CHAPTER III
i

THE GENERALIZED DIRICHLET PROBLEM

Now we shall study the Dirichlet problem for a bounded open
subset G of R" and for an indicator function on an open subset of 3G,
we snow that an associated harmonic function can be constructed by

a method which is known as the Perron-Wiener-Brelot method.

3.1 Definition. Let G be any nonempty open subset of R" and
let f be any extended real-valued function defined on 3G. The

Generalized Dirichlet problem is that of constructing a harmonic

function h on G corresponding to the boundary function f.

3.2 Definition. An extended real-valued function u is hyperharmonic
on G if it is superharmonic or identically + = on each component of G
and u is hypoharmonic on G if it is subharmonic or identically - =

on each component of G.

3.3 Definition. The upper class of functionsqir determined by the
function f on 3G is given by

qu = {u|u is hyperharmonic on G,2im  inf u(y) > f(x) for all x e 3G,
y + x

u is bounded below on G}.
The lower class of function:l; determined by f is given by

J;,= {ufu is hypoharmonic on G,%im  sup u(y) < f(x) for all x e 3G,
Yy +* X

u is bounded above on G}.

Note thst1ir contains the function that is identically + » on G

and thateé¥ contains the function which is identically -= on G.




41

3.4 Definition. = inf {u|u e:'ur} is the upper solution for the

i
T
generalized Dirichlet problem for the boundary function f.

H = sup {ulu eo(f} is the corresponding lower solution.
Before proving the next lemma a few words should be said about
the upper and lower solutions relative to the components of G. Let W
W =\
be a com d 1l H
& component and let 11f end H

solution, respectively, relative to the component WV . We first remark
= where
g

= {u|u is hyperharmonic on w,2im inf u(y) 2 f(x) for all x ¢ aw,
T

be the upper class and upper

that 11f|a
W

W
Tlay
u is bounded below on W},
Ugl,, = €l | ey,

to verify this suppose u e and let u*¥ = u on ﬁ and u* = + o

lay
on G\ W Clearly u* ¢ uf and u = u."lH 80 u eufl « This shows that
'[.T

ﬂlglaC:'1lfl .Suppose u e{{f and x € 3W. Then x € 3G and
W W

im  inf u(y) > 2im  inf u(y) > £(x).
Yy +x y > x
Xe W YyeG
W =W =
and fiflc: 1i s . It follows that Hf| = Hf'. .

Therefore u] 11 £
oy W

oy
Because of this it usually suffices to consider components of G.

3.5 Lemma. ﬁf and H are identically + =, identically - « or
&=

harmonic on each component of G.
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Proof : We can assume that G is connected. Ifﬂf contains
only the identically + « functions, then ﬁf =+ ®» and we are
through. Suppose uf contains a hyperharmonic function that is not

identically + » on G. Then

ﬁf = inf {u]u E‘Mf, u is superharmonic on G}.

To show that I_If is either identically - « or harmonic on G, we define

PI (u,B) on B
u* =
u on G \\B

where u is a superharmonic member of uf and B is a ball with B CG.
Then u* is harmonic on B, u* < u on G, and u* is superharmonic on G

by Theorem 2.12, For x € oG

Lim inf u*(y) = 2im  inf u(y) > f£(x)
y+x y +x

and u* is bounded below by the same constant bounding u, then u* ¢ u,f.

Since u* < u for every u euf inf {u*|u eu } < inf {u|u euf}
But u* e‘uf so u* > inf {ulu ¢ uf} and hence inf {u*|u Eu’i}

H, . Therefore E_If = inf{u*|u eu }. To show that

> inf {ufu euf}

uf is left-directed family, let u_, u, E’u‘f For x € 3G,%im inf u (y)

1 Y+ x
2 £f(x), 4 =1,2. This implies that %2im inf (min(w (¥), u »(¥))
Yy +x
= min (Lim inf ul(y], 2im inf u (}")) > f(x). Since Y, and u, are

Yy +x Yy +x

bounded below, min (ul,uz) is bounded below on G and and min(ul,ue)e.uf.

Therefore, given W and u, € uf there is u, = min(ul,ue)s uf such that
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_ ) ; 2
u3 < ul and u3 < U, and henceuf is left directed-family.{u |u giif}
is left-directed family of harmonic functions. Then by Theorem 1.16

ﬁf is either - « or harmonic on G.

3.6 Definition.  If H, = H. and both harmonic on G, then f is called

a resolutive boundary function end H, = H, = H, is celled the generalized

Dirichlet solution for f.

The above method of obtaining a harmonic function corresponding

to the boundary function f is called the Perron-Wiener-Brelot method.

3.7 Lema. Let G be & bounded open subset of R°. If u eoZ; and

v e1Af, then u < v and gf < Hf on G,

Proof : We can assume that G is connected, If either v is
identically + « or u is identically - «, then u < v on G trivially.
It suffices to show that v-u 2 0 on G where v-u is superharmonic.

If x € 3G and f(x) is finite, then

Lim inf(v-u)(y) 2 2im° infv(y)- %im sup u(y) > £(x)-f(x) = 03
y =+ x Y > x y +x

if f(x) = + o, gim inf(v-u)(y) > 0, since %im inf v(y) =+ and
y +x Y+ x

£im  sup u(y) < + » with a similar result holding if f(x) = - =,
y+X

Therefore %im inf(v-u)(y) > 0 for all x € G and v-u > 0 on G
Yy > X

by Theorem 2.6. We have u < v on G and this gives H, < ﬁf on G,
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3,8 Theoren. Let G be a bounded open subset of Rn. If f is bounded

on 3G and there is a harmonic function h on G such that £im h(y) = f(x)
R

for ell x ¢ 3G, then f is resolutive and Hf = h.

Proof : Since f is bounded and 2im h(y) = £(x) for all x ¢ 3G,
Y+ x

h is bounded by Theorem 2.6, h belongs to both 1if and.é;. Therefore

Hy < b ¢ Heo but H, < Hy then H,=h =4

£ He. Since h is harmonic, f is

a resolutive boundary function.

3.9 Lemma. Let G be a bounded open subset of Rn, let f and g be
extended real-valued functions on 3G, and let c be any real number

(1) if £ = c on 3G, then f is resolutive and H = o on G,

f

==l

(ii) = ﬁf+ cand H  =H+ec. If fis resolutive, then

f+c f

f+c is resolutive and Hr+c = Hf+ c

(iii) if ¢ > 0, then H,p = cH, and Hp=cH If £ is resolutive,

—f ®

then cf is resolutive and Hcf = ch s ¢ >0

(iv) B _ =« Ho « If f is resolutive, then -f is resolutive

-f
H_f = - Hf .
(v) If £ < g, then ﬁr < ﬁg and H, < gg "
(vi) ﬁf*s < Ho + ﬁg and Ef*g 2 H + gg vhenever the sums are

defined. If f and g are resolutive and f+g is defined, then f+g is

resolutive with Hf+g = Hf+ Hg.
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Proof : (i) Suppose f = c on 3G. It is easily seen that

c eQ1f and c £c<; and H, < ¢ < H. . Therefore Hy = ¢ = Ef and since
¢ is harmonic f is resolutive and Hf =conG

(ii),(ii1),(iv),(v) and (vi) are easily proved directly

from the definitiong,

2.10 Lemma. Let G be a bounded open subset of Rn. If {fj} is an

increasing sequence of boundary functions, %im fJ = f and ﬁf > =
Jorew 1

on G, then &im i, = H_ ; if, in addition, {f.} is a sequence of
f f J
J*=e 3
resolutive boundary functions, then ﬁf = §f and f is resolutive if

either ﬁf or H, is finite.

val

Proof : Suppose that G is connected. Since f < f, ﬁf < Ep o

J 3
If %im ﬁf = + ® , then there is nothing to prove so we assume that
>
Lim 1§ + . Since - i i
i mﬂfj(xo) <+ ® for some x, € G. Since - @ < Hfl(xo) < HrJ(x0)< oS

ﬁf is not identically + « and H. is harmonic by Lemma 3.5. Since the
J J
limit of an increasing harmonic functions is harmonic or identically

+° and 2im H_ (x.) <+ o , 2in ﬁf is harmonic on G. Given

Jre £370 g+ Ty

€ >0, for each J, choosing vJ e1if such that
J
= -J
Vﬁ(xo) < HfJ(xo) +e2
and define
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For each j, v,- ﬁf is superharmonic on G, since v, > ﬁf , V.= H_ is

: =z £
non-negative and smaller than 82-‘1 at xo. From the inequality
v> 2im H, + v -H_ = 2im (H ) + v
R I e 3 J

and the fact that %2im H_, 2 H_ , we obtain v > v, for esch j. Since
irefy Ty J

vJ is bounded below, v is bounded below. It is easily seen that v is

superharmonic on G. Moreover, for x € 3G and for each J,

2im inf v(y) > 2im inf vJ(y) 2 fJ(x)

y*x 0%

2im (2im inf v(y)) > gim fJ(x)
Jrey »x g s

gim  inf v(y) > f£(x)
y*x

Therefore v euf and v(xo) > Bf{xo). Since %im Hf (x } < H (x ) < v(x )
J +e)

= gim ﬁf (x ) + z eod = gim §

(xg)+€,€is arbitrary,esim (x )
i +=7g ng J+e

3 jrefy 0

= Hp(xy). Since 2im B, (x,) is finite, H.(x ) is finite and B, is
- Gl g

s 3

harmonic on G. Since Hf- fim H is harmonic on G, ﬁ - gim ﬁf

J-pno J J-Pﬂ J

satisfies minimum principle on G and ﬁf- fim I:If is Ia non-negative
J * ey

function which vanishes at X, € G. Therefore ﬁf- 2im ﬁf attains its

J et

infimum on G and Ef - fim ﬁf is identically zero on G. If the fJ'a
J # e ]

are resolutive, then }-If =H end }-{f = %m ﬁf = fim H Ef
3 5 Jre g J Ty

it follows that H, = H, and that f is resolutive if f either is finite.
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3.11 Lemma. If uis bounded_subharmonic function on the bounded

open set G such that f(x) = gim u(y) exists for all x e 3G, then
Y+ X

f is resolutive boundary function.

Proof : Clearly u Eo{} and u < Er' Since u is bounded, gf is

harmonic on G. Then #im inf Ho(y) > 2im  inf u(y) = £(x) for all
Y+ x i Y+ X

x € 3G and therefore H, s?if. It follows that H H

e 2 Mo but since

ve alveys have H. < Hy, H, = H, end £ is resolutive.

3.12 Lemma. Let K be a compact subset of R" and let f be a continuous
function on K. Then, given € > 0, there is a function u which is the
difference of two continuous subharmonic functions defined on a ball

containing K such that sup |f(x)-u(x)| < e.
xeK

Proof : It follows from the Stone-Weierstrass theorem that for
each € > 0 there is a function u polynomial in the n coordinate

variables such that sup |f(x)-u(x)| < €. Ve must show that u can be
xekK

expressed as the difference of two continuous subharmonic functions
defined on a ball B K. Consider v(y) = "y"e, Av = 2n > 0. Then v
is continuous subharmonic on R and for A > 0, Av is a continuous
subharmonic function on B. Choosing AO > 0 such that A(u + on) >0
on B, then u = (u + A v)- Agv. with u + A v and A,V are continuous

subharmonic functionson B,
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3.13 Theorem (Wiener).If f is a continuous real=valued function on

the boundary 3G of the bounded open set G, then f is resolutive.

Proof : Since 3G is compact, let B be a ball containing 3G,
there is a function u = v-w, where v and w are continuous subharmonic

functionsdefined on B such that sup |f(x)-u(x)| < e. Since
Xe G

v(x) = 2im v(y) and w(x) = gim w(y) for all x e 3G and v, W are
t Yy=>X Y+ Xx

bounded  subharmonic functions,vlaG and w|3G are resolutive

boundary functionsand uIaG = vlaG - w[aG is resolutive., From

sup |f(x)-u|aG(x)| <e weget f(x) <u;_.(x) + e. By Lemma 3.9

XeG

Ef < H + ¢. Likewise ﬁf 2H - e. Therefore
Y| 3G Ed

| 3G

| (x) - ﬁu'w(x)l = |Hpx) - H“|ac;(x” < &

for all x € 3G and then sup {ﬂf(x) - Hu

(x)] < € that is, H
xedG *

|ac | 3G

approximates uniformly to ﬁf . In the same way 4 approximates
| 3G

uniformly to gf. Therefore ﬁf =X but since the above inequalities

f’
also show that ﬁf is finite, f is resolutive.

3.14 Theorem. If C is & subset of R", then Xc » the indicator

function of C,is a resolutive boundary function.
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Proof : If C is open, then Xo is lower semicontinuous on R".
If C is closed, then Xc is upper semicontinuous on Rn. Therefore,
there is a sequence of continuous functions {fJ} on R® such that

£im f, =x.onCand 0 s f, <1 for each J., By Theorem 3.13 f 1is
J-)-w'j ¢ J J

resolutive for each j. It follows from Lemma 3.10 that X¢ is a

resolutive boundary function.
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