CHAPTER III

THE LIMIT DISTRIBUTIOM OF SUMS OF MULTIDIMENSIONAL RANDOM VECTORS

3.1 Introduction

1 m,

Let xi = (Xi, e 0s 9 XD, i = 1,...48 be random vectors .
Let
(3'1'1) S = X + o o e + x a
n i |
Hence
1 m
Sn = ( Sn y 8/ a e 9 Sn ) y
where
n

SJ = pXJ ’jzi,ano,m.
n =4 i .

In this chapter we shall give conditions under which the

distribution of Sn tends to a multivariate Poisson distribution .

We shall discuss the case m = 2 in detail . The case m>»2 will be

discussed briefly -«
First , we give some motivation by considering a certain
factorial moment of sums of 2-dimensional random vectors . Let

Xi = (xi ’ Xi) y i=1,60e4yn be 2-dimensional random vectors such

that their components can take only the values 0 or 1 . By
Theorem 2.4.1 we know that

F _n

1 .1 .2 .2
M (S ) = P(x =X; =X, =X5 =X% =1) .
(3}l2] ® 51 1251 :.E1 1571 :. o3 1 149 1qp 143 154 1y,

‘f"lz"" 3! 121"122

1117443 6010()7



Define

G(x? ,x? ,x? ,x? ,X2 )

119 39 143 159 15,
[
= p(x} =1)P(x; =1)P(X?* =1)P(Xi =1}P(Xi =1)
*11 12 113 21 29
+ p(xi =1)P(x§ =1)P(Xi =1)(P(x? X% =4) = p(x; =1)P(X§ =1ﬂ
11 12 21 *13 t22 13 22
+p(x1 =1)P (XL =1>P(x§ =1>{p(x? =xi =1)-p(x§ =1)P(xi =1)
11 12 22 43 121 13 21

:

+p(x1 =1)P(x§ =1)p<xi =1>[p<x? =xi u1)-p(x; =1)P (x> =1)]
11 13 21 bya Fan 12 22

+p(x§ =1>p(xi =1)p(xi =1) P(xi =X° =1)=P(X} =1)P(X® =1)

11 13 22 12 121 t12 139

+P(XT =1)P (X} =1yp(x? =1)lp(x1 =x2 =1)=P(X} =1)P (X2 =1)

P 13 51 11 *22 11 122
sp(xy sneexg=neax =n1Beg =x2 =1px] 2P =1)
12 13 22 11 *21 11 21
(X} =] = =1)=px] =0p(xZ =1)].
11 12 “21 12 *21
[p(xi =xi =1}-P(Xi =1)P(X§ =1ﬂ
13 122 13 22

1 B o 1 2
+P (X} _1)[P<x, =X =1)-P(X; =1)P(X} _1)]-

11 142 *22 *12 22
[P(X; =x§ =1)-P(x? =1)P(Xi =1)]
13 *21 143 21
+p(x; =1)[p(x§ =xi =1)—p(x§ =1)p(x§ =1] .
12 11 *21 11 21

[p(xi =xi =1)=P(X =1)P(Xi =1)]
13 *22 113 22



1 2
N =1)P(Xi =1)]

+E’(){‘l =1){P(X1 =Xi =1)=P(X
12 11 22 11 22

i

[p(xi =x§ =1)-P (X} =1)P(X° =1)]
13 *21 *13 121

+p(xi =1)\P(X1 =x° =1)-P(X1 =1)P(Xi =1)]-
13 11 21 11 21

2 1 2
L =1=P(X] =1P(X] _1)]

[P(Xl =X
12 *22 12 22

i

+P(x; =1)ipcx1 =x§ =1)-P(x; =1>p(xi =1)1
13 11 ~22 11 22

AN 1 2 _
iptxi =X{ =D-P(X] =1)P(X] 1)] .

123 &7 12 21

Hence , we have
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n n n n n
e 11 2 2
- )_ S §_ PAXS =X, =X/ =X{ =X =1)

L L2 o i
131 45031421431 111 M1z 13 21 teo
P T E e R

114#05

iil

o]
e

n n
={ ¥ > i S P(Xi =x§ =x;l =xi =xi =1)
llil 1151 1131 12?1 12§1 11 12 ~13 “21 22

i11’4‘12"1‘13#“11’12‘1#122
n n n n n
_ T o ; SR (RS 2 2
iizi iL_i iLﬁﬁ iE;% iL:hG(Xi ,Xi EXi 5Xi2;X122)
1 g B gl 200 3.8 1oae 3

110#p%ty3 0 154705,
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n n n n n
— — 1 .14 2 2
B ;Z“’ '113 'E;% it:i iizéG(xiiix 15xi1§xizixizz)
131 1431 1431 1,31 1,3
11k211k20r 121-122 for some kl’k2
n n n n n
™ T ol 1 g1 2 2
: 52; i= il:d iz=ﬁ itrakp(Xiiniizxia§x12§xizéi)
i3l i3t 1 451 45
LggFigpftg s 104,
114%143
oy ch xi ,xi ,xi ,xi )}
11 *12 21 “22
n n n n n
— - 1 3 1 2 .2
+ i\ ) A, 1E_' N ) G(X, ,X; ;xl gxiz,xi )1 .
11k1=11k2°r 121 22 for some ki’k2

Observe that if both terms on the right tend to zero i.e. if

n n n 1 2 2
— {ll P(X _x =X =X, =X. =1)
(1) 1im 2_‘ E: i:_ { i1, 133,74,

1ﬁiiﬁli3 ’ lzélzz
1415

- G(xi ,x1 ,){‘l xi ,Xi &’ =0,
11412 *13 *21 *22

S 1 .1 1 .2 U2
(2) lim }: vy Y- Y"'Gtx. X; oX; oX3 X3 )| =0,

n—-so llii 1131 i1§1 i2i1 1251 11 12 13 21 22
i . = 1k or 121=122 for some kl’k2

then the quantity on the left hand side of (*) will tend to zero .
/

This would imply that 1lim /{[3] (2] (Sn) exists if and only if
n-=eo i

n n n n 1 2 2
lim E 5: L' Z:G ,xi WXy 9 Xy ) exists .
131

11§‘11=‘1 123‘1 1‘l ‘12 13 21 " 22
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Observe that

n n n n
» ol A o xroxlox? x2 )
iﬁ‘l igi 1431 izi'l 125‘1 111 i1.2 113 121 122

P {ﬁiptx}u]a[iiptxim]z

=]

n n < n
+ G[Z: P(xin‘l):l [‘“‘ p(x52_=1)'l ¥ }p(xzsxini)-p(x}i)pcxfn)}
9 = 151 47 1 12 1 2

1

2
2
1“1)9{"1'2'1)}}

1 52
(X =X,=1)=P(X
§P i, i 1

=1 i =

2

i [E(i}:j"ix;)]g[mi‘_&xi)]

o 1,150 52 2 21 &2
+ 5\2{1}:,31)] Egtgixi)]icov(ig‘ixi,iglxi)]

n 2

2
X )] :
i=1 1

S 1 1
+ G{E(injl [cov(]__,xi,
i=1

i=1
If we assume that

n
1
1lim E() X;) = A,
n—+o .‘gii 1

n
2
lim E() X)) = A, ,
n-+ 9 Eii 2

lim cov(fx;l_,ﬁxi) = 212 .

N~ 09 i=1 1=1

We would have
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>: RS bl al o
1i 2__ G(X Xy oX5 X7 X))
3 ad 2 2
= A7+ A0 6 A, AL, -

This would imply that
/

R R Y A A
which is the factorial moment of a bivariate Poisson of order 3,2

From the above consideration we see that under certain
regularity conditions the factorial moments of ’n can be shown to
converge to the corresponding factorial moments of a certain
multivariate Poisson distribution . However , there is a difficulty
in stating these regularity conditions . The difficulty lies in
the definition of expression like G(X? ,X? ,xi ,x2 ,X2 ) used

T1q tap 143 151 155

above . To overcome this difficulty we shall introduce the following

notations .
For any two distinct random variables }{'JL y X2 define
(3.1.2)  brxY) = p(xlay) |

p1(x%) = p(x%=1) ,

p2(x1,x%) = p(xlax?=1) - p(xlan)p(x®o1) .

Let (X; ,Xi) i=1,0004n be any 2-dimensional random vectors .

Define

(3.103) AJ = { xi / i=1’e-.,n} 9 j=1,2 ]

(3-1.4) C,-[]‘ = {Cj / Cj: i'l,..a,r} -—> AJ} , r=0,1,on. ’
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(3.1.5) D:J: = \cj / cjtcg and cJ(k,l);écJ(k2) , if kl;ékzlj ;

{fr /g, = il,..a,r}—-;{l,u.,r} y £ is 1—1} .

1.1 2. @
and any ce:_Cr 3y C ECr

1 2

]

(3.1.6) F
x

For any non=negative integers L st,

define
L

(3.1:;?) b(cl,cz) = P{C1{1}= aoa =C1(r1)=c2(1)= aoo =C2(r2)=1) 3

(3.1.8) G(Cl,cz)

r r

minir yr P e | 2
IR of o357 11 b2t , e 00 T e te g Mibtec?ege
-} U2 k=1 t1 2 k=p+1 1 k=p+s1 T2
F€P fE€F p=0 -
Fa ¥ 52 % (rl—p)!(rz-p)!p!

3.2 Main Theorem

Theorem 3.2.1 Let xi = (X;,Xi) y i=1,404,n be 2=dimensional

random vectors where the components can take only the values 0 or 1.

~ . 1,.1 1,.2
Let Sn = x1+ ¥ +Xn « If the probabilities b (xi) g B (xi)

2 2
b (xi,xi) ’ b(ci,cz) satisfy the following conditions
1 2

(3.2.1) 1im max bl(x;) =0 3
Nem1£4en :

(3.2.2) 1lim max 51“‘52_) "

nﬂwigién -

21,1
(3¢2.3) 1lim Zb(xi) = A

9
n—-e i=1 1
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n

(3.2.4) 1im Y bXx%) = A. ,
1: 2
n-=xoc0 1=1
(3.2.5) 1lim n max bz(xi ,X2 Y la i,
M ) 1
N=se 1.“-.1_’{. 1 2
€
1_12=n

: ~ 2 2.1 2
(3.2.6) lim o | pTXy XD,

1 2-
Il n
(3.2.7 1n  ¥T opix) X2y o= A,
n-» oo i1=1 12=1 1 2

where A ,‘22 ,’212 s M are some non-negative real numbers , and

if for any n>0 and any non-negative integers r_,r_ such that

172
r +r ® 2 there exist subset I (n) of Dix D2 such that
1 ,r r r
1 1 2
i |
5 12
, (3.268) 1im a' , ble—se—)—=—0—;
n— o
(c™ e R Ir{?%
(3.2.9) lim 2 Glet d®) m 00 .
B e )(Ir(n)
1’ 2
and
1 .2
(3.2.10) 1lim blc™yc) = 1
n_‘*G(cl,cz}
uniformly on J (n) = D:x 2 - I (n% y then as n tends to
17422 1

infinity , S, tends to a bivariate Poisson distribution X = (xi,xz)

with marginal means ﬂl ,'22 and cov(Xi,X2) = 212
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First we prove a lemma .

Lemma 3.2.1 If Xi y Imdyesesn satisfy (3¢241) 5 (3:262) 5 (3.2.3)

9

(3.264) 4 (3.2.5) , (3.2.6) of the above theorem , then for any

non~-negative integers r_,r_ such that r_ 22 or r_22 , we have

) 1" 2 1 2
(3.2.11) 1im _ 6(che®) = o .
By (ci,cz),( plx D
r r

1 2

Proof Observe that for any non-negative integers ryr

2
- =
(3.2.12) Z,d G(c <2 2 G(c < S+l ) etetie®] ,
(c s C )1 D x D2 {c No )ﬂ D xIJ (ci,cz)g D1>(D2
A 1 1 *2 242 T4 B
] & D; c" £ D
and 1N 8

Yw-\
(3.2.13) ;. e(cY 3

(cl,cz) £ Dgx Di
1 2
1 1
c g])
T4

£ (k},c f (k))e

min/r ,r i Y
& 2:: E::. E:ﬁ 3 2} A4 . [ P b2(cl

Y r oy e )(D k=1 Tq 2
1 I TRUER 1 2
ciiD:
1
rlg g =2 4,
@ H bt fék)}li b {c"§ (k)ﬂ//iri-p)!(rz-p)!p!
k=p+1 1 k=p+1 T2

For any fg:Fr ’ friFr and any p=0,1,...,min£r1,r2},

T | 2 F2
sy i £, r,
; “T b (cifr(k),czfr(k))\l bi(cifr(k))Ti bH(c?F_(k))
(c1,c21£91xnz =1 1 2 k=p+1 1  k=p+1  ©2
%a %2

1
c%?brl
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i~

4

24

= b B BB oo o3 ol TRoa,
EE E ‘l"fb(xi,x:i )\lb(xi )llb(Xi )
i.31 =1i.71  i.=1 k=1 1k "2k k=p+1 ~1k kep+1 "2k
11 -
1r1 21 2#2
1k=i1k for some ki'k2
1 72
2 .. D Plo 14 2 "5111 r212
} . ees 2;‘3___: TT p=(x; ,X{ )Illb(xi )TTb(xi )
1?1 l1§i12i1 12§g k= 1k "2k tk=p+1 1k k=p+1 2k
=i for some k_,k
1k, "1k, 2
I r
n n n n/ p —1 —
e T T Y ﬁ}b'?(xi ,xi | N vt ) T BAEE %)
471 iﬁ;iizil 1253 k= 1k "2k | k=p+1 ~1k k=p+1 2k
1kzl1k2 for some ki’k2 £ p
R -y R - R NP T PP IR
Lo 5 ee YO I poCx; X7 ) Hb(xi )Hb(xi )
131 ipl,g1/0 802 k=1 1k “2k! k=p+1 ~1k k=p+1 2k
1 2
s s . <
1k111k2 for some k ,k2 with ki-p,p<k2ér
r e 2]
n n n n P T | P
Vo T e S IF 2(:@ ,xi ] et} HFphx? )
151 lliiiZi 125? K= 1k T2E} K=p+1 1k k=p+1 2k
L
= . > € -
1k111k2 for some ki’kz with p¢k1,k2_.1
- I n n
E b ;1 bz(x‘il ,xi )l p2(x1 ,xi )l .
i,s1i51 431 1 2 1 73
- n n p=21r n r - n b
D I R e 5y X5 ) e b 5 etxd 2
iF1i=1 1 2 i=1 i=1

I 0 n p-1
bzcx; ,xi )| $ ""‘1&1:;2(15l X2 )’
1 2 l}|i=1 1 N

JMr. =p=1rn 1r. -p
.1, %01 —.,1,,2 2
[5 b (xi)J [‘:113 (xi)
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2 n n NP-n _Y_=p=2
+ L bicx?)} } T, Yoppteg o of [ ptah] !
=1 i=1 i=1 ) |1=1
17 12
i~ n r_=p
=.1,.2,152
L-\L_Jb (xi)}
i=1
i T n p-1
< max bz(xi ,Xi ) E E!bthi ,Xi )l ~
2 £ i = .
185 40 1 2 || i s 1 *p
éizin -
n11'"’1"p“12r2'1
- Y b (x.)] &:b (xi)] j
= =1
- n n p
+12 | max bi(X) : :b(x;,xi)
1£i4n 10T 1 1 *2
n r -p=lrn r_ -p
blf){;)] 1 I:'bi(xi) S
iT9 =1 i
By using (3.2.1),(33253)5¢3:244)5¢3:225), (3.2.6) it follows that
s T,
x (3.2.14) 1im TT b2 (el t0,¢% 00 T phele o)
n-»¢o (ci,c )ﬂDixnz k=1 1 2 k=p+1 A
b ot k o
ULALONGKOR
cf D,
' s
pl(c? £ = 0 .
k=p+1 2

By using (3.2.14) it follows from (3.2.13) that

(3.2.15)

lim G(c: ,c) = 0 .
R=200 %‘,—‘2)/2'13 xn
1 2
cifDE_‘l

By using the same argument it can be shown that
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(3.2.16) 1im E slete® | =« o .
o0 (c‘l,cz)(DExDi
1 %2
ceé Di
2

By virtue of (3.2.15) and (3.2.16) , (3.2.11) follows from (3.2.12) .
We now prove the theorem .
Proof (Theorem 3.2.1)

Observe that

/
(3.2.17) (Sn) =1 |a
Lo] o]
Let L Hr, be non-negative integers such that r1+r2:1 -

By Theorem 2.4.1,we have

/
(3.2.18)/((

(s_V i b(cl,c?) .
)] 7 1, .2
[ 1 2 (e ;e5)€ D %D
A o

When L +r, = 1 5 we have r1=1 = r2=0 or r1:0 y =1 .

If r1=1 ’ r2=0 y then by (3.2.18) , we have

!

M gty

Hence by using (3.2.3) , we have
/

(3.2.19) 1im (8 ) w A, &
: n-od/1%1][9] 2 2

n
P LU |
) = 2—lb (Xi) @ .
i=1

Similary , if r1=0 . r2=1 s We have

/
(342.20)  1im (s ) = .
' n»m/({(ol[i] S %

Now we assume that r1+r2§2 + Wa break up the right hand side of
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(3.2.18) into two sums

(3.2.210 ), wteh,dd = L bl s+ P blel,ed .
(c1,c%)¢ nixnﬁ leviel)iE I_(n) LY 3_(n)
1 2 12> 1’72

From (3.2.10) it follows that for any € >0 , we can find N such
that for all naN and all (ci,cz)ﬁJ (n)
oy
32
blel,c?) -

i 1]_4& .

G(ci,c )

So for all (ci,cz)é J(n) s we have
by

(1-6)6(c?,e®) 4 (e, e®) ¢ (meeel,c?) .

By summing up over all (ci,c2)€ Jé_n)r , we have

172
e A
(1-¢) 2 / G(ci,cz) £ t__x b(ci,cz) C (1+g) E::: G(ci,cz) o
(ci,cz)i J (n) (cl,cz)é.Jr(n} (ci,cz)é J (n
1252 1*2 Fq¥a
Hence
T —— —
1 2 1 2 1 2
. J.(n) (e qe )(-Jr(ng (e”yc )E,Jr(n%
1v"2 1’72 1772
Observe that for any fri.,Fr1 s frg Fr2 and any p=0,1,...,min{r1,r25
n n P - n —E =D ~ r, -p
— . 2,.1 2 — .1, .1 1 —/ .1 2 2
(3.2.23) | 7 TP} ¢ >J b <xl)J b (Xi)J
1.=141i,.=1 1 2 i=1 i=1
1 2 :
r 5
n n n _n p —1 —2
= L eee Lu Lgeee L. UB%x) ,x2 1Yt )T BHXE )
11?1 i1§1 i2T1 12§§ k=1 1k "2k k=p+1 1k k=p+1 2k
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. b 1 v% et (k) ,c%e ) li fc fr<k>>" bl(c?s, 00
(c?,e®re clx? k=1 1 2 k= 1 kel TR
’ E

¥y g

R 1
(3.2.24) [, &(ct,c?)

1 2 1 2
(e ye7)e C xC_

min&ri,r2 P

s T | ST
- L. L » ‘Tﬁ; (et _(x),c f (X))

e
(et ePr€ cix c R/ PP k=1 1 T2

£q £
I ptecte o 1] bi(czfr(k))] (r,=p) ! (r,=p) !p!
k:p-l-l 1 k=p+1 2

min[r ,r}
1 TR TH =p
. L. i Z__, \‘Trb (£ 0 ,c%e (k)
p=0 fEF fEF 2 2 |k=1 Tq o
ririrzrz(c SR )ecxr_

1

2
‘£111 '5212
W b ets e M plee?s () (r,=p)!(r,=p)Ip!
2

k=p+1 r1 kﬂp‘f'i L

)
minLri,rzk 1"R-n
2 helel — 27y
= ¢ 12 E } b (x x ] 2 b (X ]: b?xi)}"z
p=0 (r:,l p)!{rz-p)!pl 1*1 i 5=1 i=1 =

the last equality follows from an application of (3.2.23) .

By using (3.2.3),(3.2.4),(3.2.7) it follows from (3.2.24) that

— minyr_,r r.=p.r =p_p
(3.2.25) 1im ) | 6(cl,e?) = g::t 152! Eqlryt ‘211 A2 AT,
n~»e 1 2 1 2 p=0 (r =p)i(r_ -p)!p! 2 e
(e je")eCc X% C 1 2 k
1 %

On the other hand , we have

—_— — ——
(3.2.26) ), atele®) = ) G(ci,c )+ L 6d,ed)

2
i 2 1 1 ..2 2 s - T | 2
(e 2 )E c Xc (c*,c%)€ p> XD (c™yc™)ED XD_

1 T3 4 5 Fa. *2

B o N
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—] — —,
= 2 G(cl,cz) + 2 G(ci,cz) - E , G(ci,cz) .
2
(cl,c2)€ I (n) Ici,cz)ﬁ J (n) (c’l,cz)_g/Dgxnr
o L) 4953 g S2
1 2 1 2
Observe that if r =1 , r.=1 , then C "X C = D XD M
1 2 rl r2 r1 r2

Hence by using (3.2.9) it follows from (3.2.26) that

—
(3.2427) 1im 2 ; G(ci,cz) = lim 2 , G(cl,cz) .

N2 (el,e?e clx c? 2%t et e g n)
S\ 1752

If rigz or r222 by using (3.2.9) and Lemma 3.2.1 it follows from

(342426) that

(3.2428) 1im z_J G(cl,cz) = lim E_*; G(ci,cz) .
NA® (ol 23l c:xci RRP et e J_(n)
p g2 at 352
Hence {7 r1+r222 y then we have
— rouEp
(3.2429) 1lim Z‘d G(ci,cz) = lim Z_F, G(ci,cz) .
o
e (ci.cz)ﬁchcﬁ n*m(ci,cz)ﬁ Jr(n%
1 "2 1772
By comparing (3.2.25) and (3.2.29) , we have
= min{r_,r N R
(3.2.30) 1im 2—~2 Glet,c?) o 3ot 2) ryfeyt y A A
n-sew (c ,c%)e J (n) p=0 (r,-p)!(r =p)ip!
rlg 5 1 2
By using (3.2.30) it follows from (3.2.22) that
. -—
lim E : b(ci,cz) - Z ' G(cl,c2)
= ®licl,c?ye g () (chePea ()
1'%2 495
minlr S } r.-p r.-p p
172 1 2
4 ; E R A 22 7‘12 ;
p=0 (r,=p)I(r—p)Ipt 1
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We can choose € arbitrary small so that

oy —

lim E , b(cl,cz) - G(ci,cz) = 0 .
i (ci,cz)é Jr(n)r (cl,c )& Jr(n)r
1'72 1’72
Hence
min[r ¥ i r-pr_ -pp
. st gl Rl A 1 e 2
(3.2.31) 1im L}, blel,cd) - L, i b ]1 32 si5n
n-»0 1 p=0 (ri-p)!(rz—pffﬁT

2
(c™ye )& T (n

By using (3.2.8),(3.2.31) it follows from (3.2.18),(3.2.21) that

/ minlr oL } r,=P r,=p p
gl R R 1 2
(3.2.32) 1lim A (& N/H D 1" 21 7‘2 12°

n—->® [r,l] [rz] y/ p=0 (rl—p)l(rz—piml

By (342217),(342:19),(3:2.20) and (3.2.32) it follows that for

any non=-negative integers r_,r

e =
/ min{; ' F 5 r =P r,~p p
e 1 2

lim A (s ) = = L irs 21 712 2’12 ;
n-®(r 1(r.] p=0 (e,-p) ! (r -p) TP}

1 2 il 2

By Theorem 2.3.3 , we have
/ /

lim A{ (5.2 =

AL Xy e
ne® (ri{r,) (r,](c,]

From this , it also follows that there exists K(ri,fzi such that
| /

)| £ k
’/C{_ (r yE,)

(s
{=dl] 7 '

for all n .

Hence , by Theorem 2.3.2 , sn tends to X as n tends to infinity .



3.4 Application

In thls section we give an example where Theorem 3.2.1 is
applicable . Consider three urns Ai’Az'A3° For i=1,2,3 , let Ai
comtain Ri red balls and Bi black balls. Let Ni = Ri+Bi - We
draw 2n balls , one at a time without replacement , from these
urns as follows.

Pirst draw a ball from A1 at random « If the first ball
drawn is red , we draw the second ball from A2 y 1f the first ball
drawn is black , we draw the second ball.from A3 o

After Zkth ball is drawn , we draw the (2k+1)St ball from A1
at random . If it is red , we draw the (2k+2)nd ball from A2 s If
it is black , we draw the (2k+2)™¢ ball from A, « The process

stops when the 2nth ball have been drawn . Define

j o, if [Z(iﬁ1)+j}th ball drawn is black .
xJ =
1
1 1, 3F |20i21)43]) ™ ba11 drdwn is red .
el 2 AL 1.2 .
Let Sn = (xi,xl) + (xz,x2) + o o o« + (X ,Xn) . By straight

forward computation , we have

P(X;=1) = S1
N
1
P(X§=1) = § 52 + %1%3 )
12 13
R, R
_1"""2 9 if i =i .
NN, 172
p(x; =x§ =1) =
1 2
RiRq=L R, . R, B _R. 4 ;
NINI=T N2 * NI, 17 9, 1f 1,41, .

11 2 11" =Ny



Hence

p(xz
1

For any n> 0

(1)

(2)
(3)

(4)

(5)

(6)

(7)

32

=x§ £1) = P(X; =1)P(X° =1)
2 1 *3
%’1-31(%2 -%3—3) yAE 1 =1, .
17q V2 3
R B R R N
Ni E'?niui)(ﬁg -W) . if i, AL, .

max b.l(x;j_') = %1 '
1£ifn fik
max bi(xi) =/ ;-:1%2 + -3‘1%3 ’
1£i€n N 103
n
Ebl{xii) = n%‘l 4
=1 1
i=1 12 1 3
n max ’b (Xi1 ,ij_ )= n{%l%‘l %2 = %3!:] 5
iéiitn gl 2 1 1} 2 3
"4 <
1=12_n
n n
T \““Ibzcx; 5 )l
11=1 12=1 1 2
R B.IR R R B R R
= ni=1=1 =2 =« =3{|{+ (n“=n)|=1 — J—2 3’
(N N}J Ne N3J 1”1 N13N1-1 N N,
n n
3 yoptixr %2 )
lil iii 1 2
RB.[R,_ RJI| .2 (R B JR Rl
= 7% —1'&*1{—2- —z]f(n -n) /=1 e [—3 = —2] ’
N N N ) -
[ 11072 [Ny N (M-D(Ny NG



33

For any n» 0 and any non-negative integers r, s r, such that

r +r_22 , we choose

v
I . (n) = (ci,c% / (ci,cz)t sztDi and c1(k1)=c2(k2),
1272 1 72
for some ki’k2 } .
Hence
min{r 9 T H_
s 3572 .
8 1_ b (cled il /1T (ByB=t Ty
s i 'r =i 'r_ -1
1 2 i=% 1 2
(c™ycT)E I}(,:n)r
)
R R =i+1 R_~i+1,,R_ =i R -r +1
("1-200-""1 — )('—'1 * 0 o= ] === )
N1N2 N1—1+1 N2—1+1 Ni—l Ni-r1+1
R — -— — - i -
(FITEL ROSE - Wioettietith Lokl
g 2 171 72 2 2
4+ s © =
B - i .
R - i, bty .
"4 3 T 1 72 3 72
\ 1 2 Wiﬂ[r1’r2}@39fr1'r23 n, n-i ., n-r
(9) Lo Gle sa.). ., ¢ ()¢ ) ( 1)
1" @ [ f:i giﬁ LByt Eyed
(g )€ Ién)r
1772
r =
r ir_ ! R 1
2 . (=1)
- 1 T h 1
(z, p}TTrz BIIp! N
Yo=Prn = ~ P
R R
(S22 + %1%3) 2 |§-1§-’1 «E—z- %3 .
i T o |NaNq| Ny N3

For any (ci,cz)é.J (n)
F17%;
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1 2
(10) Rlesed oy &Rt Rozmad,
Glc™,c%) 171 |
(B4=Ey By | Do nrodl Roororl

N --.l:',1 N2 Ni—r1~r2+1 Nz-r2+1

R =-r_ R R,=r —=r,+2 R_=r_+2 B R
+ ==lee—m] =24 e Do Do Do mm—]. -3
N,l--r1 N2 Ni-ri-r2+2 Nz-r2+2 Ni—r1-r2+1 N3

+ & o5 =

B R B,=r. +1 R.=r.+1
B e i T L e
Ni-%l NB Ni—ri-r2+1 Na-r2+1

min{r N -

N2 r, -p r.-p

15 S 1 (Eaeenane) 2

‘ p

l(%}i sty (3 - R )} .
z e R | "3 2

The above quantities given in (1) to (10) are respectively those
used in (3.2.1) to (3.2.10) of Theorem 3.2.1. Under appropriate
assumptions, (1) to (10) imply (3.2.1) to (%.2.10). For example, if

we assume that Ni,Ri,Bi depend on n in such away that

(i) 1im Ry = +49 , i=1,2,3 ,
n-» e

(11) lim 3 =0 , i=1,2,3 ,
n—-s i
(111)1im n &4 = a, , i=1,2,3
N i b ] = ] ? ]
n—— oo i

then we also have

(iv) 1lim -g-i =1, i=1,2,3
nes 8 i

By using (i) to (i{-7), i can'be cnaep "h-*+ 1) o0 10) ipniv
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respectively, (3.2.1) to (3.2.10). Here the values of '21, ‘22

and ﬂﬁiz are a,, a, and 0 respectively. Hence by Theorem 3.2.1,
1.2 1
Sn tends to a bivariate Poisson X = (X ,X“) with E(X%) = a,s

E(xz) = agy and cov(Xi,Xz) =0 .

3.5 Remarks on Extension to Higher Dimensions

It appears that Theorem 3.2.1 can be extended to the case

where Xi, i=1yeeeyn are m-dimensional random vectors. However,

the author is not yet able to find a systematic way of expressing
the formula for the quantities similar to

G(xi ,...,Xi ,Xi ,...,Xi )+ For the case m=3, r_ =2, r

1 2
11 1r1 21 2r2

=2,

r3=1 such a quantity is given by

G(x?* ,xz X2 ,x? X2 )

11 “12 21 *22 134

- bitx; )bi(xi >b1(x§ )bi{xi )bifxi )
11 12 21 22 31

. bltx; )bi(xz )bitxi w2(x2, ,x3 )
t11 12 21 t22 *31

+ b1(x§ )blcx; )b (x°2 )bz(xi ,xi )
11 12 22 21 131

+ bh(xX] ol (x? phex? b2 (X} & 9
g 21 22 12 731

I16315144-
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+ brx! )bi(xi wix? )b

i12 21

¥ bitxz )bi(xi )
11 21

” bitx; )bl(Xi )
11 22

i22

blcxz )b
31

bi(xi )b
31

2(x§ ,xi )}
11 731

2xt ,x2
XL

12 *22
2x1 x2

y
j"1.2 i2‘1

)

2

+ brxt Hplx? )bi(xi )bz(xz X2 )

112 1r4

+ b1<x; )bl(xi )
12 22

& bitx; }blcxi )
11 21

" bltxg )bitxi )
11 22

i bi(Xz )bi(xi )
12 21

+ XY yplix®

iin *22

+{b1(x1 p2(xt x

31

bl(xi )b
31

b3(x§ ,xi
12
bB(x; ,xi
12
b3(X; &
11
ba(xi ,xi
11
< )b2(x2

L ] A
i 112 e i

11

+ brxt p2ex! x
{ { i

11

+ blex? )bz{xi , XA

*12 11

+ b1(x; Jbztx} X
12 13

+{b1(xi BA(X] X
21 11

+ bi(xi )bztxi ,X
21 12

21
& )bz(xi
22

2 )bz(xi
21

i )bztxi
22

i )bzcxi
22

2

241
3 BT,

11 *22

“

2(x§ ,xi )f
11 *21

X
22 31

%3
21 731

G 3
22 731

X, )}
21 731

,xi )
22 131

Sy

21 T31

)

)

,xi )
22 731

,xi )}
2%, =31

,xi )
12 " 31

3
' X5 )

22 11 131

o S o
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+b'(x2 )ba(xg ,xf )be(x; X2 )
22 11 *21 12 131

% b‘(xf )bZ(X; ,xf )be(X; .xf )}
22 12 21 11 131

+{p1(x3 w2(x! ,x2 wix! x2 )

iz 111 121 112 222

4 b1(Xz )bz(x; ,xf )bz(x; ,xi )}
31 11 122 12 121

5
+ip2(x X2 )bB(XI X2 X2 )

Ly iog 12 132 134
% ba(X; ,x§ )b3(x; N
11 *22 12 121 139
4 bz(X; ,xf Yoo (X] ,xi ,xf )
12 21 94222 139
& bz(x; ,xf )b3(x; .xf ,x? )},
12 ta22 11 21 139

where b2(x1,%X%,x7) = P(X1=x%=%=1) - P(X'21)P(Xx®=1)P(X°=1).

In the above expression for G(X; ,X; ,Xi .xf ,Xz )y
14 =12 21 "22 31

brackets are inserted to indicate grouping of similar terms.
To state and prove a theorem for the m-dimensional case, we

probably need to develop a better system of notations.
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