CHAPTER III

MINIMUM F-INVERSE CONGRUENCES

In chapter II, we show the existence of the minimum proper
congruence of any inverse semigroup which has been proved by L.
0' Carroll. Since every F-inverse semigroup is a proper, it follows
that every F-inverse congruence on an inverse semigroup is a proper
congruence. Hence if the minimum F-inverse congruence of an inverse

semigroup S exists, then it becomes a proper congruence on S.

In this chapter, we show that the minimum F-inverse congruence
on an inverse semigroup neeéd/not exist. We also study some inverse
semigroups which their minimum F-inverse congruences exist and they

are the minimum proper congruences.

The following example shows that the minimum F-inverse con-

gruence on an inverse semigroup need not exist :

Example. Let S = {a, B, Y} be a semilattice with its Hasse diagram :

0‘0\ /Bo
0
9

Then S is an inverse semigroup and S has only following four con-

gruences

pl = {(a) a), (8) B), (Y’ Y)}’
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pz = {(a) a)’ (B, 8)) (Y) Y), (a’ Y), (Y’ a)},
ps = {(a’ a)) (B’ B), (Y) Y), (BJ Y)J (Y! 8)},
and p4 = Sx§,

We can easily check that Pys» Pgs P, are all F-inverse congruences
of S. But P Pys psgp4, p2$p3 and p3¢ pz. Hence S does not
have the minimum F-inverse congruence.

Note that Py is the minimum proper congruence of S because

S is a semilattice which is then proper. #

The inverse semigroup in the above example is commutative and
has a zero element. Then the conditions of being commutative and/or
of having a zero element of ‘an inverse semigroup S are not sufficient
for S to have the minimum F-inverse congruence. It can be easily
seen that any semilattice with idéntity has the identity congruence

as its minimum F-inverse congruence

Throughout this chapter, let n(S) or n denote the minimum
F-inverse congruence of the inverse semigroup S if it exists. Thus,

if n on an inverse semigroup S exists, then T<n.

The first proposition in this chapter shows the existence of
the minimum F-inverse semigroup in any inverse semigroup with zero

and identity.

3.1 Proposition. Let S be an inverse semigroup with zero and iden-
tity. Then S has the minimum F-inverse congruence and it is the

minimum proper congruence of S.



Proof : Let T be the minimum proper congruence on S. Let

0 and 1 be the zero and the identity of S; respectively. Then S/t
is proper with zero Ot and identity 1t. Since S/t is proper and
has zero, every element of S/t is an idempotent. Since S/t is an
inverse semigroup, it follows that S/t is a semilattice with iden-
tity 1t. Hence S/t is F-inverse so that t is an F-inverse con-
gruence. If p is an F-inverse congruence on S, then p is a proper
congruence so that tcp. This proves t is the minimum F-inverse

congruence on S. #

Proposition 3.1 shows that for any set X, the symmetric in-
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verse semigroup on the set X, IX’ has the minimum F inverse congruence

which is also its minimum proper congruence.

Since every group is ‘an F-inverse semigroup and every
F-inverse semigroup is proper, it follows that for any inverse semi-

group, if n exists, we have rsnso.

The following theorem shows that in any inverse semigroup S
which its minimum F-inverse congruence n exists, any congruence of

S which lies between n and o is always an F-inverse congruence

a

3.2 Proposition. Let S be an inverse semigroup. Assume that S
has the minimum F-inverse congruence n. Let p be a congruence on
S such that n€p<co. Then p is an F-inverse congruence of S. Hence

p is a proper congruence of S.

Ay



Proof : Assume that p is a congruence on S such that ncpco,
To show p is an F-inverse congruence, let (ap)o(S/p) be an
0(S/p)-class. Consider (an)o(S/n). Since S/n is an F-inverse semi-
group, (an)o(S/n) has the maximum element, say bn. Thus, by Proposi-
tion 2.2, (a, b)e o. Again, by Proposition 2.2, we have
(ap, bp)e 0(S/p). Let xpe (ap)o(S/p). By Proposition 2.2, xe€ ac
and so xne (an)o(S/n). Therefore xn = (en) (bn) = (eb)n for some
ec E(S), so (x, eb)e ncp, hence xp = (eb)p = (ep) (bp). Thus xp<bp.

This proves S/p is F-inverse and hence p is an F-inverse congruence.#

Example. Let N = {1,<2,8/4/ J.... 8 = }
and 2 = {0, A, /3Pl 00 NN }s

Set S = N x Z, and define an operation * on S by
(n, a)*(m, b)/ = "(max(n, m), a+b)
where max (n, m) denotes the maximum of the set {n, m}. Then S is
a semigroup, and
E(S) = {(n, 0)|neN}
which is a commutative subsemigroup of S. For any (n, a)e S, we
have

(n) a)*(n: 'a)*(n, 3.)

(n, a)

and (n, -a)*(n, a)*(n, -a) = (n, -a).

Hence S is regular. Therefore (S, *) is an inverse semigroup [[1],
Theorem 1.17], and for (n, a)€ S, (n, a)-1 = (n, -a).

Let (n, a), (m, b)e S such that (n, a)o(m, b). Then there



exists (k, 0)e E(S) such that
(n, a)*(k, 0) = (m, b)*(k, 0)
and therefore a = b, If (n, a) and (m, a)e S, then
(max (n, m), 0)e E(S) and
(n, a)*(max (n, m), 0)
= (max (n, max (n, m)), a)
= (max (n, m), a)
= (max (m, max (n, m)), a)
= (m,-a)*(max (m, m), 0)

so that (n, a)o(m, a). This proves that for any (n, a)e S,

(n, a)o Hm,aﬂmeN} =\ R ,=a)o.

Hence

S/o {(1,/a)claezy = (7, +).

For (1, a)oe S/o and (n, a)¢ (1, a)o, we have
m, *m, 3t = (0, )@, %)
-—(,-0)
A9 U R aATTINE) 1A )
SR TGS e
which implies (n, a) < (1, a).
Therefore every o-class of S has a maximum element and hence
S is F-inverse. Thus n of S is the identity congruence on S. Then
by Proposition 3.2, any congruence on S contained in ¢ is an F-in-

verse congruence.

For each ke N, let Py be as follows :
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pp = i, @), (m, a)|n, mefl, 2, ..., k}, acZ} U
{(m, a), (m, a))[n, me{k+1, k+2, .... }, aeZ},
It is easily seen that for each ke N, Py 1s a congruence on S and

pkc_:o. Hence all the congruences pk are F-inverse congruences.

Note that PLF Py and pe¢ Py ife# k., #

Let S = éé G, be a semilattice Y of groups G . Then, on S

Y
we have T =R N o =Ln g = %F\ oc. We will show that T becomes the

minimum F-inverse congruence n of $/under a certain condition of Y.

3.3 Proposition. Let S = U G, be a semilattice Y of groups G .
ey /ol a
If every ideal of Y is principal, then T is the minimum F-inverse

congruence on S,

Proof : Recall that

e |
1]

{(a, b)eGaXGa|aeY, ae;="be, for some Be Y}

B
{(a: b) e GaxGalaeY and acb}. (*)

To show that S/t'is F-inverse, let (at)o(S/t) be an
o(S/t)-class of S/t. Let

Yoo {aeYlGaﬁ ac # ¢},

Claim that Ya is an ideal of Y. Let a¢ Ya and BEY. Since aeYa,
Gaﬂ ac ¥ ¢, so that there exists an element beS such that

beG Mao. Let e€E(G,). Then beeG , and
a B aB

(be)o = bo = ao

so that beeGaBﬂ aoc. Hence aBEYa. Therefore Ya is an ideal of Y.

By assumption, there exists o € Ya such that Ya = aaY, Thus for

all oceYa, a<a . Let meGaﬂ ac. To show mtis the maximum element
a
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of (at)o(S/7), let xT € (atr)o(S/1). Then by Proposition 2.2,

Xxcao = mo., Let a€eY such that xe Ga° Therefore cxeYa so that

| -1
G = - =
ajgae Thus xx me GaGaa Ga(aa) Ga and xo = mo (xx "m)o.
Because of (*), we have
XT = (xx_lm)r = ((xx_l)r)(mf).

Hence xt<mt. Therefore mt is the maximum element of (at)o(S/T).
Hence S/t is an F-inverse semigroup.

Let p be any F-inverse congruence on S. Then S/p is
F-inverse so S/p is proper, thus TSP, Hence T is the minimum

F-inverse congruence on S as required. #

Since every F-inverse congruence on an inverse semigroup S

is a proper congruence on' S, the following remark follows

3.4 Remark. Let T be the minimum proper congruence on an inverse
semigroup S. If 7T is an F-inverse congruence of S, then T becomes

the minimum F-inverse cengruence of S.
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