CHAPTER II

RE%} SEMIGROUP ACTIONS:

The purpose of this chapter is to classify the analyfic
semigroup actions of the semigroup R on itself up to local isomor-
phism.

Let (R,*) be the usual semigroup with zero. Let ¢y be the
analytic semigroup action of the usual semigroup with zero on itself.
such that ¢(0,x) = O. That is, y: R x R +R has properties:

(1) wist,x) = We,p(t,x)) Ys,t, x eR

i

(2) wo,x) = O
s m.n
(3) ¥it,x) = -E ¢ t'x in some neighborhood of (0,0).
m,n=0 =
From (3) we have '
(2,1)  Y(t,x) = C . +C_~t+C . x+C £24C, _ tx+C x24C, t24C, t2x
’ 00 "10 ol 20 1+ 02 30 21
2 3
+C12tx +003x + @ 9 5 00 0 0 80 808 0080000000 -
Now, since y(0,x) = O, therefore substituting t = O in (2.1)
o i 2 3 ’
we get that O = P(0,x) = COO+Cle+COZX +C03x # senssesansss THiS
implies that C. = 0 ¥ n = 0,1,2,3,s.000.. » Because y(0,x) = 0, it

On
follows that for any t belonging to R; O = (t«0,x) = y(tw (0,x))
= ¢(t,0), Hencey (t,0) =0 V¢,
Since y(t,0) = 0 ¥ t, the same proof as before gives us
the result that C . = 0 ¥Ym=1,2,3,lb400000... Because we have

0

Con= 0] v n = 071,2,39000a and Cmo =0 Vm = 1,2,3,"‘1’,..00.0, it

follows that (2.1) is reduced to :

1 (5353350
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< 2 2 3 2:2 3
it ,x) = € ptx+C S txT+0 8 %40 4t +C,,tx +031t X+

(2.2) Clhtxujc £2%74C

5.2
23 32t

X
X+C‘+1t x+.“......‘ -

Now, we shall see what relations between the coefficients
Copn 8Te determined by property (1) above.

Y(st,x) = Cll(st)x+012(st)x2+021(st)2x+cl3(st)x3+022(st)2x2

+C§l(st)3x+014(st)x4+023(st)2x3+032(st)3x2+
+Chl(8t)4x+ .....'....'.‘O...l..... .

2 &2 & P22
lstx+C stx +C ? t x+0135tx +C228 tTx + ‘

it

(2.3) Cl i 21

03153t3x+clustx&+02352t2x3+03233t3x2+Chlshthx

+........'...l.......'.. .

We see that the coefficient of the term sktmxn (ﬁ}c,m,ne:N)

is equal to zero if k # m and egual to Cmn if k = m.
Ws,w(t,x) = Clls\p(t,lX)+Clzs(:p(t,x))2+021521p(t,x)+Cljs(w(t,x))3+
I
#0820 (8,30) %4879 (£, %) 4C 8 (b (£,3))

+C sa(w(t,X))3+C 253(19(1: ,x))2+04154w(t X ) Fesnecdio

23 3

g 2 2 3 2.2 3
= Clls(Clltx+Clatx +021t x+C13tx +022t x +C31t

5 2 2 o 2.2 3 .2
r t tx t ® e 0,
Claﬂ(Clltx+C12tx +C21 x+C13 +022 x +031t X+ *

X+eosl)

2 2 2 5 2 2 3 N
s (Clltx+C tx~+C lt x4+C. tx +C. .t x +031t Xteo )+ .

C21 12 g 13 22

y

- 25° t3x+..., B

2 3
C13S(Clltx+cl2tx +Cth x+Clth +C22t X +C31

2 B 2 2 3 2.2 3 2
(2.4) C,,8 (Clltx+012tx +021t x+C13tx +022t x +031t X+es)TH

3¢ 2,0 2 3 -0 SRS SR
0315 (ulltx+012tx +021 x+013tx +C22t x +031 X+eo)+

2 2 3 22 3 "
Clhs(Clltx+Clztx +021t x+C13tx +C22t x +031t X+teos) +
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2 2 3 2 2
tx +021t x+013tx +022t x~+C

2 3 3
s (Clltx+C12 31t X+eee) +

Co3

2 & 2
587 (0 E%4C, SEXT4C ) £%54C

-

C 3 2.2 2

3 13tx +C22t x +C}lt X+oos) +
L 2 2 3 2.2 3

Cpqs (Clltx+Clztx +021t x+013tx +C,,t7x +031t xtooe)teos

@ 0 © 0 0P 00 0 09 00 P 0GP0 L 0SB 00000 00 00LAPELLLIE e P B eseesee

2 2 s
C
11 11stx - ClchZStx + Cllczlst X+ Calclls tx

22 il 2 2:2
n
v210218 * x+021012s tx +(012011+011022)st X i sanesee

= C

@ 0 05 00 0000020600 00000020 8 0800000000000

n
If m € n, the coefficient of the term 55t in (2.4) equals:

c, -.C

k1l mn
+ 8L CF L5 )
" o 174/ A&
1l+%2- Me AL I
Jl+32= Noe
e s A PGty 9
7o S R e i JarwadniLg
11+12+13-m. iR S e N R
31+32+33=n‘
+....I..Q‘.'.l.....‘....“.‘.
+.0.‘....0.......'.0.'........
+ C ( Y C C s 00000-;.0.0. . )o
Wit o9 % i 0 S O i3
11+12+....+1m-m. = W 72 m“m

Jl+32+ooo-+3m=no
If m > n, the coefficient of the term st™x™ in (2.4) equals:

Cklcmn

+£0..0 3 G, §
AL ST . ik
1l+12—m. )
Jl+32=n'

+ Ck3( z Ci i Ci j Ci j
11+12+13=m. b gt L~ b~
Jl+32+33=n'
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+ s eeecseeecscsssescessscrene 00 e

+’l.0...0.......0.....l...l....

. j Do Vasee C. * )0
il+i2+ooo+in=mo 11 1 1232 ann

Jl+32+...+3n=n.

C
+ kn( X

Since (2+3) and (2.4) are equal, we get that the coefficients
of the term sktmxn(k,m,n e N) in (2.3) and (2,.4) must be equal.
With this as a background we are now ready to prove the

following theorem:

Theorem: Let y be an analytic semigroup action of (R,*) with zero
on R, Then y is didentically zero or ¥ is locally analytically
isomorphic to the analytic semigroup action ¢ , where

m A
‘¢(t,x) = t °x, for some m,elN.

Proof: Now, considering (2.2), we have two casesf

case 1. Ve assume that C .= 0 Ym-= 1,2:5 845000 o In this
case we want to prove that Cmn= 0 Vrn,Vru We shall prove this by
induction on n.

Consider the following diagram:

S T O ”

C I B B R C ® 8 00 0 00
% Lo - S . e ¥ S in

C21 C22 023 CZL} C25 0000 00000

031 032 033 C}h C35 LR B

C41 042 CMB Cuu Cus essv v es s soc e eve e
C C C. C C
leo—— -~ w mm = me = e e - o A a - - - &rv-o‘qy-

C
L]
i
51 52 93 Sh 55 eesevenc e ! eceescsoe
'
'
¢

st ;
1— column seeee n—— column.
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Induction on n. (We prove induction on the columns.)

We assume that the first column is zero and we want to

show that the nEE column is zero ¥n e N. By assumption le= 0 Ym.

Now, we assume this true for all natural numbers less than n. Ve
want to show Cmn= 0 v‘m. Consider the coefficients of the term
m,mn .
st x in (2.,3) and (2.4), respectively.

In (2.3) the coefficient of this term is Cmn’

In (2.4) we have two cases to consider:

subcase 1,1 For m & n, the coefficient of this term is

C///D
i3,

$
Q
~

™

C, 4
el - Fge
11+12-m. 1 ¥

31+32=n.

+

R o C, 7 JfC AR, )
m3 11+12+13=m.1131 1505 1333

31+32+33=n0
+ seccccsesscsreesecssvcscsssssnsven

+......‘........I..‘.l.ll.'...‘...

2. + C =, ( z C C. . oo.ooC. 2 )
(2e0] et BEE T SR PATHC sy felar, tn-17m-1
2 m-1

31+32+000+Jm_1=n.

+ Cmm( z Ci j Ci j ooo‘ooci j ) ¥
1,41 400041 =m. g B m-m
Jl+32+oo.+3n=n.

-

Claim that the terms involving C PLERRR R do not

C
mm+l? “m m+

appear. To sece this, suppose that we have

.....C ).

C ( = . .
el i 41 +eel.+i 1m+13m+1

32 m+1
Jatdgtesetly e

c. oLe
=m, 191 *2J2
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Because ig 3 1 Vo snd m = il+i2+...+im+l(m+l terms)> l+l+,.
+eee+l = m+l, This implies that m 3 m+l, a contradiction. Using
the same proof as above, the other terms do not appear.

If m < n then by mssumption le’CmZ’CmB"""’Cmm are all

zero. Now, assume that m = n. By the induction hypothesis, le,sz,

CGoijeeena U are all zero. We want to show that the term
m3 mym=1
C ( & i o eeccsccse C ) = 0 also.,
o, PR © % P B 3
1l teeetd =m, 1322 m-m
Jl+32+-00+3m=n.

Wle see that j =1 ¥g8 . Therefore, C, .= 0 “a . Hence
i i,1 t
the sum of the product is Zeros
Therefore, the coefficient of the term s™t™x™ (m ¢ n) in
(2.4) equalsizero.

Hence C & Qs
mn

Subcase 1,2 For m > n, the coefficient of the term st x"

in (2.4) is

leCmn

P e bX A WARY
me 1,+,=m, 1171 i3,

Jl+32=no

+ Cm3( ) 5 1.4 Ci j Ci'j
11+12+13=m. JUY -T2V PR
j1+j2+j3=n.

+ ecevevcevovssscsscscecscscce

(2.6)

+

LI RN R R R R B B B

+ C g L Ci 5. C4 5 000 Cy 5 )
$. 44 +essti - wm, 1191 1292 n-19n-1
3 N n-1
Jl+32+.ca+3n_l=nc

+6 € L

mn . . .
11+12+...+1n=m.

31+32+...+Jn=n.

I R T g
1ljl 1232 Loua)
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Claim that the terms involving C PYAERRE do not

mn+1’cmn+
appear. . To see this, we consider the term

HE

C ( z
mn+l . P p
11+12+o ) +1n+1

n+l

® 000 C ).

O w0 .
=m, 1131 i2‘]2 1n+1jn+1

=N

Since j, 2 1 ¥g and n =31+j2+...+jn+l(n+l terms) > 1+1l+...+1
= n+l ,which a contradiction. Similarly we see that the other terms
do not appear,

Now, (2.6) is reduced to

8- % C €. s esseeC., : ) because by the

i +i +ooo+i =m. 1131 i232 lnan
A n
31+32+...+3n=n.

-induction hypothesis le’CmZ""" Cm,n-l are all zero.
We need to show that C_ ( L C, 5 Cy 5 eesly & )=
T4+ %e e etd =me Ayof 4pdis nn

31+j2+...+3n=n.
Since jB > 1 Yp and n = Jytdpteeetdy (n terms), this implies that

j, =1 v g . But for alla ,C, . =C, .= O, therefore the sum
B i, 1u1 :
of the products is zero implying that
C ( Z C. . C. . .o.ooc. . ) = O.
BN g ef_+deetl =m, 1191 *292 nin
s n
31+32+...+Jn=n.

Hence Cmn= O. Therefore in any case we have that

¢C =0 Ym Yn.

Case 2, We assume that there exists an m such that Cm1¥ 0.

l£ O.

Let m be the smallest natural number such that Cm
o

Define ®: R x R+ R by
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o~ ¥ 3
Mt,x) =t x e ey Yxe B

We see that® is analytic. Now, we need to show that ¢ is an
analytic semigroup action of (R,+) with zero on R, that is,

o(st,x) = @(s,8(t,x)) 2and #(0,x) = 0 VUs,t eR, ¥x € R. To see

m m_m
this, let s,t,x belong to R then #(st,x) = (st) °% = s °t °x

m m m m
6 °(t %°%) = 5 %o(t,x) = o(s,8(t,x)) and 8(0,x) = O 'x = O, Therefore

¢ is a semigroup action of R on R, Next, we claim that the zanalytic
semigroup action y is locally analytically isomorphic to the analytic
semigroup action ¢. In order to prove this, we have to find an
analytic map n : U+ U' where U and U' are neighborhoods of O in &,
such that n is one-to-one, onto and satisfies fhe following property:

n (p(t,x)) = ot nlx)) t, xe R,

i : 2 2 3 2.2
We have Y(t,x) = Clltx+012tx +C21t x+013tx +022t X+

3 b o 2P 32 b
CBlt X+Cl,+tx +('23t X +032t X +CL|-1t x+0'ooooooooooooaooo.ocoouo
m
e e v 0 s e scss 0000 and ¢(t,X) = t ° Xe
Define n ¢t R~ R by

i 2 3 n
nx) = do+dlx+d X4, X e e eneaaetd X teceseene

2 3
where d, = Cm k . Since C = 0, it follows that d.= O, that
k [3) qoo (0]
Cm 1
Q C

o HK 5 nn

is n(0) = O, Therefore, n(x) = I x: Sinee I Co bt

C mn

k=1 “m<l myn=1

converges in a neighborhood of (0,0), by section (0.5), it follows

that I Cm xk converges in a neighborhood of O. Clearly,

k=1’ Bt
o C e
k£1 Mak ¥ converges in the same neighborhood of O as g C_ kxk.
Cm.l k=1 o

o
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Now, we see that

i ﬂ(x) = (o] + 2 o] X + 3 m 3 x2+ eecvcv e

dx Mo 4 L Cmol

Therefore d n(0) = 1 £ O,
dx

By Theorem 0.6, there exists a neighborhood of O such that
n is one-to-one. Now, choose a neighborhood U of 0 such that n is
one-to-one and n converges in this neighborhood and U' =n (U).
Therefore, we have n: U =~ U', U and U' are neighborhoods of O in R
such that n is one-to-on¢ and onto. We want to prove that n(p(t,x))

= «t,n(x)); therefore, we first expand n(p(t,x)) and a(t,nlx)),

respectively.
n(y(t,x)) = n(Clltx+012tx2+021t2x+013tx3+022t2x2+031t3x+...)
A dl(c11tx+clztx2;c21t2£+013tx3+c22t2x2+031t3x+...)
(2.7) ' +d2(Clltx+012tx2+calt2x+013tx3+022t2x2+031t3x+...)2
+d (C tx+Clztx2+021t2x+C13tx3+C2 t2x+631t3x+...)3

2 2 3 2 3
+d (Clltx+0 Stx +021t x+013tx +022t x+031t x+...)

+..0.0000..-00.-0l0000oc‘l-.on.ooo..oaonoo‘ocac.

é(t’n(X)) = Q(t,dlx+d2x2+d3x3+dhx4+ o.o.oaoooooa-o)
(208) = t o(dlx+d2x2+d3x3+d4x4+ oooooo.oooonoo)
m m
S dlt ox+d2t ” 2+d3t ox3+dut ox4+ eeesscesvocve

We went to show that (2.7) and (2.8) are equal, that is,
we want to show that the coefficients of the term tmxn in (2.7)

and (2.8) are equal.
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Let m, n be any integers: We consider the coefficients
of the term t x in (247) and (2.8), respectively.
Case 2:s1 We assume that m # m

Subcase 2+41,1 m £ né

m ¥ m implies that the coefficient of the term ™" in

(2.8) is zeros The coefficient of this term in (2.7) is

4100

+ d2( b Ci

= )
J 12j2

il+12=m. 1 1

j1+j2=no

( I )

il+12+13=m.

31+32+j3=n.

a &/ /¢hirhe
> 113 153571535

4 0ssvsevrsssssbesecssBsbenasbbs

F scttesssb s sccsssbsbsbbeben e

+ d ( z C ¢ TN A =T
m . SN N S, S 5
11+12+...+1m-m. L A m“m
Jl+32+"‘+jm=n'

c
We substitute mok for dk' We see that we must show

Cm &
o

that o C

o)
+ ( i C C ,
2o $ade 553
mol il+12—m. 192282

31+j2=n.

(2.9) A S C R

] Z
mol il+12+13-m.
+32+j3=n.

+

. C G W
i3y 1535 1535
4
+ e6osss0080dsscsssccvesdocsane

+ G800 st st bbbt dosseB s b
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C
m m

+C 2 ( Z C, .C. . .o-ooC. s ).
§. 3 %500k i DIV FoVp TmIm
&7 2 m

m 1
o
Jl+:]2+o . .+Jm=n.

Now, use the fact that (2.3) and (2.4) are equal and
consider the coefficient of the term smotmxn (mof m, m € n). In
(2.3), since mo# m, we get that the coefficient of this term is
zero., Since the coefficients of the term smotmxn (m # m,am £ 05)

in (2.3) and (2.4) are equal, we get that

Cm 1Cmn
o)
+ C ( Z C C -
m 2 - e 8 O i
o 1 2-m. o B g o
Jl+32_n'
(2.10) T8 | b Vg - = -
m. 3 /. e 0 A O
- o 1l+12+13 =me 1 l 2 2 3 3

Jl+32+j3—n°
+..’..........‘.l.....'....

+......'.'.l.'..'.'........

+C ( z C, .c . .a...C. . ) = o.

mom l+i2+...+i =Ria 131 i232 lme

l+j2+...+3m-n.

Since C_ # 0, we can ddvide both sides of (2.10) by C. 1
and thus we provg (2.9). Therefore when m #Z mand m ¢ n the °
coefficients of the term t'x° in (2.7) and (2.8) are equal.
Subcase 2.1.2 m > n,
Since m # m s We see that the coefficient of the term t'x

in (2.8) must be zero and the coefficient of ™" (m £ moy m > n),

In (2.7) is

2.3 €.,
Js - Lad)
1+12-m. L1d5 %292
jl+32_n.
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+ d:f b '+ S + IR - TR
B g ht 1,35 2ads tad
1l+12+13-m. S O e i, e
jl+j2+j3=n.
+ ........Ol..'....C.......O..
+ .......0.0..l..‘...‘..‘.l..'
+d( z C. .C. . oco.uC. . )o
B § 4 deuwestd =m, T191 *292 1ndn
X2 n
jl+j2+ooo¢o+jn=nc
Cm k
Again we substitute G 2. for dk' Thus we need to show that
mol
Cm i
(¢}
C
C 1 mn
Mo
Cm°2
+ g - €./ /UM
C o s S e I Y N
mol 11+12—m. 171/ " 2¥2
j1+j2=n’
G5
m > ¢
(2.11) + I ok « e Y+ I
C PRI\ 4 — i3 disds 15
mol 11+12+13-m. By )
j1+j2+j3=n'
+ .'.....'....ll.'.'......D.....
+ .....l...........l.'..........
C
m°n( ) )
+ E C. .C. . ooaoo-oC . = @
Cm p AR LYY N, R T Ay g 25350 ian
o 1272 n

j1+j2+...+jn=n.

Now, using the fact that (2.3) =and (2.4) are equal. We
consider the coefficients of the term smotmxn (when m > n,m # mo).
From (2.3), since m # moy We get that the coefficient of this term
is zero. Since the coefficients of the term smotmxn (when m >n,

m # mo) in (2.3) and (2.4) are equal, we get that
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Cm lcmn
o
4 ¢ ( I Cy ; G i
m_2 da 1,d
o l+12—m. Sy adn
Jl+j2"’n’
(2.12) v Beat 2 R
g o 1+12+13-m. 2 By Sl i TR Ta ks

J1+3 +3z=ne
+D.O....ot.loo....ooaov‘..c..

4+ s e e e sec0000s00000000000b00b00

e 3 n( P Ci C 03 Gt PEP IR i T )
o l+12+...+1 =m. 131 l232 1n3n

31+32+...+3n—n.

0.

Since C_ 4 £ 0, we ¢an divide both sides of (2.12) by Co1
(o) (¢]

and thus we prove (2.11). Therefore when mo% m and m > n the
coefficients of the term %™ in (2.7) and (2.8) are equal. Hence
when mo£ m we get that the coefficients of the term tmxn in (2.7)
and (2.8) are equal.

Case 2.2 We assume that m = m_ .

Subcase 2+2¢.1 m < n, that is, m & e

Since m = m_ 4 We see that the coefficient of the term

C
t'x in (28) is equal d = Bs" . STor m < n the coefficient

Cm 1
o)

of this term in (2.7) is.

l mn
o
+ d_( ¥ C . C y
-5  Sejal O,
i, 12 m 4191 *2 2
Jl*JZ—n‘
+ d3( b3 C 3 C 3 C
1+12+13—m J1d1 1292 3 3

Jl+32+33"n'
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the coefficient of the term s

coefficient of this term ig (2.3) is Cm n®

+ s es e cs s 0000000000000

+ o0 e cos e seesecssosesesns e
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+ d ( z C. . C * 0.0¢0C - )
- i, 1,3 i 3
o 1l+12+...+1mo-mo. Y- ava mo mo
Jl+32+uoo+jm =Ne
o)
Cm k
We substitute __0O for dk' Thus we need to show that:
Cm 1
o
Cmol
¢
Cm i L
o
Cm 2
+ -C-—Q—- L C. J Ci J )
m_1 11+12—m 2D, Hade
31+32-n.
Cm ;5
o 4 i3 1 J »
mol l+12+13—m . l JazR X 2 3 3
Jl+32+33’n‘
+ S S O W 00606000 0 006000008000 s
+ ...0...............‘..0.‘.
Cm m Cm n
4-50 2 ¢+ 3 Cy 5 Cy giasensCy ) =z °
mol 1+12+...+1m = mo " Blyeld S s m my 'ol

e
31+32+...+3m0— n.

Using the fact that (2.3) and

Mo mo n
t

m

(2.4) are equal, we consider
(m_ ¢n). For m_g<n, the

Since the coefficients
o

m
of the term s °t °x" (mos.n) in (2.3) and (2.4) are equal, we get

that



ko

+ 6 ( ¥ T T Y
m 3 3 £43, 1.3, °343
o) il+12+13—mo p o Do Rt Bl
jl+j2+j3=n’
(2.14) + ..‘.'-.........l...l'..‘.."
+ ...’l..’.O.‘...O...I.....D..
+C ( z C k3 - . .O...C- . ) =c
mom o Y Sy 1.34 253 : el | m_n
oo 11+12+...+1mo- mo 3oL T2 2 mo mo o
Jl+32+.oo+3mo= N,

Next, we can divide both sides of (2.1k) by C, l(Cm 1# 0)
0 )

and thus we prove (2.13). Therefore whenm = m , m & 1 the

m
coefficients of the term t'x  (t °%™) in (2.7) and (2.8) are equal.

Subcase 2.2.2 m > n, that is m > Ne

m
Since m = m_, the coefficient of the term t O™ in (2.8)

is equal to dn = 0 « But the coefficient of the term tmxn in

(2:.7). 4=

ci 3 ci 3 )
1112=mo s Shudls Il 120
31+32=n.

+ d3( T Ci 3 Ci 3 Ci 3
11+12+13=mO 1<31~"22 " BY5
jl+j2+j3=n

4+ oe o0 0ceesrsessrtsbessvs s

+ M E R EE R R I RA SRR NN B A

T 2 C. . ooo-oc. . )
+o-o+i =m 01131 1232 lnan
n o}

+

dn(i +;
172
j1+j2+ooc+jn=no
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C
mok
We substitute 7 for dk’ therefore we see that we
mol
have to show that
Cmol
C
Cm 1 mon
o

+ C > ( z A
Bt 44l en Aydy *pdo
¢ e s

mol 31+J2=n.

(2.15) i (o B C, 3 c, p Cy 3 )
5”g_ 11+12+13=m0. 1YE=a=2 "33
mol 31+32+33=nf
+...‘.........0.......’...'..
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Using the fact that (2.3) and (2.4) are equal, we consider

m_n
the term s °t oxn"(mO > n), For m_ > n, the coefficient in (2.4)

is cm T Since the coefficients of this term in (2.3) and (2e4)
o}

are equal, we get that

C c
i !
mo mon

1 i ( T Ci )
M2 5 4i =m 1191 227
R A o

31+32=n‘

+
Q

(2.16) i ( L i3 C, 3 Cy 3
o) il+12+13=mo 3 S N Jact ™ IR 548

31+32+33=n.

+ “'...........‘.‘.I'..C'...

5 'R EE R IR A I A A



D..l.cij ) 8c-n

+ © ( 4 c. y
232 n“n [5)

e o

1 - PR e T

o 11+12+...+1n~m0. " g >
jl+32+...+3n=n.

i

Since C_ £ 0, we can divide both sides of (2.16) by
"o
g and thus we prove (2.15). So we see that when m_ > n the

m 1
o
coefficients of the term t'x  in (2.3) and (2.4) are equal. So,

we see that in all cases the coefficients of the term t"x® in (2.3)

and (2.4) are equal. Hence this proves that n(y(t,x)) = &(t,n(x)).
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