for each v in V we
(1)
2
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can dassociate a one=to-one function'ﬂ_ from W onto N (v) such that
Y ),

for every v, v! in V if v # v then’ﬂv(w) 2 ﬂv,(w) for all w in Wi

For each v in V4 we define Pv: V *»V by

~

! A s €
! Yy v(w) if w Vu p
fRe © ©
P = <T@ it we W,
v i v
? v if w=u
& 0

From the definitions of’Wu and’ﬁv we see that they are one-to-one

v
functions on distinct sets not containing ug onto disjoint sets not
containing ve Hence Pv is a one+to=-one correspondence
To show (1), let v, v' be aﬁ} distinct elements of V. Let w be any
element of V.,

Case I If w belongs to Vu' then wu W) £ v, V,(w). But

= 0 o
P (w) = Y, (W) and P (w) = *u gr<¥w). Hence P (w) £ Poo(w)e

Case II If w bellongs to V, then’“v(w) # ﬁv'(w). But

W) =T (w) and P y(w) =T (w)ai Hence B (w) # P_,(w).

Case IIT If w = u,,then Pv'(W) = v' and P_(w) = v. Hence

PV(W) % PV'(W),

Therefore for every v, v', w in V, Pv(w) £ Pv,(w) when v £ v',

Hence (1) holds

To prove (2), let v, v' be any elements of V and A be any subset of V.
First assume that Pv,(A) belongs toEEv,. Therefore Pv'(A) % Vv"

-1 =1 -1
Hence we have Pv'(Pv'(A)) G-Pv'(Vv'). But Pv'(Pv’(A)) = A and
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-1 =1 2 4 i
Pv,(vv,) = J)uov,(vv,) =V, s Hence A=V . Since P , and ¥

0 o (o]

v!

are identical on V_ , hence Pv,(A) = wu g1(A)s By the same argument
o - o

we see that PV(A) = wuov(A). Since wuov,(A) = Pv'(A) belongs to = ,,

z " e~
hence A belongs toz;uo. Therefore PV(A) = wuov(A) belongs to S

Similarly, we can show that Pv,(A) belongs to Eiv' if PV(A) belongs

Hence (2) holds.
Therefore there exist one-to-one Ffunetion Pv’ v belongs to V, from V

onto V such that
(1) \fv, vie VAv LA+ Y w eV(Pv(W) # Pv'(W)))

(2) Vv, viev YA VRN eZ P (A ¢ A
#
3+3e3 Proposition  A hypergraph of rank at least 2 is a quasi-

group hypergraph if it is specially regular.

Proof Let (V,3§) be a specially regular hypergraph. Hence,
by lemma 3,3.2, there exist one-to-one function Pv' v belongs to V,

from V onto V such that
(1) Vv, vieV(v£v>Vwev (P, (W) £ P_,(w)))

(2) Vv, viev Vacv (p(a) e —rp (e )

vl
We define @ binary operation © on V by
uo v = Pu(v) for all u, v in V,

First we shall show that (V,o) is a quasi~-group. Let u, v belong to V.

Since Pu is onto, hence Pu(s) = v for some s in V. Therefore there
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exists s in V such that uo s = ve Suppose s, t in V are such that
uos=v=uot, Then Pu(s) z Pu(t). Since P is one-to-one,
hence s = t. Therefore there exists unique s belongs to V such that
Up 8 = Vve Since Pw(u), w belongs to V, are distinct, hence

{p (u) | weV}l=V., Therefore there exists s' in V such that

Ps,(u) = v, i.€s 8'O u = v, Suppose s', t' in V such that s'ou = v
= t'o u, Then PS,(u) = Pt,(u). Hence s'= t', Therefore there
exists unique s' in V such that s'o.u = v,

Hence (V,0) is a quasi-group,

Next, we shall define an admissible set J4'such that Z= &

Case I  Assume that &= @, Let 94 = §. Then E?Af 2.

Therefore T » T .
A

Case IT Assume that = # @, Let E belong to T and u belong

to E. Hence Eu £ B. Let

\;4/={AIHOAEE}
u

u

To see that J%u.# @, let B belong to ?Eu. Since P is onto, hence

there exists a subset A of V such that Pu(A) = B. Note that

uoh

P_(4)
=0 B
Therefore u oA belongs to §5u. So that A belongs to JQ b
u
Hence %*; £ . Let

A -k,

Before verifying that 7& is admissible we shall show that for any v



23

in V, Av = {4 lvoa ¢ Ev} coincides with 74 To do this let v
be any element of V and put ﬁv ={A]lvoa e Ev L Since (V,%E) is
specially regular, hence H i H_« Therefore %?v # #. Hence, by the
above argument, we also have f?v # f. To see thatj4§ = f%, let A

belong to \A'v. Then v o A belongs to iv' Observe that
P (A) ] v o A
v

Therefore PV(A) belongs to ?;v. Hence, by (2), Pu(A) belongs to%iu.

Note that
P (A) =10 A
u ;

Therefore u o A belongs foEZﬁJ' Hence A belongs to J+u
Therefore \Av < ‘74.1’1. Similarly; we can show that \74'11? *v'

Hence

A el

v
To verify that J4 is admissible, let A belong to 74', a belong to A
and v belong to V. Since™ J4_= ¢4;, hence, A belongs to f@v. There-
fore v o A belongs to'éfv. lence v} v v oA belongs to © . There-

fore ({v} v voA)—{voa} belongs to Eiv » Since P_

is on
EB to,

oa
hence there exists a subset B of V such that on a(B) = ({v}vvoa)-{voal.

Choose R = Bs Observe that

i

(V Oa) 5 B&,V PVO a(Ba,v)

2 PVOB.(B)

1

({v}v voA)={voa}l,

which belongs to = Hence Ba F belongs to J#.

voa® .

Therefore J+ is an admissible set.,
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4
.
—— @

Finally we shall show that & = .’vl;,(. Let E belong to
Then for each v in E, E- {v} belongs to ?Zv. Since E -t} is a
subset of V and Pv is onto, hence there exists a subset Av of V

such that PV(AV) = E—{v}, Observe that

v oA
v

P (h)

B - {v}

]

Therefore v o Av belongs to sz. Hence Av belongs to f?.

Therefore {v}v vo Av belongs.to 22?4’ Yy i.es  E belongs to EA’ ‘

Hence = < E#. Conversely, let E belong to ;Eﬂ . Then there exists
v in V and A in 74’ such that 5/: {vlv vo A. Since A belongs to #’v,

v OA belongs toE?v. Theréforé gw}v v 0 A'belongs to & , i.e., E belon:«

to€ ., Hence €, 6 < &, g
#
Therefore A
T e
Hence (V,E) is a quasi-group hypergraph #

.

We may now summarize proposition 3.2.2 and proposition 3.3.3

into the following:

3.3e4 Theorem A hypergraph of rank at least 2 is a quasi-

group hypergraph if and only if it is specially regular.

3.4 Quasi-group graphs

Graphs are hypergraphs of rank 2, It is clear that our defi-~
nition of regular graphs given in section 2.2 agrees with that of

regular hypergraph in section 3.3, where we also introduce the =-n- -

~ o~ d.
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of specially regularity. For graphs, i.e. hypergraphs of rank 2, it
turns out the regularity and specially regularity are equivalent, i.e.

we have the following :

3.4.1 Proposition Let (V,% ) be a hypergraph of rank 2.

Then (V,% ) is specially regular if and only if it is regular,.

Proof Let (V,%) be a hypergraph of rank 2.
If (V,%) is specially regular, Then it is clear that (V, £) is
regular. Conversely, assume that (V,;%) is regular of degree k. Let
W be a set such that IW[ e k; Hénce, by proposition 2.2.2, for each
v in V we can associate a ongsto=-one funetion 7iv from W onto NG(v)

such that

Va, vev (u ¢ NS v (@ () £ 7T _(w))

For every u, v in V, let
gl =1
wuv (ﬁv YZu
clearly, for every u, v in V, wuv is an isomorphism from Hu onto Hv'
Let u, v, v' be any elements in V such that v £ v,

Let w be any element in Vu" HgnceT!;1(w) belongs to W. Therefore

T ) £1 A2 ), saeey v (0 £y (0.

Hence (V,¥) is specially regular. #

From Theorem 3.3.4 and proposition 3.4.1, we have the

following

3.k.2 Corollary A graph is quasi-group graph if and only

if it is regular,
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