CHAPTER I ' N\

ANALYTIC SEMIGROUPS ON R \i

The purpose of this chapter is to classify analytic semi-
groups with O on R up to loczl analytic isomorphism.

Let p : R xR > R be a semigroup multiplication which is
analytic such that O ¢ R is a zero of u., Therefore u has the

following properties:

o

£1dil) (1) u(x,y) = £ C__x"y* 4in some neighborhood of (0,0)
mn
m,n=0
(2) u(o,x) = (¥,00=0 ¥ x R

(3) ulxy,1y,2)) = ululx,y),2z) ¥ x,y,2 eR
Since uhas property (2), it follows that 0 = u(x,0)
- 3 4 :
= Coo+Clox+C2 x +C3 x +Ch0x ¥issaceseecs o Therefore by corollary

(Ool'")we get that Coo= Clo= 020= C3O= sre0ee = Oo That 1S,

(1.2) C =0 Vn

n0 0'1,2,3,00000 .

A 2 3 4
Next’ 0= u(O,y) C01y+C02y +C03y +COL|'y tToeovceoce o

Therefore by corollary (0O.4) we get that COl= 002= C03="" = O,
That is,
(1.3) Con = 0 Vn = 1,2,3,"",..-0- .

We substitute (1.2) and (1.3) in equation (1.1), then

(1.1) becomes:

2 2 3 2.2 3
llxy+C Xy +021x y+013xy +022x y +C31x v+

L b
hxy +023x2y3 3y2+C’+lx Y+teosoossscococe

U(x9y)

+C32x

©
= § C xmyn
S :
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Now, let's consider the implications of property (3).

p(xenly,z) = £ C, " (plyyz))®

n
myn=1

= cllxu(y,z)+clax(p(y.z))2+Calx2u(y,z)+
0 (1 (y42))740,,x" (1(3,2)) 2405, Puly, 20+
Clhx(u(Y,z))u+023x2(u(y,z))3+032x3(u(y,z))2+
Culxhu(y,z)+..........................

= Cllx(Cllyz+012yzz+021y2z+c13yz3+022y2z2+031y3z+...)+
Clax(Cllyz+c12y22+021y2z+Cl3yz3+022y2z2+031y3z+...)2+
C21x2(C11yz+012y22+c21y22+013y23+022y2z2+C§ly3

3+022y2z2+031y3

2 2 2 3 &2 >
Cazx (Cllyz+012yz +C50 Y z+Cl3yz +C,,Y 2z +031y

B

2 2 3
(1.5) Cle(Cllyz+Clayz 40517 24Cy 52 Bhsie) *

2>
Wik s 6) o+

3 2 2 3 22 3
C31x (Cllyz+clayz +021y z+013yz +C22y Z +C31y Ztoo )+

2 2.2 3

%
+C5 5 2 +C§1y Zhooso) +

= 2
CIHX(CllyZ+Clzyz +C5y¥ z+Cl3yz
+ ...........O......"‘......

2 e 2
= CllCllxyz PO GULR yz+Cllclzxyz +C..CL XYy 2+

-2 B W 11°21

2.2
Xy 2+

3 5 gt
C31Cy9 X 72405105 C,9Cq % ¥2 +(Cp4Cppt

o 2.2 3 »
Clacll)xy 2 +011031xy z+011C13xyz Basss s visne oo

We see that the coefficient of the term xmynzk (n € k) is

lecnk

2 Cma(i fi —nC
T

i3 S o 3
191 292
j +j =k.
2
+ Coul A i c

m3" . =
: 11+i2+13—n.

j1+32+j3=k0

S - % C. 5 )
1,371,535 3335
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4+ @000 o0ecoccocecocooconoce0occecsow 000

{

4+ eoveescsccococeencccoo0es000000

+ cmn( b3 ci 3 Cy 5 .....ci gl 4
i+l teeeti =ne 171 292 n'n

31+32+...+3n=k.

Note that the terms involving C PLEXERLL do not

C
my,n+l’ “myn+

appear. To see this, suppose that we have

sosnibiy Yo

( i
1n+1jn+1

Cm n+l p B Ci 3
L] 'y . . =
1l+12+...+1n+1—n. ¥ gt RN~ el

jl+j2+. o.+jn+1=k.

. 5 ot . -
But 10 2 1 Va and”n s 1l+12+...+1n+1(n+1 terms) > l+l+eoco+l

= n+l. This implies that n 3 n+l, a contradiction. Using the sane
proof as above, the other terms do not appear.

If n > k the coefficient of the term xmynzk equals:
lecnk

R T G R = ——
m2 . S A & NUE T
11+12-n. i~2"2
jl+j2=k.

o > o C, )
¢ ¢« Puiu ntekciaba 34
11+12+13-n. UMD REVaN "OT9

jl+j2+j3=k.

+ Cm3

4+ occo0cococeceococeccecece0c00ec0000ee

4+ ecececcescovpccecccopeccco0cess

)

.....C.

+ G =€ by c
k
m i 1kjk

e o
& s 8l s Bl |
11+12+...+1k—n. 1v1 “2¥2
jl+j2+. ™ .+Jk=k.
Again, note that the terms involving Cm,k+1’cm,k+2""°'

do not appear. To see this, suppose we have the term
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( 0 s TR - )

ka+l - S p o, i J ‘
11+12+...+1k+1=n. 6 Pk & 2%2 k+1Yk+1

j1+jz+. ° -+jk+l=k.
ik 4 y/ Lol g
Since ig2 1 B and k = 31+32+...+jk+1 (k+1 terms), it
follows that k =j1+j2+...+jk+lz l+l+ss0+1l = k+l, a contradiction.
We can prove that the other terms do not appear by using the same

proof as above.

(=]

T C (u(x,y))mzn
n
m,n=1

nlp(x,y),2)

2 2
Cllu(x,Y)z+Clau(x,y)z +Cal(p(x,y)) z+

ClBu(x,y)23+022(u(x,y))222+C31(u(x,y))3z+
Cluu(x,y)zu+023(u(x,y))223+032(u(x,y))322+

iy I o3 006N e e men s

3 3

Fheoo)Z+

2 2 2 e
Cll(Cllxy+Claxy +C21x y+Cl3xy +022x y +031x

012(Cllxy+c12xy2+021x2y+013xy3+c22x2y2+c31x33+...)zz+
(1.6) 021(C11xy+Clzxy2+021x2y+c13xy3+022x2y2+031x3y+...)2z+
013(Cllxy+claxy2+021x2y+c13xy3+022x2y2+031x3y4...)23+
022(C11xy+Clzxy2+c21x2y+C13xy3+C22x2y2+C31x3y+...)222+
031(Cllxy+Clzxy2+021x2y+c13xy3+022x2y2+c31x3y+...)3z+
Clu(C11xy+C12xy2+021x2y+c13xy3+022x2y2+031x3y+...)z4+
......0,.................,........a;. ..;

2 2
= Cllcllxyz+cllclzxy z+011021x yz+C11 13xy Z
2 2

2 3 k.
+Clzcllxyz +011031x yz+C13011xyz +012012xy z

2 22
+(011022+021011)xyz+ ©0 0000000000009 OOOSCS S0
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If m < n, then the coefficient of the term xmynzk in
(1.6) equals:

Clkcmn

+C 0 8 - SR e
2R T e 1o
11+12-m. INE TRvg
31+32=n.

R R z OB 9@
- e Bt £5 S TR Mg
11+12+13—m. y B N L Bl Bt
31+32+33=n.

)

+ oco0ecceceseccceccecso0o0cccseco00coe

4+ oco0oco0e0coecvece0e0cb000000000000000

+ ka( z

.....Ct L]
i +i + +i_=m ipd )-
: 1 2 o o0 m

¢. .
3y 105 m9m

j1+32+...+3m=n.

Note that the terms involving Cm+1,k’cm+2,k’°"" do not

appears.
— mn ke

If m > n, the coefficient of the term x y 2z in (1.6)

equals:
Clkcmn
il s ooy A - C

et +i=m
11 2= o

31+j2=n.

AN 5 S |
i3, 153,

( Y &
1l+12+13=m.
31+32+33=n.

+ C )

e s
3k 1151 1,3, 1335

4+ 060000000000 0000080000060000000

© 000 VUOO0O0000O00C00 000000000 0©0O0OCSe

» ok T

nk . -.-..C. B )

Ci J Ci J 4.3
11+12+...+1n=m. 191 “2va n“n
j1+j2+o . .+jn=no
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Note that the terms involving Cn+1,k’cn+2,k"'°" do not
appears.

Since (1.5) and (1l.6) are equal, it follows that the
coefficient of the term xmynzk (myn,k € N) in (1.5) and (1.6) are
equal.

With this as background we are now ready to prove the

following theorem:

Theorem: Let p be an'anglytic semigroup on R. Then p is identically

zero or u is locally analytically isomorphic to the usual

multiplication.
Proof: From (l.4) the coefficient of the lowest degree term
ié Cll' Regarding this coefficient we shall consider

two cases:

Case l. We assume that C..= O,

T :
In this case we claim that Cmn= 0 Vnms= 1,2,3,..Jdn= 142434c00

Cll\\clz C13 C1l+ Cls 90000000000 O0OOO
021 022 023 Cau 025 ecoeceecceoecoe

c Co. ¢ c

31 32 33 3]+ 035 o000 0000000000
Cl}l CLI»Z CL'_B C[+[+ C[+5 cecoccocopacooe

Csl C52 C53 054 Css .........‘...}l.

g

‘ Crx  Cx,ke1

Ck+1;\\\\\
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To prove: the claim, it is sufficient to prove that Ck+(£-l),k= 0

=C -1) ¥k = Ti@iJobsess Y8 = 1,2,3 0500000

k,k+(2

Induction on k (on a diagonal line) .

FOI‘ k = 1, we have tO ShOW that o] {) e Clg’ Vl = 1,2,3,...- °

21"
To prove that Cllz 0, we use induction on %. For & = 1, Cll= (
by assumption. Now assume it is true for all natural number less
than 2. To prove C21= 0O, consider the coefficient of the term
xky.z in (1.5) and (1.6), respectively. The coefficient of this

term in (1.5) is Ci and in (1.6) is

’1
Cllczz
o T 2 - C ol )
2l i e, 13337155,
12
3+ =te
04 5 GRS, 8 )
. BT N T p oy TR B o
1l+12+13—2. o B3V 3
(107) jl+ja+j3=£o
: + © 9 0000000000009 ODOCODOEODOCCO S OOO
+ © © 009 0000000000 900000 OGS OO
+C.y 1( S Ci 4 Cy 3 ceeseCy 3 )
AP E Lol beaetll ot T1VYATRY2 2=19g-1
, : R L-1
; jl+32+...+q£_l-z. )
+C 8 C. . oo...C-
2,1 il+i2+...+i£=2a iljl 1232 lljz

Jl+32+..'+iz= 2-

Claim that the terms involving CQ+1’1,02+2’1,..... do not

appear. To prove this, suppose that we have

)

.....C.

( £ c .
12+132.+1

G E:
L+41,1° . : =
1l+12+...+12+1—2.

jl+j2+o ° .+j2+1=£-

. . C
i3; 1,3,

0008235
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Now i 31 ¥Ya andg =1 +12+...+i (2+1 terms)> 1l+l+..

o 1 2+1

eo+l = £+1. This implies that & 2 2 +1, a contradiction. Therefore

(1.7) is reduced to C, .( z £ 00 anwedl )
b iy+isbeeeti =20 113 1292 1de

Jl+j2+. B o+J£= R:o

because by the induction hypothesis C are all

110310z 0000Ce 19 4

zeros. Since ia 1 Ya and il+i2+...+ia = &, therefore iy, =1 ¥ e

Similarly j, = 1 ¥p. Hence Cy 370y = O VaVp implying that
a“B

the term
C ( 3 C s C o -ooooC. . ) = O.
R4 i Y435 153 b P
iytijtecorip=0 7171 722 L%
31+j2+...+3£=2.

!
o
°

Therefore 02 7 Oy /80 02
L]

2,1 1a0

Next we shall prove that C i O. As before, we shall use

induction on £. For & = 1, Cll= 0 by assumption. Assume it is

true for all natural number less than £. To show that C

consider the coefficient of the term xyzzz

1= C, we

in (1.5) and (1.6),

2

respectively. The coefficient of this term in (1.6) is ¢y

) and in
(1.5) the coefficient is

C115%;

+ G. (=8

JEY
11+12—2.

Jy*ds=te

ColyiCy g )
1197 197

+ Bl i o )

13 - BE € Jj O3 J
11+12+13=2. 17} “2¥a TEY3

j1+j2+j3=£'
(1.8) + © 0O 0 0000000000 0DOOO000O00OD0O0OO0OOCOES

4+ eco00co0o0o00c0000000cces000006000
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o o ( z ¢ A 4 PP 1 i )

o £ MU ; 1 gl g de wdy
11+12+...+12_1~2. s oo NHs - 4 L-1Yg-1

j1+j2+. o.+j 2—1';2,.

+C12( z C. - Ci - .....Ci - ).
iq+iyteeetiy =g 1137 1292 IR

31+32+...+3£ =85
The same proof as before shows that the term involving
Cl,z+1’01,z+2""" do not appear. Since Cll= 0 and by the
induction hypothesis 012,013,.....C12_1 are all zero, we see that
(1.8) becomes:

0 + Clz( z Cs 3 C 3 ceeesC, 3 )e
11+12+...+12=2.. LR 282 { s,
31+32+...+32=£.

As before, the sum of the products above is zero. So, we

get that
2
CM = s
S0, Clg = s
Hence Cg,l WAL 01'2.

Next, by induction we assume that it is true for all

natural numbers less than k, i.e.

Yt <k, =0=0C Ve 12,3800

t,t+(2=1)
=0=20C

Ct+(z-l),t

We need to show that C Via=1,2,34y0000

k+(2-1),k kok+(2-1)

Again, we use induction ong. For g2 = 1 we need to show

that Ck§= O To prove this, consider the coefficient of the term
2 .
;kyk e in (1.5) and (1.6), respectively. The coefficient of this

term in (1.5) is
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8.8
1 22

~+ [« P S - )

Kl o i
11+12-k

33,k

¢. C, 4
2 Tiy3y 450,
2

& 0k )

g gy e
ky3 il+i2+13=k2. i34 7150, 71533

P
jl+32+33-k e

+ .....-..O.‘.....O....D.O".

+ .........Q....'....ﬁ.'.l..‘

+ 5 ( x C. 2 Gt lo.o.C. ° )o
kok=1"y +1 e A0 kN Yo¥ 19k
Hn 2F i 02
(1.9) 31+32+...+jk_1—k N
P - L ¢ PN &, \C, A 18 )
kok'y 3 7 difekBaddy 33 1dk
13%2 ko,
j1+32+...‘>”3k=k °
+ Cp k+l( ® 5 Cy s C4 3 S, 3 3 )
! PO - Ay SRRy i TV g L] Te+19%+1
1 S
j1+32+...+jk+1=k -
+ ......lD.O..I..O..0.0.IDO..
+ .Q’U........0....0.000".0.
+ C ( b C JOR o ¥ cececel, . )o
% sl - e S - i L]
k,k 11+12+...+1 2-k -4 TLCY Tave k2 k2

. - 3
j1+32+o ° o+3k2=k °

By assumption the terms involving Ck,l’ck,2'°"'ck,k;1
are all zero and we also have that Ckp does not appear if p > k2.
Now, let's consider the term:

c, ( 4 C B, .. wesunl; )e Consider the product

0K g 1 s ieet ks, Wdg 123 3y
s K
. 2 Gy 404 g *o+Cy g
31+j2+...+jk- . 1971 *pdp kYK
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If there existsab such that iao # k then we have two possibilities:

either iao > k or i“o < ko

I# 4 ¢k then C, , =0 YPBs Therefore C, , C. . seses
Yo "o, B 13 13,

oooC. = Oo
1

Kk
¥ ia > k then claim that there exists an o' such that
o

ia' < k. To prove this, suppose not, then for any o (except ao)

7 2 .. /
i,?2 ke Therefore k = 11+12+...+1k

k2, This implies that k°> k° which is a

2 kik+eoo+k (k-1 terms)+ i,
0

> k+k+e.e+k (k terms)

contradiction. Hence there existén a' such that ia' < k. Therefore

= O hence C, sede C = 0. This implies that the sum

C. . ©
1ardp 1,3 459, RN
of the products is zeroe. Ifi =k \/ « then we consider jB as
follows:
If there sxistsP such that j, < k then C, . = O. There-
o} Bo 1aJB
o
fore Ci j Ci ceon C. . = O.
: B et O Tk

If there existsBo such that jB > k then we can prove that
5 :

there exists B' such that jB'< k. Therefore Ci 4 = O implying
avp!
that Ci : Ci PR C. . = 0 and hence the sum of the products is
191 *2J2 Tk
ZEero.

1L j5= k Y B then the sum of the products is Ct k ° Hence
9

the term C ( e

K,k eseeeC. . ) is reduced

£ s w el Ciljlciajz i3k

3 - N 4
J1+j2+...+3k-k °
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Next, we consider the term

C ( 2 C C. . .....ci )0

k,k+1l" ., . AW ot Pes S J
11+12+...+ik+1—k PSP 6.5 (T A k+1vk+1

i £ Lo
31+j2+...+3k+1-k i

: 2
) = ] eve ’d eoce
If §g> k Y8 then k%= ji+iytenetdy y Zhekteoosk

(k+1 terms) 2 k(k+l) = k2+ ks Therefore k2 > k2+ k which is a

contradiction. Therefore, there exists Bo such that jB < k and
o

therefore = 0 Va . Therefore as before the sum of the

C.
i,3
% Bo :
product is zero. Hence this term is zero.
In this same way, we can show that the sum of the products

are all zero for the other terms. Therefore the coefficient of

2 k2 k+1

the term xkyk & (1.5) is reduced to Ck i ®
]

Kk k% k°
The coefficient of the term x y 2z in (1.6) is

C
1,k2 Ck,kz

P v ( )3 BSINTI Lo Y
2:6° 1 sipeke ddy 1535
1*EHg

31+32=k .
(1.10)

e g o 5 Bus By 21000
3,k° & +i 41 =k, *191 2272 1373
B o
j1+j2+j3=k.

4+ 0000000000000 00000000006000000

4+ 0000enc0c0000000000800000000000

+C 2( 2 Ci j Ci . .....Ci . )
K=1,k° i +i. +eeeti, -=k. -191 292 k-1Y%k-1

¢ bt T

j1+j2+o ° .+jk-1=k °
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eoiialiia 3

( T
ek

2 Ci.4.%1 3
11+12+.oo+ik=ko 1 1 2 2

+j2+o ° .+jk=k2.

+ C
k,k

J1

Now by assumption, C 2y C 24eeee C » are all zero.
: 1,k 2,k k-1,k

We consider the term C 2( T C. 8, 3 eswi¥ls 3 Va4
k k° i 41 +...+i =k, 7191 F292 xdk
s
31+32+...+jk=k .
We see that i =.1 V a@ o Therefore C, , = C,. = O. Hence
o JUJB 1;|B
as before the sum of the products is zero. Since (1.9) and (1.10)

are equal, it follows that

k+1
Ck,k = Oe
S0, ck,k = Qi

Next, we assume that it is true for all natural numbers

less than & . We must show that G ¢p 4y | = 0= Ck,k+(2—l)°

To prove that Ck+(2—1),k = 0, we consider the coefficient of the

2
term xlk+(l-1)] yk[k+(2—1)lzk in (1.5) and (1.6), respectively.

The coefficient of this term in (1.5) is

c 4 -6
[k+(2-1)] <51 k[k+(2 -1];k
+C A, T Bs $ 8y
[k+(2-1)] ©,2 i1+12=k[k+(2-1)]. 191 12
Jy+ip=ke

)

+ € 5 ik b Cy 4G540 s
[k+(2-1)] <,3 il+12+i3=k[k+(2.—1)]. 197 135 3335

jl+32+33=k.
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(1ed1) . Sonnsenirarnssnnssncisneio

4+ e6co0ccecceccocecoccoecsocosee

z ...Cc

N gi¢ 4. 3.%1 3 i3
[k+(2-1)]%,k-1 ip+iskeeti, o =kfes(e-1)]"171 T2°2 k-1"k-1

j1+32+o o+jk_l=ko' . ol

ool

k )
23 iy

[k+(e-2)]%k 1g+14aati =kfk+G-1)] o *191
jl+j2+"+jk=k'

Note that the terms involving C ; > 4C 5 "
[k+@®-1)]%,k+1 ° [k+(2-1)] ©,k+2

do not appear. Now by assumption C

,C
u[k+(2_1)]2’1 k[k+(2-1)12s2

c are all zero.
k (ke (2-1)] 2, k-1

Consider the term

-..C. ‘. )'

C g b 2 s 3.%5 3 §is
[k+G -1)]7k i 43 +eeusd =k [ke(g-1)] 2291 %272 kJk

j1+j2+.o.+jk=k.

Since jg » 1 YB and Jy+d,*ese+d, =k, it implies that

jg=1 Y B. Thus, we have Cy 1= 0 Y« and hence the sum of the
a’

products above equals zero. Therefore (1.11) is reduced to O. That

‘ 2
is,the coefficient of the term x[k+(2-l)J yk[k+(2-1)zk

in (1.5) is

Zeroe

Next, the coefficient of this term in (1.6) is:

Cy 4 C
Dokl (2-1)]%, k[ ke 1))

+.C (

2,k )

5 2 Cy 3.0 4
il+12= [k+(9,-1)] 1Vl 72Y2
3y +io= k[k+-1)].

)
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W

5 g
Al W e ee(e-1)]%. 1191 1232 1333

3+ +ig=k ke (e-1)] .

4+ 0000050000000 00000000000@a0000000000600
4+ 009080000000 0000000000000000000060088S800

4+ ©00000000000600000000000000000000000980

(1.12) + C[k+(ﬂ,—2)] ,k( z ‘ C . “oe00e )

e o 1 =
*141 Ta% 1§+(2-2)jk+(2_2)
11+12+"'+1k+(2-2)= Ec+(9.-1)] .

jl+ja+' L4 .+Jk+(£—2)=k [k-#'( 2-'1)] °

+ C : ( 5 C. C. ¥ gy P )
fie+ (-1 113y 1,53, s (2-1)9k+(2-1)
iytisteeetdy 2.-1)=[k+(2' <13 15,

j1+j2+. ° .+jk+(2-1)=k[k+(2 -1)] -

+ c[k+2]’k( i Cy 5 Gy
gt 2
11+12+¢o.+ik+2=[k+(2 "1)] -
jl+j2+. ° .+jk+2=k[k+(l -1)] .

4+ 00000000060 00060600000000000000BG0006WwESO0O0

+ 90000000000 PO00C0O000000E0000Q00EOVOO0OCODABOS

c ( ) G, gl 2 iadiesl, =
" (21 ]k 1137 13, i k(e -1) Prre (m1)
Lyt teeotdy feo(e-1]) = e (2-1)]°.

Jatdote e et ke -1)] =k [k (2-1)) .

Since jB s L. V B, we see that the terms whose first index
is > k[k+(Q -1)] do not appear. By assumption, Cl,k’ca,k"""

e & are all zero. We now consider the term

k+(2-2) ,k

c LR U G - I TSI .
[k+(9,-1)],k( i3, 7453 k(e -1) Jics (£-1)
=Tk+(z-1

i1+i2+- ° .+ik+(2 _1) )]
Jytdotesetdp (g 1)K [+ =] -
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If there existsa B, such that jB # k, then we have two
o
possibilities: to consider; either jB > k or jB < ke
o o

1f jB <kithen C,. ., =0 ch. Therefore the product
(o] laJBo

P o 2 =Oo
292 T (2-1)k+(2-1)

If jB > k then claim that there existsa B' such that jB'< ko
o

To prove this, suppose not, then for any B (except Bo) jB 3 Ke

Therefore, k[k+(2-1ﬂ = j1+j2+...+jB +"'+jk+(2-1) 2 ktk+eaotk
o]
(ktt -2 terms) +j; > kek+sootk (ke(2=1) terms) = k [k+(2-1)] . This
(o)

implies that k[k+(2-l)] > k[k+(2-1)] which is a contradiction.

Hence there exists a B' such that jB,< k. Therefore Ci j = 0 an
aJdpe
hence Cy 5 Ci j eeal, . = 0. This implies that the
191 %292 g 1) dke(2-1) ey
sum of the products is zero.
1f jB S V B then we consider ia as follows:
If there existsa, such that iy < k+(%-1) then C, . = O.
; o i

GOB

Therefore as before the sum of the product is zero.

If there existsa0 such that ia > k+(£=1) then claim that
o

there exists a' such that ia' < k+(g-1). To prove this, suppose
it is not true. Therefore for any a (except a,) iy > k+(2-1).

Therefore [k+(2-1)]2= iy4istecetiy +oeeti (k+(2-1) terms) 3
o

k+(2-1)
k+(2-1)+k+(@ =1)+e0o+k+® =1) (k+(2-2) terms) +iad > k+(2=-1)+k+(2=1)+c 0o
+k+(2-1) (k+(2-1) terms) = [k+@.-1)]2. This implies that Ek+(2-1)ja>
Eu%l-l)]a which is a contradiction. Hence there exists a' such

that ia'< k+(g2-1). Therefore C, .= 0, so, the sum of the products

IG'JB
is zeroe.
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L, = k+(2-1) ¥ o then the sum of the products is

k+(2=1)

Ck+(2-l) ,k A

Therefore the above term is reduced to:

k+(8=1) _ kg
C ke (2-19) kCrala-1),k) = Ckata-1),k °
Now, consider the next term:
The next term is C ( z S AN i1 PR o I o
k+8,k 113 153; IR )

ip+isteeeti, o= e (2-1)]%
Jytdste. ety =k fk+(2-1)] .

If jg 7 k for all B then we get that k[k+(2-1)] = jo+i *e--
+jk+2(k+£ terms) 3 kik+ooo+k (k+2 terms) = k[k+2,:| which is a contra-
diction. Thus, there exists a B, such 'that jBo < ke Therefore

C = 0, impling that the sum of the products is zero. As above

g4
aJBo
the other terms are all zero.

g 2
Thus, the coefficient of the term x[k+(2'-l)] yk[kJ'(g'-l)] 2"

k+4%

in (1.6) is equal to Ck+(£-1),k°

Since (1.11) and (1.12) are equal,

this gives us that

k+g
Ck+<2 -1)’]:{ Qs
m s S Ak T

. k_k[k+(2 -1)]
To prove Ck,[k+(2 ‘l)J = O, We consider the term x ¥y

[x+@ -1)]2
z in (1.5) and (1.6), respectively. The coefficient of

this term in (1.5) is



26

i 2
'k [k (2 -1)), [k+(2-1)]

+ By ik b o WEESEe »
Ki2'y et ek [ke(e-1)] . '191 T2d2

y+3y= e+ (2-1)] °.

i

+ €, 4 z 8, 5 C, 4
ky5 Ciydy 1505 130
11+12+13-k [_k+(2 1)] LY TN

4+ 0098500000800 0000000000C000000900

4+ @000 0000000000000 0000000080000°

E C. C. .....c
i3 453, Iy =2) k4 (g-2)"

1 2+oo.+1k (l 2)—k[k+(21“1)]
Jytiotee st (ge)™ [k+(2- 1)]

(1.13) g

+

k,k+(2 -2)(

( > Cy 4 Cy 5. 2eoeCy
Ky k+(2-1) <6 I8 ¥ 3 e -1) ke (2-1)

ip+igbeaetdy o0 1)k [k+(2-1)] .

Syrdybesatdy (= (a1 %

+ C

( X C; 1 %5 B o s 0 )
i3, 153, lerndkes

11+12+...+1 —k [k+(2, 1)]

Jyrdstecetdy = [k+(2 1)]2

Ck s+

4+ 0000000000000 00000800060800000008e

4+ ©00000000000000000000C000000006SH

C ) ( b X C. A C. e
* Vi, k ke (2-1)) 3171535 Y fies (=2 P fer (2-1)] -

1l+12+°"+1k{k (2- 1)}-k [k+(£—1)]

3y+dgte s+ Iy fice(e-10) ferC2-1)] °.

As before, the terms involving ck,l’ck,2"°°'ck,k+(2-2) are

(B0 Oy seosly - )
Kk k+(2 -1) 11377453, e (2-1)Ik+(2-1)

ip+dteeetiy o 9y7K [(k+(2-1)].

Jp+igte st (g-1)= ke (2-1)] %,

all zero. The term C
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k+2

is reduced to Ck,k+(m-1)

s and the other terms are all zero.

k+2

Therefore we get that (1.13) equals Ck,k+(2-1)°

Next we consider the coefficient of the term xkyk[:IH'('Q’":L):|

2
A RAAVIR ey e 1

c K.
1,[k+(2-1)]° k,k fk+(2-1)]

.0 ( L G B0
2,[k+(2-1)]° i) +i=k . 113 129
jp+do=k [ke(2-1)) .

c )

+C 58 » e
3 [0+ @ -] 1y pipigek. T2 T2Y2 373
j1+32+j3fk[k+(2'1)]‘

(1.14) 4+ ©0000e00002c20000000000800600000000060000

+ © 00090000 OO0 00000 IOO0DOPOOCO0S0O0OC06QCOCO

C W - e O, o aenssCy i o}
k-1, [kt (2-1)]° 13 13z -1Vk-1

i1+12+ ) +1k_l'—'k.

Jytipteetd =k [k+(2-1)].

C s T Cy g Oy 5 meeeeCy g )
ky [k+(£-1)] 1ydp 150 k7K
11+12+...+3k=k.
jl+j2+oec+jk=k [k+(£"‘1)] <

We see that C P o

1,[k+(z-1)12'02,[k+(z-1)]2 -
are all zero by assumption. As before, the last term is zero.
Therefore (1.14) is‘zero. Since (1.13) and (1.14) are equal, we
obtain the following:

Ck+2. 5
ky [k+(2=1)]

o Ck,k+(2-1)

k-1, [k+ (2 -1)]°
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Hence, this proves that Cmn %50 Ym Vrh

Case 2. In this case, we assume that Cll;é Os
In this case, we claim that p is locally analytieally
isomorphic to the usual multiplication on R. To prove this,.

we first prove the lemma.

Lemma: Let ¢ : R x R +R be the usual multiplication on R.

Define * : R x R+ R by

x*y:Cllxy £+ ¥ € R.
Then (R,+) is a semigroup with zero and is analytically isomorphic
to (Rye). Note that O ¢ IR is a zero of (R,x).
Proof: Let x €R. Define y : R+ R by
p (x) = E-l- X

3L

y is one-to-one, onto function. We must show that ¢
preserve the operations, that is g(xey) = p(x) » p(y)s Let x, ye R

1 1

¥

then yp(xey) = === xy = Coq 5= X+ 3= 3 = Coq ¥ (X)e ¥(¥) = wx)*v(y).
©11 ‘tokexortal it

Therefore y(x)x p(y) = wlxey).

This proves that (R,+) is analytically isomorphic to (R,°).

To show that the analytic semigroup p is locally analytically
isomorphic to the usual multiplication - on R, it is sufficient to
show that p is locally isomorphic to x . To prove this we need to
find a neighborhood U and U' of O in R and a bijection map ¢ : U =+U"

such that ¥ x, y ¢ U, ¢ (p(x,¥)) = @(x) ¢ (¥)-
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C
Define yby ¢(x) = £ b x" , where b_ = Wi
n n C
nel 1X

We see that ¢(0) = O. - Since u(x,y) converges, this implies that
there exists a neighborhood of (0,0) such that p(x,y) converges for

all x, y belonging to this neighborhood. Now by section (0.5)

©
z C1 x" converges in a neighborhood of O.
n=1 "

© C
Clearly that 2 Elg x" converges in the same neighborhood
n=1 11
of O as ¥ C1 X"
n=l s
g n e Cln n
Now, we see that y(x) = £ b X = 1 T X -
A=l 1 £ e
C C C
=C_nx+“C"]:'g'x2+c—J.2x3+ o-.oo'oooooooo
2 8 EL 11
d O¢3 N2 d
Therefore — P(x) = 1 + 2=— % + 3——2 X4 opessssss Thus == p(0)=1#£C.
: dx C11 C11 dx

Then by Theorem 0.6, there exist a neighborhood of O such that ¢ is
one-to-one.
Choose U be a neighborhood of O such that ¢ is one-to-one

and converges in U and let U' = YWU). Therefore

v : U »U' and ¥ converges in U. Thus ¢ is well-
defined, one to one and onto. Next, we must show that y preserves
the operation, that is

p(plx,y)) = ¥(x) *p(y). Therefore we first expand

Y (p(x,y)) and y (x) + y(y), respectively.

1

bl(u(x,y))+b2(p(x,y))2+b3(u(x,y))3+.u
3

¥ (n(x,y))

2 2 22
bl(Cllxy+Claxy +C 5 X y+013xy +C, X"y Re wn)
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2 2 5 2 2 2
+ ba(Cllxy+012xy +C, % y+C13xy +C, X Y s ved
2 2 3 o2 3
(1.15) + b3(Cllxy+Clzxy +C,9% y+013xy +C X"y Fain e

2 2 2 22 4
+ b4(011XY+012xy +C, X y+013xy +C %"y Fuvad

4+ €0 en00P0000000C00cC000000008CC000000000GS60

w(x) = ¥(y) Cllw(x)-w(y)

3

(1.16) 01, (b xeb,x°4b +b4x“+...)(b1y+b2y2+b3y3+...)

2 3

_ 2 2 22
= Cllblblxy+cllb1b2xy +Cllb2b1x y+Cllb2b2x y

3 3
+ C11b1b3xy +Cllb3b1x y+ 90000000 OQA0060000 6 OCOCeO0

To prove that y (p(x,¥)) = ¢(x) » p(y), it suffices to show
that the coefficient of who/ Yo y® (Ym, Vn) in (1.15) and (1.16)
are equal. We have two possibilitieé; either m> n or ﬁ < na

Caps. 2als " B 3 Do .

Consider the coefficient of the term xmyn in (1.15) and

(1.16), respectively. The coefficient of the term xy" in (1.16)

is
Cllbmbn
i e Clﬁ Cln
1 C11 C11
(1.1%)
& Clmcln
C11

The coefficient of this term in (1.15) is

+ Wl B )

Ci j Ci j
11+12=m. Y1 T2v2

Jl+j2=n.
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+: bl z C
> i +i +i_=m
Bl e M
j1+j2+j3=n.

gy YR
1137 1,3, 1535

+ e..o.....-o.....o..o..tn.lo;

+ cececoco0cecooco0eo0en0ceeccoecs 00

+b ( E - . . . o.o..C- 2 ).
Bog +ibiensi =mi 1191 1232 ndp
1 a n
31+32+...fjh=n.
o F
We substitute o for b,y i = 1,2434¢een. Then we get
11 7

that the coefficient of the term x 'y  in (1.15) is

C

ey
C11 mn
c
+ Elé Ci ] Ci 3 )
11 i +i,=m. 191 29>
Jy+3,=n.
(1.18)
4 013 1
+.C_( - 'ci.ci.cij)
11 iy +i 4 =m, 191 1292 13d3

j1+32+j3=n.

4+ occcocococecececoso00006n00000 08

4+ oceccoococceccocccecescccesoe

c

22 5 Gy 4 Cy g aseesCy 4 )
1T 11+12+...+1n=m. 351" T2a%2 n*n

j1+j2+.°.+jn=n.
Therefore when m 3 n we want to prove that (1.17) and
(1018) are equal. To prove this, consider the coefficient of the
term x ymzn (when m >n) in (1.5) and (1.6), respectively. The

coefficient of this term in (1.5) is
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CllCmn

N o Bl e

A2 i +i_=m
gt

Jy+is=ne

' YR - PRI
11d; 3o

& i ( 7 C C [+
5 SRR TIRS £0. g WY T, A0,
ip+iy+ig=m. b R b s el

(1.19) j1+j2+j3=n.

)

4+ o0cocecoco0coccecoococn0cecc000e 608

4+ oc0ceo0coccoescseocso0ce0c00000 w0

R R G C

in i +i'+ +1 =m o
g e el

T .
pla—2ado - - nn

j1+j2+- - .+jn=no
and the coefficient in (1.6) is

(1.20) C1mCin

Since (1.19) and (1.20) are equal; multiply (1.19) and

(1.20) by.%_,it follows that (1.17) = (1.18). Therefore the
p % :

coefficient of the term x"y" (when m 3 n) in (1.15) and (1.16)
are equal. | 4

Case 2.2 m < n.

Similarly, consider the coefficient of the term xmyn in

(1.15) and (1.16); respectively. The coefficient of this term in

(1.15) is
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+ b( b C )

1.3:%4.3.% 1
1l+12+13=m. Y TeME: T 9%
j1+j2+j3=n.

4+ eo0ococnooecocenoccoococoscocccccoa

4+ cococecemecocecoc0000600000000000

R 1 > i
11+12+...+1m=m. F Vgt &

Jotisteset] =ne

C. sy
i3, 1nd

and the coefficient in (1.16)is

Cllbmbn
We substitute "li for b, i = 1,2,3,..am.Then we need to
12
ehow that 11 ¢
'(':— mn
11
c
2
+=— ( T 0.7 .
G131 1.+i.=m, NITOETS
i
Jl+32=n".
+C C C
11 i+ +igem. 191 292 133 - % e b §
2 . s AL )
(1-21) Jl+j2+33 n
+_.....0......."...0.0....“...
+ © 000000 OO0 OOOO0O0BOO0OCOO0O0OD0SOS
c
ELIE 2 . . C. ....'Ci - )
A0 4 af o ity ¥y, Tgds mYm
g nm

31+32+o ° o+Jm=no
To prove (1.2i), we consider the coefficient of the term

xy"z" (when m < n) in (1.5) and (1.6), respectively. We see that

the coefficient of this term in (1.6) is
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=T
(1.22) clmc1n

and the coefficient of this term in (1.5) is:

Cllcmn

FIRE, o S C )

i +i=m
- Bl Wi

j1+32=n.

. S
1,5, 1,9,

(1.23 0 ok ¥

1% i
11+12+13-m.

j1+j2+j3=n.

Cy Cy 4 Cy j )
191/ %292 133

4+ coeeoccececocnvececcoconesccanoe

4+ cocceveveecvo0bo0B0000000000e

C. C. - -..-.C. - ) -
1ljl 1232 lme

+ 0.4 5

In i, AR
1 2 o0 m— o

jl+32+...+jm=n.

Since the coefficient of the term xymzn(when m < n) in
(1.5) and (1.6) are equal, we have that (1.22) = (l.éB). Therefore
we can divide (1.22) and (1.23) by C,, and get (1.21). Hence,
in all cases it follows that fhe coefficients of the term xmyn of
w(n(x,y)) and y(x) * y(y) are equal. Thus, Y (u(x,y)) = p(x) *y(y)
and it follows that p is locally isomorphic to the usual multipli-

cation on R.
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