CHAPTER II

ON HYPERGEODESIC DIFFERENTIAL EQUATIONS

Notations :

2.1 V¥ is an n-vector valued function of a real variable t

wl(t), wz(t)....,w”(t) denoted by ¥(t) = (ﬁ?t),...,wn(t)).

1 Tt = 31 ”
2.2 %:—:- — lp , -d—lé. - qu . d—-% = qji 4 i= 1’2’...’)]
dt at
GJ .J n n o .J
2.3 %‘ T RS N\ £ ol 3 (0 vnere
19 ] Jyedy

1 = 1,...,!1 aﬂd k = l,2,-..

i ..kl "km n n 5 ..kl .k
2.4 I Ol T 3 o\ 7p T g (W T ™ where
1 S =L Kisl 1" m

[N
]

l,2,...,nand m = 152,300

2.5 L:(qp)tit () Li(w)tz vhereoi = 1,2,...,n

g=1 1
u -k J 3 n n n
2.6 xil g B g i Nt aTe £ .00 S
™ 1° 9 k1=1 km=1 Jl=1
n % S S o
z N R R

Jk=l 1" m ‘jl”‘jk

where i s 1,2’0‘.,!1, m = 1'2,¢.I' k = 1,2,.0.
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i R n B, 8 J
2.7 M 5 W R N Mj 3 )% L. %
Jy - +dy 3= g =1 2= d1cd

where i = 1,...,n and k = 1,2,...

k1 km 2 & B e et “kl "km L

. (W~ T

2.8 N (w)w ..i t' = B . ¥ PR
kyeonh =l k=1 g=1 KoKyt

where i = 1,...,nand m = Ly

N} R, J n n n
i 1 1 2Y%.2
2.9 (¥) VS5.ERES A% = £ .. £ .,
Rkl..kmﬁl..sz

k=1 k =1 § =1

n
5
3,1 z—l j1“31:

kl..w gl

where i = 1,.,,,n and m = 1,2y... and k = 1,2,,,,

D P. Sk 1
2.10 uplu 2” & kvql L3¢ (p,au,av,t)
P . % Q9 9
du ~,.,9u - v " ,.9v

" n n PBafsaiifsidondga.att 1
- 5 el L 8, % u l,,u kv 1__1, 2'...9..._ Y (psuu'uv,t)

= = = p q
Py 1 Py 1 q1=1 q, 1 1 L

Lu v T v
where k =1,2,,,. and g = L5255 00

Notations in 2.3 to 2.10 are called EKinstein Summation

convention.



Introduction to Theorem

Hl(xl,...,xn,xn+l,...,xan,x2n+1,...,xBB,x3n+l) = (xl,---,xn)
Hz(xl,...,xn,xn+1,...,xgn,x2n+l,...,x3n,x3n+l) = (xn+l,...,x2n)
H3(x1,...,xn,xn+l,...,x2n, 2n+1’.-.’x3n’x3n+l) = (x2n+1...., 3“)
nh(xl,...,xn,xn+l,...,x2n,x2n+l,..., 3n’x3n+1) = ot

3n+l

Let Q be a connected open set of R such that

VD & I, (a) (3,u,v,0) € & Vv,V e R

Let H : @ + R* be analytic. H determines a third order

differential equation 'Ei = Hi($,$,$,t) where $ = (wl,...,wn),
Ve @™, e o= (300,

Given p € nl(n), U, Vv ¢ R we take the initial conditions

to be
W) = 3 = (,...,0" e m(n)
3o = % = (y.uMe g
$o) = 7 = (vi,eeo,v® e B,

By the Fundamental Theorem of Ordinary Differential Equations,
there exists an open subset U of 0 in nh(ﬂ) and a unique function

® 5, U>1(R) vhich is a solution to the differential equation
U,V

>
[ - R

%
= Hi($,¢,¢,t) with the above given initial conditions.
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n

+* > >
Write ¢ (t) ¥ (p,u,v,t) for all t € U.

Pyu,Vv

(aul,...,aun) and av = (azvl,...,aavn)

Let a € R, define dﬁ

as was done in chapter I.

Theorem 2.11 Suppose we have an analytic third order differential

o _; .
equation wi Hi(m,w ,U,t) for i = l,..., n with initial conditions

HBBv,0) =5t R0 = ul) s MBI 300 = v whse meiat

> > >

Y (p,u v,t) satisfies the functional equation
e s i > >
q;i(p,au,ﬂ\f,t) =9 (P,uQVQf(G gt))

where f: W~ R is an analytic function on W a neighbourhood of

> > > 230+l

(0,0) in R® » (pau,av,t) e ¢ , (a,t) e W.

Furthermore, assume that f(a,0) = £(0,t) = 0 Y(a,t) € W. Then the
differential equation must be of the forn

;159203

(w)w Kkljl(w)w and f(a,t)

must equal at.

run s . ;-4

- >

Proof Since y* = Hl(w,w,w,t) is analytic, by hypothesis we can

o

> >
write Hi{¢,¢,$,t) as & power series.

o 8 i ej uJ
B$,0.9,t) = oi@) + G (w)w + GJ W N2+ ...
l 2

+J(M¢+J @wl"z."+ﬁwnl

~Ky.d) 1.31.32
@y 5 Les @ * oes
Kkla Kilaljg




+ N (*)" S ($) g+ i

3 e g
R"l NE % 1.2 Ril‘j 1,0 ($)v 1 b 1y 2

For convenience, we will replace E by p, u by u, and ; by v

and f(a,t) vy f .

Since ¢i(p,uu,uv,t) = &i(p,u,v,f) i=1,...,nVpe Hl(ﬂ)

Uy ve R® , a, teR RiTfercntiate this equation with respect to t,

we get
(2011'1) 'I’i(PsausaVot) = \Bi(p’u,v,f)ft vhere ft = g{; o
let t = 0 then (2.11-1) becomes
au’ = ulft(a,o) implying that rt(a,o) =a

differentiate (2,14-1) with respect to t, we pet

(2.11-2) 51(p,au,uV.t) = ai(p,u,v,f)f§+$i(p,u,V.f)ftt



let t in (2.11-2) be zero,
aevi = viu2+ uif (a,0) implying that £, (a,0) = O.
tt tt
Again, differentiate (2.11-2) with respect to t.

(2.12-3) y (p,au,av,t) =’ii(p,u.v.f)f3+$i(p,u,V.f)fttt
+36.f . 4 (p,u,v,f)
ttt 3 E B
Substitue (2.13~3) by the power series expansion, this gives
1 i 21
G (y(p,au,av,t) )+ G (¥(p,0u,av,t))y ~(p,au,av,t)
1

1.9
+ J 3 (¥(p,ou,av t))(w 2)(p,au,av,t) e
1v2

.k
Jk (v(p,oau,av,t))y l(p,au,av,t)

s L

+

9 N Dak 6V, t) + oe.s

¥

klk (¥(p,au,av,t))(yp

+

Lg (¢(p,uu,av,t))tz+ Ki 3 (w(p,uu,av,t))(¢k1¢ l)(p,uu,av,t)
8 B |

+ K (v(p,au,av t))(;kl$31$32)(p au,av,t) +
Kiljlje 3 L] 3 5 "8 e

Kilk 3 (v(p,ou,av t))(wkl 2 l)(p, au,av,t)
2v1

.Jdy.95
+ Ki k. 3, (v(p,ou,av t))(w w 2 l )(p,au av,t) + ....
i )
eJl R,
+ M; g (W(psau,av, )y “(p,au,av,t)t
1
Lji 031!‘12 R
+ J J 2(¢(P’auga?,t))(¢ ¢ }(P,GH,GV,t)t + LN
172

Ni1£(¢(p,au,av,t)) ;kl(p,au,cv,t)tz



;132 (v(p,ou,av t))(¢ 1¢ 2)(p,au,uv W o ok

Mg

v 1)(p,au av t)t

v The'

+ (w(p,au,uv,t))(w

e

1"1

4 2
+ (v(p,au,av,t))(y “y W Y(p,au,av, $)6 st
Rk131"2E

+ R;lkaj (v(p,au,av, t))(¢k1 % l)(p,au,av t)t>

TR

: s g(W(psau,av,t)) (v “y < 2)(p,au,av,t)t2 ¥ s
1Y2

* Rk

JI.2'j

(w(p,u v,F))+ f3 G (w(p,u v f))w Yp,u,v,1)

+ 3 3, (¥ (s £)) (6 B ) + ...

» 232 i ooy
£y k (¥(p,u,v,2)) ¥ L(p,u,v »f)

+ 237 ;1k WEw )G 5 2)puwt) + ...,

+ Li(w(p,u,v,r)lf ths f3 Ki J3; (¥(p,u,v, f))(wk1¢ )(p,u,v,f)
3 4 k1.9

+f ((p,u,v,£))(p 1§ 2)( ) e
% Kiljlde P,u,v " 1 P,u,v,f)
ek
fi Kilkajlfw(P,ugv,f))(w Y 3 ) (pu,v,8)

Wk 3 g
3 ¢t 1772:91292
* 2 l(klkgdlja(\‘!(P,u,v,f))(q; ¥ Y Y %)(p,u,v,t)

C o f3 J E(*(P, V5 f))w (p,u v,f)t
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3k

o

3,3
1.3 W@y 1 ) (pu, )t 4 L,
1“2 '

£3 N

t k1£
3 4 K . ka

te Nkle (¥(p,u,v,r)) (v

(¢(P,u,vsf));kl(p,u,v,f)tz

+

) (pyu,v,£)t% + ...,

+

+ fz RilJ (v(p,u,v f))(wklw LY (p,u,v,e)tt
3 Ky 3.9, i
o Rk131321(¢(P'“’V'f))(¢ b b S)pu,v, )t + ...,
3 ‘v "kz.Jl A
* 5 R iy W@ (0 T 5 D e u,v, 00t
% fz Ri k3. 3.5 V(Puv,2)) (Y kl % 4.9 ¥ 2)(p,u,v,e)t"
172%192

e P+ sn 3,00,

let t = 0, then

J J J k
Gi{p)+ Gt (p)ou T+ ¢+ (p)u u Ly 2e. ..+ Ji (p)a v
Jy 3145 k)

y, 5 85 : 3 kl 1,

+ 33 (p)a vy S+ (p)a v 32
klk2 Kkldl

J]

5 & K 3y 6.5 ¥ 3y Jp
(p)a’y v “u 1+ (p)a L ae R e
Kilkajl Kk kydy 95

+

i 19 k)
o3¢t (p)+ a G (p)u T+ a3G (p)u u Sk, 4 a3Ji (p)v
1 d1do ky

k J 3 3
3.i 2 1 J H )
Jklka(p)v v “+...4a Kil (p)v u T+ a Kklj Jz(p)v s i TR

PR :
(p)v v 2u 3 2+. 4+ oue

+ a¥) kedl(P’v v 2l 31(“2313 oty

+
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we get

3
(1-03)6" (p)+(a-a3)c (p)u Li(a®ad)et & <p>u1 4
3ty )
353 Jy 32 3, 3 kK
+(a”~a )GJ 3 (p)u u ...+(u - )J (p)v
19293 ky

k K 3 3,1 -
(p)v *v “+...+(a ) (p)v "
-QKL_LJ]_

klk
b 3,4 K49 5 3.4 k k4
+( ) (p)v +( ) (p)
o =0 Kkljldz uu o -0 Kklkejl v v Tu

+(a —03)J

AN
(p)v 1v 2y Ly 2, ==

+(3 -Q )Kk k231«12

A
= wi.(e,0)

Choose o = ay s % #21, 0 then

i
1 § ttt(°0’0)6
) — l
G (p) = 0, GJ (p) = 3 = ¢ constent independent of aq
1 a,.~0
00
0,1#3
where Gj = [ j &
4 1, 1=
G;' 3,3, (P) erbitraty Gi(p), = 0 VYng2, allJ's=o0
1v2v3 2 Vgl

Kild (p) arbitrary other K's = 0 .
1
So now we have

ate o lj 'j "k o‘j
(2.01.0) 1= cite ot (%7503, MO O
Jod3 1%

Jy

J J
i ) Ji. 2,2, k1 2
Mjlg(ww t+ M; 3, L)Y Y k jL(w)w

117129953
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. ok, K Ky d
i 1. 2.2 i Sy
+ Nklkzﬂtw)w v St Rkljlg(w)¢ Y 7t

. s e e g oo S

. R RS T R

1.9
t
1919%

o SR IR S |
i ° ° ﬂ'
*Royog g 0w e TR
1 2%1Y2
Next we want to consider the L's, M's, N's, and R's and prove

that they are zero.

Nov  vi(p,au,av,t) = v (p,u,v,1) v pell, (2),Yu,¥v ¢ R%, a, t € R

80 we can differentiate this equation with respect to a. This gives

P i Q i A
(2.12-5) u x gib (pyou,av,t)+2ay 13y (p,ou,av,t) = wi(p,u,v,f)fa
ou 1 &vql

af -
where fa ® % 3 p = 1yeessl

ql Ljviand

Let & =0 we get

P X i
?
ut lp (p,0,0,t) = uifa(O,t) implying that ﬂp(p,o,o,t) = fa(O,t)G;
au 1 - ou 1 1
where di = 0, 1 # pJ.
Py
i S [ pl :

Differentiate (2.11-5) with respect to a
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P, D 2.1 _ P 21
(2.11-6) u %y 23V (p,au,av,t)+ 2qu 1vq2 R

h B

Ju “3v

(p,au,av,t)

q i - T (N~ O |
+ov 1 W (pyau,av,t)+ 2qu 2v LR E
9 Po 9

ou ov

(pyau,av,t)

ov

q 2,1
+ 1'“27 qu2 G ) (p,ou,av,t)
qlavqe

i 2ed
o wi(p’u’v!f)faa*- faw (P,u,v'f) Vhere P2, q2 = 1'2,.-.’ n-

Let o = 0 we get

P, D, 52,1 sid
w23 (5,0,0,0% 2v T2 (00,0 ) = ule (0,6)+ £2(0,6)vE
Py Py q o o
du oy ov
2 1
implying thet £ _(0,t) =0 , & - go B i S s
. du 131.1 2
apd rj(o,t) 1 0, i#q
(p,o,o,t) = '_""2_'—""'5(1 where § =
avql 1 ) 1, i-= ql .

Differentiate (2.12-6) with respect to a

P, P, P, .3 1 7l I . 34
(2.24-7) u Ty %y 3 9—% (g’““sav’t)+ 6au 1y 2y 3 .3_1‘@ (f,au;a‘r.t)
du Loy %oy 3 du 13u %3y 3

3.4
75 0%t Tg To Tg d (p,2u,av,t)
+ 6u hv 23y (P.clu,onr,,t)+ 1202 5v 7, 8 __% sOU,0V,

- IR
J Tow 8
M hav p) du v ‘v

314
r r 214 q 3y (pyau,av,t)
+ 120V 9,, 10 i_% (f,au.av,t)_'_ 8a3v lvq2vq3 BN
av Jav 10 vV "3v “av




- &i(p,u,v,r)f oF 36, ¥ (pyu,v, )+ f b (Du,v, L)

where pl! P2, p3’ ’ r2! r3’ rhl 5! r6’ 7! ra'l 9! 0! ql, q2'

q3 = 1’2"..,n

Replace .6i(p,u,v,f) in (2,11-7) by the power series expansion,

this gives
31i ro 3.4
uPlupaup3 3V (p,ou,av,t) 650 1u 2v 33y (p,au,av,t)

Py Ps P r.' Sp- p
Ju lau 2 3 au 1au 2au 3

2
. 6urh7r5 __ﬂ} (pycu,av,t) + 1262 N 6 7 T8 3 __i. (p’au,av,t)

r Te
u l“c}w u av Tav 8

+ W Oy 10 2_% (f,au,av,t) + Bady lquvq3 g_g (p,au,av,t)
av Ty 10 1y, %

-— .i e "i 3 oi ¥
= (p,u,V.f)faaa- 3 LV (Psu,v,£) + £oev (p,u,v,f)

o T P
o (W2, v, £)) (1 25 3) (p,u,v, 1)

r3 Li(w(p,u v,£))t f3 Kk ((pyu,v,£)) (¥ 1w )(p,u,v,f)
191

+

+

) g
fz M; 2(¢(p,u,v,f))w l(p,u,v,f)t2
1

o+

Mj W(pyu,v f))(w ¢ )(p,u v, E)t* +. ...

5 wk
ff N;lzcw(Pgu’V’f))w l(P’u,vsf)tz
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i

KLk
+ fz N k22(¢(p,u,V,f))(¢ 1y 2)(p,u.V.f)t£ +oaeen

!

k.3
% fg Riljlz(wtp,u,v,f))(w v 1)(Psu3vsf)t£

s 2 =

f w

ok 5 3
. (W(pu, v, ) 29 2 %) (p,u,v,£)t" + ...,
T3y 0,8

£3
a

koL, g
i 2 %
* Ty Beieyg 2@ Y 27 (o,u,0,008

k B33
3.1 P o g LS )
+f (V(pyu,v,£)) (v “y 9 9 )(p,u,v,f)t
a Rklk:leJez
+ L 3 L]

Let a = 0, we have

Py Py Dy 3,4 Ty T %yt
ula %3 2% (2,0,008) gt 34 (2,0,0,) | 1 (g4
u

Ju 13u ] ou ov

) Jy d
i dr 8K, 3

i [}
JlJ2J3(p)u (O,t)Lﬁ(P)t

+ cuifS(o,t) + fg (o,t)c

k. J J
3 1 Ru 3 i 1.8
F f&(O,t)Kiljl(p)v u T+ fa(U’t)MJIR(p) u -t

J. 3 k
3 1“2, 3 i 1 8%
+ fa(o,t)Mjljzﬂ(p)u Ut o+, f&(o,t)mk z(p)v t

1

k. k
* 10,600 (v v 28 +.oe £3(0, )5

k. ]
1 “1.2
(p)v *u
klk2 k

t
1312

k2 J1 )

i B k
19242 1

(p)v *v “u ¢
312

X
3 i 1 3 i
* £2(0,t) (P)v "u "u St +...+ f (0,%)
Ll Rkl"l'jeE “ Rklkz
k. k. 3. 3
3 i 1 %2 91 do g
+ £7(0,t) (p)v v “u () e S, SIPT
et Rklkejljzl
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(2.11-8) uplupauPB 23-—‘21 (p,0,0,t) & 6urhvr5 2_2_111_1 (p,0,0,t)

P P b r r
du Loy oy 3 av Yoy 0
= (£30,8)6* | . (p)+ £3(0,e) (p)t’i)u'jllf%J3
S [ P S o J1dp35%
J
+ (200,60 | (p)+ £3(0,e)¢ R} g a@u
1

Ik

: J -
+ (faaa(o,t)+ cfg(o,t)+ fZ(O,t)M;lz(p)tzﬁil)ul

: J, J
+ (220,60 (p)e%) + (fg(o,t)Mj'ljzép)tg)u b

RS I
3 i S Wk T S T
+ (fa(O,t)MjljZJBJhép)t Ju "u “u “u
NG Joads. J
+ (fg(o,t)Mi (p)e" M Aw. %u Ju I 4.,

33333)358

k k. k
3 a ENL .3 i HENL. T2
fa(O,t)Nilép)t v T+ fa(O,t)Nklkﬁép)t vV S+ L.

+

o P 2
3 i L 2 1
+ fﬁ{o’t)Bkljldel(P)t u Jil v + sa e
: Jure) g K- X 3ual
3 i L 3.3 D 3 i o AR bl MR L & o
+ fa(o’t)Rklkejlﬁ(P)t u v v %+ fu(O,t)Rklk23132£(p)t  diw s
+ L I )
We want to show that
3.1
i) g_%, (f’o’g’t) = fg(O,t)Gj 1.9 (p)
u lau 23u 3 1°2°3
6321 (p,0,0.1) i
= e b R IE UF JY
3 la 1 171
u ~ov
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iii) (0,t) + £ a(0st) = 0

aaa
iv) there exists ty #0 inW s.t.fu(O,to) #0

let a =0 then (2.12-7) becomes

P, P
(2. 11-9) u lu 2,3 J (p,0,0,t) +6&i h 53 E (p,0,0,t)
P P P r r
la_u 3 ]-l 5

faua(ﬂ,t)+ fzto,tf3i(p,u,v,0)

From (2.13-k) let t = 0, we get

s 35 s L
i i i TANTA S i b B |
v (pyu,v,0) = cu'+ G (p)u *u “u + (p)v *u

substitute this equation into (2.11-9)

e LR 2 (p,0,0 st), gy 4TS5 2 22 (p,o 0,t)
* e, Ua Ty, Ts
du du du v

i J J
= (o Jt)+ f3(o t)cu + f3(o t)G (p)u u u 3+ f3(0 t)Ki (p) kl J
319,35

this equation implies that

Toua(0st)* £3(0,t)c = o0 so ii1) is proved
22" (5,0,0,¢) -
= r(o,t)c (p) so i) is proved
du 1lau du 3
62°%" (,0,0,t) 3
s = f (o,t)x§ so ii) is proved ,
by lag 1 2y



an

da

b2

To prove iv) Suppose fu(O,t) = 0 in W,we . claim that

"% £(0,t) = o0 Wn = 2,3,,..

We shall use induction on n to prove this,

(2.11-10)

But first, we shall prove the following equation by induction,

* k-1 of
=iV (p,ou,av,t) = o5V (psu,v,v,t)
oo a

2
of, i 2°¢,
(k'l)3 w (p,u v f)-—— AF 1).3_ Y (p. u,v,f)

Ba

k L 3f k—l

)_'__h ot (p,u,v, f) LT - (kml)w (pyu,v f) fa

Vk = 2,3’... -

The ﬁfoof goes as follows :

2 i

for k = 2, 3 (p,au av,t) = ¢ -EL-(p,u,v,f)+(i)&i(P,ugV.f)fu“

Ba

Assume (2.13-10) is true for all k = 2:31%..,n

for k = n+l1,

n+l
3an+l

G—— " (p,uu av,t))

II

Vv (p,ou,av,t)

-1
d 3T o
= % (faa n-~1 v (pyu,v,f)
o

n-2 af
n-1l, 3 of
= 3—;;;2 ¥ (pu,v, f)e—
o
- 2°f
+ ( o3 ¥ (p,u,v f)
aa
n—l n-h i 33f
ol G _-_-h (p,u,v,t)
da
n=1
n-1l,e% o
+...+(n—l)¢’ (P,u,v,f) n-l )

o
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n+l i Bn ot
%o Tan ¥ inauert) - fogn ¥ (p,u,v,f)
n-1 of n-1 of
n-1,3" T
+
[(oau lW(p’UVf) (1)anl¢(P,U?faa]
2
n..l 9 f e
3 da
n=2 3%¢
n-l 3 E
da da
403 33¢
n-1
+[(2) Rb(P,uvf) 30'
3~ o
n=3 33f
n=1, 3 oi
+ ( ) n_3 lp (P’u!v!f} 3“] + .- e
3o da
n-l
g /&
a
- [ n_g) (P,Ll v f) =0
ou
n-1 l 50-1
+ (n 1) 52 (Psu, v,£) 2 = = fa]
n
af
-1
+ ('“l )lb (p,u,v,f) —=
da
n
Since (k—l )"'(E) “ (n;l) 80 we have
n+l : & .
= ¢ S +(M3__ i
Banﬂ' sl b b aaanﬂ‘ (p,u,v,f) (l)aun_lw (p,u,v,f)aa
2
n-2 3 f
n,a
+( y— n2¢' (p,uvf) B
2
a oa
-1
2 f
n J‘.
o+
(n l)aa (p,u,v, 30" 1
an

+(2)€ai(p U, v, )
oo




Ly

so (2.14-10) is true for all k = 23355 s:

Now let us turn back to the proof that if fa(o,t) = 0, then

n
3 £(o,t) _ ¥n=2,3,.,,
%"

For n = 2 we proved that £ (0,t) = 0.

k
Assme E'%(o’t) - 0 k = 2’3’0-0-3 n
da
Before we continue our proof let us prove the following lemma.
n P o ||
Lemma 2,712 For n > 2, 1—;- r#i(p,au,uv,t) =u 1..11 " % . (p,au,av,t)
9 u %.au s
n-l1 n i . P. q
P8 X (a,u,v,p,t)u ].'.u v %.vqa

r=0 g=1 Py°*Pp9--q,

I
where 2€r+s¢g n, where Xl- (a,u,v,p,t) is a function of a?p,u,v,t-

pl . -Prq-l . 'qs
Proof We will prove this by induetion on n,

3

P, P, P i
For n = 3; "a"'a'lui(p,au’av,t) =u l'I.l. 2\1 3 _3_?_')1 '(p’au’w’t)
da

2P, P
au Tay 2y 3

P, P P 2.1
+ 6au by 2y 1 2V k! o p. o(Ps0uav,t)+ 6u i %L%.uu,av.t)
au lau 28vq1 Ju 13.‘, il
P. 3.4
+ 125y 1vq1vq? 2V (pyau,av,t)

P
du lavqlaqu

2 i
+ 120 vqlvqe _%p,cru,av,t)
av 13

atn 1vq2v‘13 afxg (p,au,tw t)
‘11 £

v 3V
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Hence Lemma 2 .12. is true for n = 3.

Assume Lemma 2.12 . is true for n = k, that is

k P .
| 3 i
-—-k 'p (p!w’w’t) = u l.onu%{ —_p plp (P,Cﬂl,w,t)
. aut..ou X
k-1 k P P. q
+ I IX (a,u,v,p,t)u 1.9 % 1..vqs

r=0 s=1 P1°'°Pp% -9
such that 2 &£ r + 5 € k.

K+l 4 %\ i 1

P4y oft
¥ (psou,av,t) =u -, u & NS wi(p,uu,av,t)
a0 *1 P P
au ‘I.au
p QS EFL
+ 2aqu l..uIii'v i ‘a"':'.‘.g_ :k 3 (Psﬂusm’st)
ou l...au ov 1
k=1 k p B
+ I BN l...u Tu r+1v 1...vqs a0 X
r=0 s=1 s oL Py tiedy el

E-1 X p P. q q
+ I I 2au 1...u rv l...vqsv A

r=0 g=1 avqa+1 PyeePpqy..qq
k-1 k P P q
+ I Yy (u,u,v,p,t)u 1...u Ty 1...v o

r=0 s=1 pl"prq1'°qs

k+] P o} k+1
o+
80 k+l ¢i(p’m’wlt) =1 1..-“ k 1 2_5_ pﬁ'i(psﬂuswst)
% Ju 1..3u k
k ktl P. P q :
+ I I Z(e,u,v,p,t)u t...u Ty o ol

r=0 s=1

So Lemma 2.72 is proved. -
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Substitute a = 0 into equation (2.14-11) we obtain

p P n+l n n+q P, p qQ
u l...u B+l 3 p ¥ (p,D 0,8)+ I X (0,u,v,p,t)u *.u 2%
. r=0 g=1 Pp°+Ppdy -9y

.o U

n n-1
2" o4 3 o1 3
= £,(0,t)= (1:.11,-\r,0)+('ll)amn__1 Vv (p,u,v,0)5= £_(0,t)

oa

n-2 2

n,od
+ (2) 4 " (p,u,v 0) -— £ (0:8)% oii
oa 3&

n—l
Il""l) “' (P,'l.l v 0) n 1 a(O t)-b( )q) (p’ u,v, 0)-3.;.. f (0 t)

where 2 & r + s < n.

P o) SR+l n n+i p q
uwt, ot i__ ] (p,o 0,t)+ X X (o,u,v,p,t)u s vq%.v

P =1 Py++P.9 - q
au l..Bu n+l r=0 s=1 *1 1

i an+l

o

n+l 3n
£(0,t) = 0, that is = £(0,t).=0,11|Vn = 2,3,...
da

o Er (o) =

onte £(0,t).

n+l

9

So
P

To prove £ (0,t) # O for some t, all we need to show is the following,

Lemma 2.13 If f(a,t) is analytic in a neighbourhood of (0,0) and

n
£(0,t) = o, 2.5 £(0,4) = 0 for n =1,2,..., then f(a,t) = 0
da

Proof Fix to such that f(a,to) is defined in a neighbourhood of o = 0

denote f(a,t.) by F, (a).
0 to

Since F. (a) is analytic
0




k7

2 n
(n) a
Fy (@) = F_ (0)+F! (0)2 + F¥ (0)2 +...+ F'®)(0) & 4 .
t0 to to 1! to 21 to nl
2 an a
f(a,t )= f(o,t )+-——f(0 to ook e FO,t, )7 +,. 0+ = f(o t ) e
Y 0 21
da Ba
=0 .

Since ty is arbitary, we must have that f(a,t) = 0

Thus Lemma 2.,43is proved.

So we have that f(a,t)

0 Vu,t e R

{ )
end V¥ (p,ou,av,t) = wl(p,u,v,f(a,t))
= i\bl(PsusszJ
i
= P
of
hence ¢y (p,au,av,t) = 0
implying that
J;l(p,au,mr,O) = 0
but @i(p,au,av,o) = qut
=To) aui = 0 VYa , Vu,

This is & contradiction, so the supposition on the top of page 42 that

i d.
f (0,t) = 0 is false, hence to# 0 such that fm(O,‘t:O)aé 0 so iv) is prove

From (2.14-8) and by knowing that at0¢ 0 such that fa(O,to) #0

i = -
we can conclude ,from equation (2.11-8)page 40, that LL (p)= bk d

o.llNi'B=0,allRi's=O, allMi's=0.

Finally we see that from (2.14-4) &1l we have left is
|-.i _ J J 113 i -.klojl
Vo= cilte GJ -ty (v)yp 1 K"r’l(w ¥
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Next, we want to show that ¢ = 0,

Into equation (2.17-3) on page 32 substitute

g 15

J
¥ ) Ly e 25 3+ K (w)w v
J132"3 3%

This gives

coi i .JloJQOJB
¥ (p,au.av,t)+GJ 5.3 (v(psou,av,t))(§ ~§ <§ Mp,aqu,av,t)
19243
N\
* Ky 0(aanav, )G 5 ) (pyau,av, t)
191

'j .J ’J o 4
= ¢l (v(p,u,v,£)) () 2¢ 3)(p,u,v,f)f3+ cwl(p,u,vaf)fz

3 Ky 3y oi
+ £ Kiljl(¢(P’“'”'f))(¢ ¥ )p,u,v,f)+p (pou,v,£)8, 0
+ 3f.f ;i(p u,v,f)
GRtt PrtaNatle
Using (2.11-1) and (2,14-2) we get

1-"2«J

J Jpds (¥(p,u,v,£))(J ¥ 3)(pyu,v f)f + b (pyu,v, £)E,
1Y2

- .k .J
G o K;ldl("'(Psu;V,f))[ap l(P'u,V,f)ff.hb l(PsugV,f)ftt]\U l(p,u,v,f)ft

0dy.90.d
1 %2 3)(p,u,v f)f + e (Psu i 2 f)f

Jlj is (v(pyu,v,£)) (P
+* f3 ‘&1'1 (\b(P.u.V f))(ﬂa 4’ )(Psu’v f)'hp (P' ,‘U’,f)f

.‘i
> Bftftt v (Paus?sf)




K (u f))(°31°kl)( £)-3p( £)lt, £
80 ‘jlkj_ Yip,u,v, vy P,u,v,)=3¢p P,u,v, t tt

-84 et 3 n
=¥ (p'u’v’f)[ftt‘b Cf't+ Cft] VP € Hl(ﬂ).’v’u e R

Y e R VWa, t e R.

Fix u, such that uy # 0 i, choose a small neighbourhood U of U,

such that ii(p,u,vgt) #0 i=1,...,n u €U (we can do this by

continuity). Then

1 [t | (Weres fn(&‘jl@kl)(p u,v,£)-3p  (p,u,v,£)]f. ¢
Wpau,v,e) Sk E SRl

= N 3
= fttt Cft+ cft for small t.

case 1 L% # 0. Since RHS of the above equation is

independent of P, u and v, hence

o CJ .k .
F— 5 NG 0,00 53]
- v (pou,v,) 9151

must be independent of P, u and v, so

- S «
T AR Oitps 06 5 el 36" (p,u,v,1))
p (pou,v,£) 1%

= k(a,t).
Let t = 0, fix a5 » We get
k

£ o8 9 By 4 i
v 3 Kiljl(p) 80 . §'k (aO,O)u
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But u and v are independent variables, therefore we get a

contradiction for the case f f # 0, Thus we must have

case 2 £.f.4 =0, since ft(a,o) = o # 0. And since

f is an analytic function, by Theorem 1.15, we have

ftt(a,t) = 0 for t sufficiently small
80 ttt(u st) = 0 , and since
(a ,0)
[ =-m.‘—-3-——6 wve get ¢=0
a=-a J

g(a) , for some function g

also we get ft(a,t)
80 fla,t) = gla)t + A(a) , for some function A

£(a,0) = A(a) implying A(a) = 0

then fla,t) = gla)t
but £,(a,t) = gla), let t =0, we have
ft(a,o) = g(a) , but one page 31 we proved that ft(u,O) =0
therefore a = g(a),
So fla,t) = at .

So we get that our differential equation must be of the

form

2,73, 3
(2.12-12) Pl TS et Ky 03 2y 2

31 293 95

This finished the proof of Theorem 2+11.
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To prove the converse we need Lemma 2.1/ and Theorem 2,15,

Lemma 2.1)4 Let wl(p,u,'\r,t) be the solution to a differentisl
equation of the form

g 3

Js.d 3.
" | 919,93 ody Ky

° i
¥ "'KJlkl(l#)da '] s, Wwhere

g

Gi i Ki k. 8re analytic on an open subset D of Rn, with
didds 7 ok

initial conditions wi(p,u,v,o) = pt A

@i(p’u’vﬁo) = ui 5 ;’;i(P’u’vgo) = Vi . '].'h.en
n J J J W
3 i i ot AN U TN | *¥1 | sV papiy
= {p.u,v,t) = Y (W~ "+ Yi(y) "
at? dye+dp 31"3n-2k1w Ve
.k o
1'; “k(lb)lb l... % if n is even
1""n
'S 2
0.k .k
i Coioes Bl & n-1
Y n=1
Jlkl"knig) V¥ .. 5= if n is odd.

2
for all n > 3. That is,

n
3 i . s

¥ (p,u,v,t) = polynomial in y and ¥ such that each term hes
ot

exactly n dots.

Proof for n = 3, Lemma 2.1k ig true,

Assmaelema2fiuistrueforn=mz_3, that is
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n a'j -‘j oJ OJ s -K
v eavt) = v e iR . L
3t J1*+ip 141 *m-2
. g
5 “_k(ap)tp coub % if m is even
1 m
+ 2
24 Spe e
¥t e WV LBl irm is oda.
251y

2

That is, each term has exactly m dots by the induction hypothesis.

For n = m+l we get

. e o
e S L Rt R
.
8 +1 Wi(P,usVst) = g~ x -
at™ Il
X
%
+ Y ROX’ B/ Vnewyt Lyt . gmlyn
Jl..- Jl‘ 'cjm
J LK
> oR] —aCmdyerrp
aY (¥) ¥ Teood 21
* Jl Jm—?
-y 8xdm-l
3 ll‘j oJ ® - Be "J ] “k
B PRI N W T (W), v L.yl
dy=+edpo®y J1++dpoo ky
J J K
i ! ° ‘M2 1
+Y (v), v ~...¥ v+
Jyeeedpo 'k




i K k
{ Y. m m
k. % 3 .32 k. s L A
—*! gww%ﬁnwhw (v v 2 2.,
Jl 150
ox Y
+ Yk (@) v ... if m is even
1e Ky N
i 2 k_l “ "5 . .11,.1
ayk K p (VIy ~...p vy
5 b .m__;:‘ 1
r{ +— 2
ox <
" T ..k%;-
+Y (W) o~y "y “...0 L
dylg el Y
2
K
b1
/0 SN NN
i 1 2 2
* X (V) ¥ "y v ¥ .
.111&..1:9:_1_
2
$ 3.k ..km"l
+Y (p) 1y L.y 2 if m is odd.
,jllL_L..kE_i
2

Thus we see that each term has m+l dots, but some terms have lpl

in themgo we substitute equation (2.11-12) and get

J J
° Y- 1 2 ° m
le (psu v t) - _'-'J
at ax m+l
od edpq =J =
Fouit T J(qa)-pl...wmlwm + oyt up)w mlkl
Jl" m Jl m-2 kl
’31"""“
—h
i e m=-2""1 m 2 2 k.l.
+Y (W “oob T T+, L4 v np)w
Jl"‘jm-zkl _ Jl"‘jm 2}&
W .9 i .-
+ Gjl w (1‘) Y (ﬂJ)%l m-2¢ m—-lw mﬂl m+l
m-1"m"m+]1 1 111__2111
k J J J k

+EL L () YJ g ) § 1., g oRpmeIE o
m—-12 1"m21



km
J, .k .
TR e | 2
[ oY, (p)y cosl k iy
—1 WY 5% 2
'jl e ""1‘:'2‘:I i' m
ax L
l"‘z:ri-2 km
k e Ky >
* K (w)Y 2 2" | ST Rl SN
1 w2 m
¥ o2 2
k lgm—2
n ’ < A8 AU W - " .
g2 v S A
4* 9 3ab, (f) kl"kg..iw T TR
2
km Kk k1:1—2
K L (\(I)Yi (p) @Jl;.l.a lip _2-_;9‘ if m is even
R DAt T S
e 7 E
¥ ari 3 (p) 91973 1, = "
— 1 m1h : +
J 2 L
ax ° "
o i . 0, 33 Jh g o EEL
+ G (v)] (v) ¥ 1 VY Cw
J2‘13‘jh i 2‘ km--l
22

1 i -
+ ic‘jeﬂ(:p))t.jlk;i (¢) ¥ w w il B e

k Kk
m-1 m-3
__ J ‘J .cj °Jh l - 2
o)yt (lp) n e e
szth Iy -
2
km-l (T k'm_3
i e Ky w5 ey
+ K (¥) Y: (¥ )P v .. v  if m is odd,
Jk - Ry gy
2

-

So we see that when we replace ::t;i by the RHS of equation (2.17-12;

we are re;:-.'l..s,.cing.ﬁ;i by terms which have three dots so0 the result
m+l
is the same, that is each term of 3— wi has m+l dots,

at

Lemma 2 1% is proved. Now for the converse,
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Theorem 2.15 Let ¢ (p,u,v,t) be the solution to the differential

equation
s J, .k

- J J -
g ¢ 1= 3 i gk D> R
Vo= 31323 (p) + Kjlkltw)w v vhere

i Ki

GJ 34, * K5 x are analytic on open subset D of R® satisfying
123 11 '

° i
the initial conditions ¢i(p,u,v,0) = pi, @i(p,u,v,ﬂ) A o

;i(P:usvso) = vi. Then wi(p,au,qv,t) exists if and only if

wi(p,u,v,at) exists, and

¥ (0an0v,t) = yipu,v,at)
i “Ii .Jlj J3
Proof  Since y~ is the solution of o o=l (phy v
£roof 3,3:0
dp-ky i
+ Kjlkl(w)w v where G31J23 and K& k are analytic on D
od1.d5,d Jq -k
we must have that GJ 2 J (y)¢ v 0 34 (w)w ¥ 1 is

l
analytic on D x Rnx an R.
Fix pe D, u, v. ¢ g2 e R
Po® Vs Yys Vo e R, a; € R.
Since (po,uouo,uovo,ﬂ) € D x R K% R , then the Fundamentsl

Theorem says that there exists an interval I of zero in R such that

wi(po,aouo,aovb,t) exists on I and satisfies initial conditions



i =
¥Ry agugs agvys 0) =

¢1(90' %Y %Vp> )

0)

g
v (po, GgUns GoVis

and also wi is an analytic function in

o n
O k-

all varisbles p,u,v,t.

Since wi(p,u,v,t) is analytic, then on I we can write

wi(Ps“:Vst)

oo 3
+ ¢1(p,u,v,0) %1 +

n
;7
,,VO);!-!-

(n)i (

therefore ¢i(p,u,v,t)

2

¥ Pi"' ii(p,u,v,o)t + ﬂ)i(P,u,V,U) %I

L

2
z p:l+ uit i ?1 31

1) 33
J J k
u l...u . ¥
n
E + L )
n!

h o (o[ d
+ (¢t 31 (phu tu 2, 34 ¢t k (P i,
J19d3 31
J J
i 1 n i
+ [Y (Plu *...u ™+ ¥ (p)
dp-+dy dy-+dpofy
k
Yil.'.kgp) v l...v g' if n is even
+ z
Ik Kk
i 1 n-1
Jl 1”_k(p)u v ...v“'é""' if n is odd

2

56
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2
i i i 2 - 2E
Thus, (po,uouo,ubvb,t) = Pyt agust + ag Vo 5,

3: 3 ol J. k 3
i 3 91 J 4 3.9 %y
" (013,05 (%00% U 0" 4™ Ky (o) gt wgh) 4
i 4 4 nd, dp-o k1

i
+ [len_d!(lpo)ao Ug es Uy N YJl”J Z&p)uo 0 *t¥g Vg Feess

k

k ud
0
Yil.._k(polug vbl...VOZ if n is even ]
n
2 0
* k nl “ee
-1
Yl (p )u lv 1 o=l
J.k ...k 0 «esV. 2 is n is odd
3 A0 0 i

2

n

pi + u (a t) + vi (aOt )
0] 0 2!

3,3
J J3 J l) aot

i
(G31J233(P0)u0 u,) u0 + K 1k (p)u Vo ! 3T C SRR

+

J J

) 3 J k
Yy .5 (eplugte.u® + ’
1 “n

1 n-2
(P}uo ...u0 vo b A

n—2 1

+

i
YJ Ny

k
i g 2 "
i _.kn(po)vo ++eVg2 if n is even

<4
|

nn

Kk at
i J k n""l nl + LR

1 .
s (po) uolvo A "2 if n 18 odd

311
EH

i i?
b (Pos Uys Vs uot) (Where the Y s are defined on page 51)

i
That is, y (po,aoun, Vs t) exists if and only if v (po, 03Y02% t)

exists and they are equal. Theorem 2,15 is proved.
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Properties of y(p,u,v,t)

We have already proved that if '1; satisfies

: 3.3, J .k
Q‘i i oY 2-’ i o 1
=G (v) + K, (W Ty
] RN v Y Ty 3%y Vv
i l{i P | :
where G ; are analytic on open subset D of R then y(p,qu,av,t)
hdad3 T a

exists if and only if y(p,u,v,at) exists and they are equal,
Using this fact, we can now show that y also has the

following properties :

Property 1 Given tD =y Py € D then there exists

neighbourhood U of the zero vector at Py such that Yu, ve U,

¢(p0.u.v.t0) is defined.

Proof. Let to be any point in R, ILet Py be any initial
point in D. Since (pO,O ,0,0) is a point on the domain of
definition of ?1, hence the Fundamental Theorem for Third order
Ordinary Differentisl Equations implies that there exists a
neighbourhood i of the zero vector at Py» and there exists an
interval I = (-r,r) such that ¢(p0,u,v,t) exists for all u,

ve W and for all t ¢ I.

For any ¥y & R, choose a real number ¢ # O such that
laty| < r. Then aty e I and w(po,u,v,uto) exists for all

U, ve W. Since for 1 ¢ i ¢ n, ¢y~ satisfies q;i(p,au.cw,t)

- wi(P,us\',at) for ell pe D, u, ve R°, te J, « € R,



Therefore, w(po,au,av,to) exists for all u, v € V. That is,
w(po.z.v.to) exists for all z, w e oW, 2z = au, w = aqv, and oW

is a neighbourhood of zero vector at Py since o # 0, then we

are done.

Property 2 Given any compact neighbourhood U of the
zero vector at Py then there exists a neighbourhood W of zero in

R such that Yt e W, Yu, v e U, w(po,u,v,t) exists,

Proof Let 3(3p »v;) 2 U. By the Fundemental Theorem of
0

Ordinary Differentigl Equations, we know that there exists

a ball b(ﬁp »T,) end & neighbourhood W of 0 in R such that
0

w(po,u,v,t) exists Vu, v ¢ B(3p0,r2) NVt e W,
Assume that the B(BP sT,) is & proper subset of B(-GP o 1
0 0

r
To see this, choose aye R-{0} such that |u0] < ';g- . For any
1

1

v E B(ﬁpo,rl), ]aowl 3 |a0| |r1| < T, soagwe B(apo,er

Yw e B(D ,rl). Since w(po,u,v,t) exists Yve B( ,r

)
Py pg 277

Yt € W, hence w(po,aou,aov,t) exist for all u, v e B(ap ,rl)
0
for all t € W. Since y satisfies \bi(p,au,av,t) = wi(p,u,v,at)

YpeD,u, ve Rn, a € R, t € J, Hence q,(po,u,v,{xot) exists

and w(po,uou,ao‘ht) = *(po!u!vsuot) .
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Thus w(po,u,v,uot) exists for all u, v ¢ B(ﬁpo,rl) for

all t ¢ W, That is \b(po,u,v,t*} exists for all u, v ¢ Bfap ,rl)
0

for all t*e a W. Then property 2 is proved,
Property 3 (Exponential property) Given initial point

Po € D and t; € R-{0} , and & neighbourhood W of 3 = (0,054:+,0)

2n -+ ;
in R such that w(po.u,\r,to) is defined ¥(u,v) € W (We proved
already that such a W exists in property 1). Fix v = 0, then
(u,0) » -\f;(po,u.o.to) is e bidifferential map of some open set
of the zero vector onto an open set.
Proof Let h be & map defined on IIl(‘H), vhere II; is defined on

> -+ -+ 1

pages 29 , by h(u,0) = ¥(pgsu,0,t,). Then h 45 a ¢ function on
n;(w). Since wi(po,au,av,to) = q:i(po,u,v,ato) differentiate

with respect to a, this gives

v IS | - -, A

Wl (p,sousav,t )+ 2av 2 = lbi(p sUy,Veat )t .

3. ‘Po 0 3 o 0’%
Ju i v -

Let a = 0, we get

J i
“lﬂl(PsO,Ost)=tu =t Giulvheresino,i#,j
Ji*0 0] 0 0
3 1l Jl Jl
! 1,4 =3 .
Therefore, -Q—J wi(po,o,o,to) = to gt and
1 31

au
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1l 1l
ﬂltpoto!o’to) ﬂ (Poioio!to)-oo.- ﬂ (po’oioito)
aul 8u2 au”

3,(0) = det y_z(po,o,o,to) gf(po,o,o,to).....Ja_ztpo.o.o.to)
h 3u1 aua aun

(0,0,0,t5)  28™(py,0,0,t0)..... $7(Ds0,0st,)
1 2 n
$ du du du

= det ' = t

By the Inverse Function Theorem, there exist two open

sets V& n&(w) of the zero vector and ng' R" such that

-1
b is 1-1, differentiable on V onto Wl and h exists and is also
differentiable. Thus E is a bidifferential map of V onto Hl.
Before we have the corollary to property 3), we need

the following theorem.

Theorem 2.18 Let f : R® » R be continuously differentiable

in an open set containing a, where m s n. If f(a) = 0 and the

n X m matrix (Difj(a)) has rank m, then there is an open set

A CR" and & Qifferentisble function h : A + R® with differentiable
inverse such that

fo h (xlsi'ii xn) = (xn-m+l’ooo’ xn) .

For the proof, see reference [10] page 43.
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Corollary The same hypothesis as in Property 3 except that

we do not fix v = 0, Then the map E(u,v) = ¢(p0,u,v,t0) is
locally open map at (0,0), that is there exist neighbourhoods
W of (0,0) in W and U in R™ such that X restrict on W' is onto

U and is an open map.

Proof The Jacobien matrix of k at (0,0) is the n X (2n) matrix

-~

1

du qu v ov

| au” ov v
and the n X n matrix gi} (po,O,D,to) has non-zero determinant as we
au

already showed. Therefore the Jacobian matrix has maximal rank n,

Thus E is locally open map by Theorem 2.18.

Property k. Given p, € D, Vg» Yy 8t p, and any reel number %y #0,

then the solution curve ¢(p0.u0,vb,t) with initial values Po» Ugr Yy
and the solution curve w(po, %olns Vo, t) having initial values
Pys a3Vys aouo agree as point sets, that is the images of the two

functions coincide.

X
ﬂ;(polosoato}---' _iltposososto) ﬂl(PO,O,O,tO).-.- .ai (Poio!oito)
n n

n n n n
ﬂ»’_ltposoyosto)n--o Y (pO’O’O’tO) Eﬂ‘.l(Po’oso’to)“" 'ﬂn(pO’o’o’tO)

-y
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Proof By the Fundamental Theorem of Ordinary Differential
Equations, ¢(p0, %¥ys %o t) is defined on some open interval L
of zero in R and w(po, Uys Vo t) is defined on some open interval

I2 of zero in R.

Let C, {w(po,aouo,aovo,t)|¢(p0,aou0,a0v0,t) is defined}.

Let C, = {¢(p0,uo,v0,t)| w(po,uo,vo,t) is defined} .

To show Cl 9-02 s let Ql be any point in Cl' Then there

= t
exists t, € R such that Ql w(po,aouo,aovo, l)
Now "’{po’“ouo’“o"o’tl) = w(po,uo,vo,uotl) Vp,e D

So let t2 = aotl . Thus we see that there exists t2 € R

such that ¢(p0,u0,v0,t2) is defined, that is, there exists t, eR

such thet Q '= ¥(pgsusveat,) S0 Q € e, 4

Let Q2 be any point in C,. Then there exists tl € R such that

2
t ;
Q W(Posuosvosﬁ}. Then w(po,uo,vo,ao a;) is defined.
Al 5
Hence lb(po s%%ys%,V s _t_l_) is defined and
%0 ‘
t
¥pgsagup,ave, 1) - ¥(pyu5v,at, )
i t
Therefore let t, = E;_. So we get that w(po,uouo,aovo,ta)
0
is defined and w(po,aouo,aovo,ta) = q,

i.e. Q € C. Thus C, =C,. The proof is complete.



“~

We conjecture that for any n > 3, there exists unique
form of a differential equation which satisfies an analogous
functional equation and whose solution curves have the ebove
properties. The same type of proofs used above should give
this result. In fact, the differential equation should be the
one which in order n has exactly n dots on the RHS. Also, we
should get the exact same four properties that we proved for

the case n = 3.

6k
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