CHAPTER IV

HARMONIC FUNCTIONS IN Rn—l X (ay)

In this chapter we further study the representations of
harmonic functions in a half-space mn'l x (a,») by using Kelvin

transformation and the passagee.

4,1 Kelvin Transformation

4,1.1 Definition Let B(y,0) be a ball in R™., For x # y in r"

choose x on the radial line joining y to x so that
™ 4 ¢ 2
I= -yl ilx -5 =o»

We call x the inverse of x relative to 9B(y,p)e.

The mapping xH* x defined by

p2

= 9WNA i—-———rg (x=y) (x £ y)
X =y

>

is known as an inversion relative to 3B(y,p).

4L,1.2 Definition Let G be an open subset of /" ~{y}y G be the
image of G under the inversion. If @ is a function defined on é,

then the equation
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o (x) = o y'n-a P (x)
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defines a function ¥ on G. The mapping ﬁ** Y 1is called the

Kelvin transformation.

4.,1.3 Theorem The Kelvin transformation preserves positivity

and harmonicity.

Proof That positivity is followed directly from the

definition. By computing the Laplacian of ¢,

]

then the proof that ¥ is harmonic in G whenever ¥ is harmonic in

G is accomplished. ([ﬂ], page 37)

4,2 Representation of a harmonic function in Rn—1X(a,fQ

First consider the half-space Rn-IX(l,m) and for any half-
space x(a,») will be taken at last.
Let G =_Bn‘1><(1,m), y = (0704530,=1) € R" and consider

the inversion relative to 3B(y,2).

ped g B of
S S
/.’ Z

EfB(Yﬁa)




ko

4,2.1 Lemma The inversion relative to 3B(y,2) maps G onto B(0,1)

and 3G onto 3B ~ {y}. Moreover the inversion is 1-1.

PI‘OOf Let X = (Xl,...,xn) € G, ioee Xn> lo
& p2
Since B el (x-y)
1= - 5l
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i.eo l-*x‘z = __n"'__a—" (l)
I= - vl
Since -2 g it —“§l2 > 0, Hence x € B(0,1)
If =z € 3G, then note that z € 3B(0,1).
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from (2) we get x € G = Bn-l'x(l,m).

and the inequality > 1 which is deduced

1f x € 3B~ {y}, we can show that x € 9G.

This concludes that the inversion maps G onto B, 3G onto 3B~ {yl.

Finally we can check that the inversion is 1-1 #

Note that if T is the inversion which maps Rn-l x(1,®)

onto B, then T—lmaPSISOntomn_l x(1y®).

4,2,2 Theorem Let h be positive and harmonic in G = Rn-l % (1,00)e
Then  h(x) = c(x_-1) + (x_-1) [ : dp(z) (x & G)
n n
3G |x-2z|

where X = (X.,e009X_), ¢ is a constant and is a measure on 9G.
1° 1 X,/ v

Proof Assume h is positive and harmonic in G = Rn_lx(l,w)e
The image of G under the inversion relative to 3B(y,2) is B= B(0,1).

The Kelvin transformation h+— h is defined by

= 21’1-2 L'. Al 3
L = ey © (y S (X'Y)) (2 &2
Iy - =l I% - vl

By theorem 4.1.3, h is positive and harmonic in B.
Apply theorem 3.3.2 (Integral Representation), there is a positive

Radon measure ﬁ on 9B such that
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Since {i. is a Radon measure, let p ({y}) = k. (2)

o 8(xn-1)
From the proof of lemma 4.2e1, 1 - [|x}|° = “HERL 55

Ix - y|°

b2

Let o be the angle between the line segment joining z to y and

the line segment joining X to y.

By using cosine's law

H; - iﬂz - ui - yl2+ Ix - yla- 2lz - vl “i -yl cos o,

and the fact that ﬂ& - yl “x - yl < 02 =4 we have
1z - ila = 16 & - 16 - T b w b cos a
~‘ lz-l ==yl lz-yl  |x-v)

16(Ux=y] %+ | z=y1 2~ 2 lx-3) fz-y] cos a)
P % '
Iz - 5" x - 5l

16“2—}(‘2 (lq.)
Iz - %l - 912

From (2), (3), (4) and the fact "§ - y' “x - ya = 4, the

equation (1) becomes
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Denote the mapping z+—> z by T which maps 208G on%o 3B ~{yl}.
The measure {i induces a new measure w, on oG defined by

~

By = M Te Then we have

2n-2A LR (x =Lk (x -1) fosl ®
n (x) = n-1 + St / n dul(z).
HX'Y| P 2 oG "z-xl

The left hand side of the last equation is just h(x).

Let aQ =

and define a measure p on 3G by
2n-l

w(F)

n
4 12:11— du. (z) for any Borel set F of 93G.
o 2n-1 1

Therr the last equation can be written as

h(x) = eclx =1) + (x =1) [ & dp(z)
. ' 4

3G lz-xI®

which is the desired result

# /
We end this thesis with the following theorem that comes

directly from the preceeding theorem.

4L,2.3 Theorem ~If h is positive and harmonic in W = Bn—l x (a,%)

where a is any real number, then there exist a constant ¢ and a

measure 4 on oW such that



il

h(x) ,=“c(xn-a) + (xn—a) ¢ 3 2

du(Z) °
oW “x-zl

n

Proof Consider the mapping ¢ defined on W = Rn-l x (a,®)

by w(xl,oo.,xn) = (xlgooo’xn-l’ xn"a+l)o

It is clear that ¥ is a 1-1 mapping from W onto G = Rn_l X LT y®)n
Assume h is positive and harmonic in W.

Define the function h, on G by

1

h]_(yl"'°!yn) b h(ylt°°°’yn_1’yn+ a - 1) ((ylgo-vyyn)e G)o

It follows that h, is positive and harmonic in Ge.

f 4
For X = (xl’ooo,xn) € ‘I'Jo ‘P(X) = (xlgooc’xn-l,xn- a + 1) € G-
Hence by the preceeding theorem, there exist ¢ > O and a measure

By such that

,...,xn_l,xn-a+l) = c(xn-a)+(x -a) [ RS T dul(z)-

ho k%
1 G o(x)-z)*
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Let p be a measure on oW defined by p = plwo

Since Jo(x) - z| = Ix - ¢-l(z)i, then the last equation becomes

AT T Mg e SRR SR
n BT W fx-n)® #



	Chapter IV Harmonic Functions in Rn-Lx (A100)

