CHAPTER IIL
HILBERT SPACE OVER THE QUATERNIONS

Definition 3 .1 Let V be a left vector spaze over Ho Then a map
L:VXV—3H is said to be a left sympletic product (LSP) on V if and

only if

(1). . R.y = Fox ~Lor-all Xy J &V,
(ii) (dx+By).z =@&(xez2)+B(yoz) for all x, y, z &V énd
for all o, P'€ /‘He
(iii) TFor each x& V X,x » 0 and x.x = O if and only if
x = 0o
If . is a left sympletic ppéduct space on V then the pair

(V,.) is called a left sympletic product space.

Definition 3.2 Let V be a right vector space over H. Then a map
P V—Mﬁﬁ is said to be right sympletic product (RSP) if and only
b ¥ 4
(i) X.y = ¥Fox for all x, Y& V.
(ii) xe(yorzB) = (xoylet+(x.z)B for all X,y, 2z € V and for
alloy B € He ‘
iiti) For éach x€& V Xox 2 O and x.x = 0 if and only if

x = 0o
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Remark: From now on we shall use the abbreviations "LSPS" and
"REPS" for left sympletic product space and right sympletic product

sSpaces

Definition 3.3 Let V be a vector space over H. Then a LSP on V
is said to be a bi-LSP if and only if x.(ym+z9) = (x5)ey+(xB) ez %or
all x,¥42 ¢ V and for all o, P& He :

If . is a bi-LSP on V then the pair (V,.) is called a bi-

LSPS.

Definition 3.4 Let V bea vector space over H. Then a RSP on V

is said to be a bi-RSP if and only if

(ax+By) ez = Xo(iz)+y.(P2z) for all x,¥y,z¢ V and for alla 4B € He

If . is a bi~RSP on V then the pair (Vy.) is called a bi-

RSPS.

Example 3.5 (i) (Hn,.) is a bi-LSPS where

n
(?91»x2.....xn).(yq,yz,...,yn) b k§1 xk?k’

n
. n . : -
(ii) (H ,.) is a bi-RSPS where}(x1,x2,.c.,xn).(y1,y2,...,yn)=kf1xkyk.

(iid) (Q;,;) is a bi-LSPS where (x1.x2.-o-).(y1'y29---) = & kgﬁk-

(iv) (iﬁ,-) is a bi~RSPS where (x1,x2,-..).(y1,y2,...) = EXJ,.

Remark: All theorems true for LSPS's are true for RSPS's and the

proof is same. 8o we shall only prove theorems for the LSPS casee.
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Proposition 3.6 Let V be a LSPS and let x,y,z« V andx ,feH.

Then Xo(xy+pz) = (x.¥)T+(x,2)B.

Proof: xe(¢y+Pz) = (u,y+ﬁz).k = it (yex)+B(zex)

R

= (xe¥)a+(x.2)B. 3¢
Remark: If V is a bi-LSPS (bi-RSPS) and o e R then x.(ya) = (xay)d.

Proposition 3.7 Let V be a bi-LSPS and let Xx,¥,2 ¢V and «4Be He

Then (xu+yB).z = %o (2&)+y.(2zD)

Proof: (xot+y[3).z'= z.(xq;yB) = (za)ex+(2B) sy

= xo(2a)+ye(2B)s

Remark: (i) In the RSPS case we get that (yu+zB)ex = dl(y.x)+B(z.x)
for all x,y,ze¢V and for alla ,p < Ha
(ii) 1In the bi-RSPS case we get that z.(ax+By) = (&z).x+('ﬁz‘ly"

for all x,¥,2 ¢ V and for alluo, P& Hs

Definition 3.8 Let V be a LSPS(RSPS) and let x ¢ V define

WXf - = (x.x)yz

Proposition 3.9  (SCHWARZ INEQUALITY) Let V be a LSPS (RSPS). Then

[xeyi £ Ux i iy for all x, yc V

Proof: Let x,y€Ve. Let A = ggx|;2, B = |[Xoy! and C = §§y;|‘2.

; R
If x.y = O, then we are done. Assume that x.y # O and letu = -'-’;—XL

Therefore o, = 1 and % (y.x) = |x.y| = Bs Hence for each r¢ R we

have that
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x.x-r(x.uy)-r(my.x)+r%i(yoay)

1)

0 < (x=1ay)e(x=rsry)

= Xex=-r(Xay)d -rd(y.x)+r%x(y.y)&

x.x-r(x.y)i-ra(y.x)+r2(y°y)e

Since (xoy)a+ul(yex) (X))o + o (yex)

=(yex) +a(y.x) = B+B ' = 2B,

x.x-r(x.y}i-rd(y.x)+r2(y°y) = A-2rB-r2C > 0, hence discriminant £ O.
Therefore (-2B)2—4AC < 0 d.esy, B/<AAIC = lixlilyl. Hence

Xyl £ nxuify?i. X

Corollary 3.10 Let V be a LSPS(RSPS). Then lIx+yil < iixil+liylt for

all x, ye Ve

Proof: Hx+y¥2 = (x+7) o (X+F). = XeX+XeY + YeX+Ye¥

= XeX+XeT+XoY+Ye¥y = uxﬂ2+2 Re(xny)+pyﬁ2 < ﬁxﬁ2+ 2‘Re(x.yﬂ+jyﬁa

s

2

< ixiZs 2 %oyl #3712 < URISHE 24xi iy iyt £ Gl li+liyi)°e

Therefore ilx+yi £ Hxiwilyll o

Ha
Remark: Let V be a LSPS(RSPS). Thenl| | is a left (right) norm
on V. Therefore every LSPS(RSPS) can be made into a metrie space by
defining d(x;y) = l|x-ylle A metric determines a topology. Therefore

every LSPS(RSPS) is a topological space.

Definition .11 Let V be a LSPS(RSPS). Then V is called a Hilbert

space if and only if V is complete metric space.
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Examples of Hilbert Spaces

S e

Proposition 3.12 Let V be a NLS. Then there exists a bi-LSP

x
(pi~-RSP). on V such that iixi = (x.x)/é if and only if

hx+yh2+nx-yu2 = 2ﬁxu2+ ZNyha for all x, y &€ V.

Proof: Suppose that there exists a bi-LSP. on V such that

it

X = (x.x)y2 then ﬂX+YH2+Hx-y52 (x+y).(x+y)+(x-y)(x-y) "

2Nxh2+2ﬁyhz for all x, ye V.

X,X+X.y+y.x+y.y+}(ox+y. y"yox-Xoy

Conversely, suppose ﬁé+yﬂ2+ﬁx-ywa = 2HxH2+2%yn2 for all
xyy¢ Vo Define X.y = -?;{Hmyiia—%&x-y Poi iy [P -ty [Ped e 5717
-jnx-jyh2+kﬂx+kyﬁ2-kﬁx-kyN?} for all x, y € V.
tet x& Ve Then X.X & %[ﬁx+xﬁ2-Hx~xﬂ2+in+ixUz—iﬁx-ixﬂz+jﬁx+;xﬁz

B : g
-ijijﬂ2+khx+ka2.ékﬂx-kxﬂ%

o 3 fiexi®et i e iPe e 2 gumi®C 11agt 5 =319

kkx52(11+k!2-]1-k|2ﬂ

;@

i
- B

{4”x“2+inxﬁ2(0)+jﬂxH250)+kux32(0)} = Hx”a

Hence we see that x;x O if 'and only if x = O

Let x,y€ Vo Then X.y. %U[:ﬂx“z- ”Y-xliz—i|iix+iay1|2+inix-i2ysz

2|
|

2

Fe i R e
-3 %IJX+32Y!12+J g!ax-azyﬁ -ki!kX+k2y|02+kax-k vil
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i

%{uy+xu2—uy-xn2—inix—yn2+inix+yn2-jnjx-yu2 i

-

+jHjX+yHZ-kaX-YH2+kax+YU2J

il

&[Hy+xHa—HmeH2+iHy+iXH2-iHy-iXH2+jNy+jxH2

- 3y 3 ekl e [Py -ex ]

1l

yuX

i

Define @ : Vx VxV-—H by &(x,y,2) = 4[(x+y)oz-x.z-y.z] for all x,
¥s2 € Vo

Must show that ¥ = 0. Let X,¥,2¢ V. Then

F(x,y,2) = b -?; !Li1x+y+z 512- |x+y=z !i2+ii%x+y+iz';12-i!!x+y-izii2+j i§x+y+jz512
L

-jlix+y-jz ;!2‘+k(; x+y+kz 12k |x+y-kz “211 -1_1; {UX+Z i 2. f|x~=2 112+

v fr izl Pmd e dmli 2 g [Pm 3 m 32 12 skl 1Pkl eees )

114

Hy+z “2- liy=2l} 2+iH y+iz Hz—i fly-iz !|2+j ly+3z §f2+k§|y+kz$! i

-kily-kz HZ -j lly-3z “2]]

= !!x+y+zil2"ilx+y-\z?%2+i!§X+Y+iZH2-iﬁ‘<+b’-'izHz+j”x+y“'jz“2
~Jlix+y-Jjz 124k jixay+ka Ha—k!ix+y-kzii2-Hx+zis2+llx-2!l2~i ix+izi®
+inx-izn2-jgx+sz2+jHx~jzn2-kﬂx+kzna+kﬂx-kzHZ-Hy+zH2

CER RGeSl e S Ve - e 2
Hly-zllT=illy+iz |“+illy=iz|IT=jlly+ izl +3lly=-Jz i -kily+kz ]

+k|ly-kz | . o
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By hypothesis,%lx+y+zﬂ2 ,2“x+zH2+2HyH2—Hx+z-yH2

i

Hx+y-z“2 2Hx-zH2+2HyH2—Hx—y—z”2

Hx+y+izﬁ2= 2Hx+izH2+?HYH2-ﬂx+iz-yﬁ2
Hx+y-izH2= 2Hx-izﬁ2+2ﬁyH2-Hx-iz~Y”2
Hx+y+jzﬂ2= 2ﬂx+jzﬂ2+2ﬂyﬁz-ﬂx+jz—yﬂ2
esy-j2P= 2lx=dzlZe2rylP= b= gzey®
Hx+y+kz“2= 2“x+sz2+2Hyp2—Hx+kz—yh2
Hx+y-kzu2= 2“x—kz“2+24yg2-ﬁx-kz-yuz A
Substitute these equations in [3.12.1] we get that
Blx,y,2) = 2Hx+zH2+2HyH2-Hx+z-yH2—2HX-zUa-zﬂyH2+Hx-y-zH2+Zin+iz“2
+2iHyﬂ2-in+iz-yH2-2iﬂx-izﬂz-2iﬂyH2+in-iz-y“2+2ij+jz“2
+éijH2—jHx+jz-yH2+2khyﬂz-kﬂx+kz~yﬁz-2kﬂx-kzHZ-ZkHyHZ—ZiHX—SZIF
+ka-kz-yH2-Hx+zH2+Hx-zﬂa-iﬁx+izH2+in-izH2 —jﬂx+szELZjHYWF
+jHx—jzna-kﬂx+kzH2+kﬂx—sz2—Hy+zH2+Hy-zH2-i”y+izﬂ%+jHXEjZ—Yiﬁ
'+iny—iZH2-ij+sz2+jHy—jzHz-kHy+sz2+kﬂysz“2. fsatged

add[3.12.1]and [5.12.2 ] divide by 2, ve get that
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P(xy542) = %(Ux+y+Z“2+“X-Y-ZN2)~%(Hx+y-z“2+Hx+z—yH2)v%i(Hx+y+iz“2

+Hx-iz-y”2)-%i(Hx+y-izH2+Hx+iz-yH2)+%j(Hx+y+jzH2+ﬁx-jz-yﬂ2)

—%j(HX+y-jzH2+Hx+jz-yH2)+%k(Hx+y+sz2+Hx—kz-yHZ)—%k(Nx+y~sz2

j 4 i
-“x+kz—Y“2)~Hy+zH2+Hy—zH2-iHy+izH2+iHy-izHa-jﬂy+jzna-JNyLJzu
-kﬂy+kzﬂ2+kﬂy-kzﬂz.

By hypothesis, #(x,y,2) = llxiP+llysail 22 iki®aiy=z 1P+ilix Paify+iz®

perly 0 P ; :
~ilixiT=illy~izi| +JHXh2+JHy+JzH2

NP = 32 1 2k I[Pk ke 1P =le | | P

5
~kl|y=kz [P= y+2 14 y-20 -l y+iz | +illy-izn®

g s’y i 2 LB 2
~ily+iz{S+ily-3zll"-k|ly+kz | +k |ly-kz ||~
RO
Hence @(x,y,2) = O. Therefore (x+y).z = X.z+y.z for all x,y,z¢ V.

Next.we must show that (2x).y = a(x.y) for all x,ye V and
for allu. € H. Let x,y& Ve Definelf: H—>H bylf(x) =@x).y=ulx.y)
for all.o €. 'Ha :
Must show that Y = O. Note that((0) = 0,(p(1) = 0 andp(-1) =
(=x) oy+(xoy)
@

2 ity 1P ey 1248 s 131 [ty 2 e gy 153 em g |l oeiy

~kl|-x-kyll?] sx.y

o~

1}

ey [P ey 1Pt ety 1P ety -3 e 33 2 g ey 1t feeteyl

+k“x+ky”?’+x.y
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= =Xe¥+Xoy = Owilr

' n times
Let nelN thenkp(n) = (nx)ey=n(xey) = (X4X+oeo+x)y-n(xey)

n times
= (XeY+seet+Xey)-n(xey) = n(xey)-n(x.y) = 0. Hence@(n) = O

for all n & W,

! n times
Let ne Z~ then lp(n) = (nx)ey-n(x.y) = (A= svsn) syt B (Xey)

= (-(x.y)-...-(x.y))+ n (xey) = /=1 (xey)+ n (x;y) = O,

Hence Y(n) = 0 for all n€ % .
e WYY Lo T Nl 3 5 MR .
Let p€ Z ~{0} then -f(p) = (px),y p(x.y) & pl(px).yﬁ! 1O(x.y)
1 1 =N fogs
={3(x.yiF5(x.y) = 0. HenceP(w) = O for all v ¢ Q.

Let r¢ R there exists a sequence (B in § such that

n‘n e IN

lim ‘ﬂn = r. Since Y is continuous, lim Y(B ) =((r). But
H (e's] Y n—ﬁ (%X

kf(ﬁn) = 0 for all n¢ N. Hencey(r) = O. Therefore{y(r) =0

for 8ll re R,  SinceW(i) = (ix).y-ilx.y)
= ey P ey 1P sy 1Pmd [ixdy 1243 e 33 123 lixm 3 P
s llixakyll 2=kl ix-ky ) -4 (x03)
= 4x=1 29|12 Yixs 27 1P i ey 12milix-y IPoikll ix-iky %4 ik lix+iky T

+inix+iij2~ijHix-ijy“a)-i(x;y).
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- -?;(—:'LZH_ix-iZyH2+i2Hix+12yH2+i”x#—y”2-5.3]X-yHZf-ik”iX-iky“2+ikHix+iky§la

s g iz 3y 1Pai g llix~1 3y 15) i (%o )

11

&i(-iél x—iy3|2+5.Hx+in'2+Hx+yHa- HX-yHZ-k”X-ky ”2+k llx+ky ||2+j lIx+3y ”2

~llx=3y1?) =i (x.y)

it

i(xey)=i(x.y) = 0, Y (i) = O. Similarly {P(j) = 0 and P(k) = O.

Hemce(f(d) = 0 for all v¢ H. Thus (ux).y = v (x0y) for all x,

ye'V and for all o ¢ He

Next we must show that x.(yn) = (xd).y for all x,y& V
J 4~ / )
and for all = € He. PFix'x,yeV. Define Y : H—>H by(p(m) =

(%) sy-x.(ya) for all w'e M. Must show that p = 0. Since

xa =ox anday = ya for all ot'e R, %o(yot) = xelxy) = (@y)ex =
d(Fox) = (Fox)®d = (xeyloc= alXey) = @x)oy = (xa)oy =

(XO—O oYe

/ -
Hence Y(x) = O . for all o ¢ [R. Since
4 ] 2 4 20Uk T A B R  e Sy
(x(=i))ey = % DFX1+Y“ - ||l~xi=yil +1H-x1+1y§2-1ﬂ—x1-1YH +3ﬂ-x1+3yh2
= 3 llmxim 53 12wk et ey Pk [-xi—key 1

-xi+yi2"2+iﬂ-xi—iyiaﬂa—i“-xi+iinH2

& %‘ﬁ—xi-yiaﬂz-]
+j”~xi~jy12“2—3H~Xi+jyi2H2+k”«xi—kyizﬂ2-k“~xi+kyi2H%
=g {ll-X~yiiia-i!-X+yi!!2+il|-x—iy16!2~iH-X+iyiH2+3!!-X+J‘yiﬂa

: W - s 12
=3l =%+ Jyi |IT+ki|=x=kyi]| -kH-x+ky1h}

4
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A ey iliPelimmyi [Peslineiys - lhe-iyd | % 3 x= 3l

1

"j“X~jYiH2+ka+kyiH2—ka—kyiHa

d / / / %
xe(yi)y, W(i) = 0. Similarly P(j) = O and@(k) = 0.
: / o
Therefore Y (d) = 0 for all ¢ € H. Hence (xd).y = x.(yx) for

all-o & il

Remarks: (i) The above proof shows that if V.is a LNLS(RNLS) then
the norm comes from a LSP(RSP) if and only if Hx+ylF+”x-yH2 =
2ixIP+2lly P for all x, y & V.

t34) dn CH[é,b]'the supnorm does not come from a bi-LSP

(bi=-RSP)

Proof: Consider (. f0:m/,]c Let £(t) = cost and g(t) =
1
sint therefore ||fli= 1 = ligly Hif+gll = (Z)A, lif-gll =1,
2liglPa2liglP = & and [[fxelCelt=at® = 3. Hence l[t+glF+llz-gl =

34 b = 2liElP+ 2.

Definition 3.13 Let V be a LSPS(RSPS). Two nonzero vectors x,
ye V is said to be orthogonal if and only if xe.y = O. We shall
denote this relation by x|y

Note xl y == y.l x.

Notation: If V is a LSPS(RSPS) and xe VN {0} 1let

it ;
xRy V. xlyt. Also, if W is a left (right) linear

J

d ‘ :
subspace then W = {yev T et er}:.
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A
Remarks: (i) x* and W are closed left (right) linear subspaces

of X

A

) A
Proof: Clearly x  is left linear subspace of V. Since X

is the inverse image of {O} the continuous map yr— Xe¥, x’L is closed
[ ;
left linear subspace of V. Hence x 1is closed left linear subspace.

-L -
Since W = () xL is closed left linear subspace of V.
X e W

(1) wOw = {o}. Let xe WIIW therefore x.y = O
for all ye W. Since x & Wy X.x = 0Oy hence x = 0.

‘ We want to show the Riesz Representation the theorem for
Hilbert space which says that if V is = LSPS(RSPS) which is also a
Hilbert space and ¢ : V—H is a continuous left (right) linear
function then there exists a unique x,& V. such that gi(x) = XeXg
(¢(x) = xoox) for all xe¢ V., In order to prove this’we'll need two

lemmas.

Lemma 3.14 Every nonempty closed left (right) convex set E in a
LSPS(RSPS) V contains a unique element of smallest norm if V is a

Hilbert spacee.
Proof: By proposition 3.12.,

\ Hx+yH2+Nx-yH2 = 2“xH2+2HyH2 for all x,ye V [3.14.1}

X ‘and % 5, 28

V] N

Let ¢ = inf ! uxgg} and let x,ye E. Apply [3.14.1] to
xe B .
2

We get that & "x-y”a = %HXH2+ %“y”a- Hzézg « Since E is convex,

l‘iaiez:. So



J7
2
eyl = 2llPralyiPes | 2]

< 2llxlPsaliyliz- 46 [3.1ka20]

First we'll prove uniquess. Suppose that x,y¢ E have that the
property that |ix|l =iyl = ., Must show that x = y« Since
0 < Hx-y“z e ZHXNZ+ 2”yﬂ2~452 = 0, ||x-y|l = 0. So x = y. Now we'll

prove existence. There exists a sequence (xn)neIN in E sucht that

1im fx | =d. By 3.1k.2 we sce that Y m, nelN
n—y 00 ! : 5

Hxn- xmﬂz & ?Han2+2meH2-4éa;a 0 as m, n—> o» therefore (xn)nelN

is a cauchy sequence in E ¢ V. Since Viis a_Hilbert space, there

Since E is closed in V,

exists an xoérV such that /lim xn & XO'
J n=.0
X, € Eo Hence Uxol!=!‘lim x || = lim !Exnﬁ =0 .
n-— &2 Ny o

Lemma 3 .15 Let V be a LSPS(RSPS) which is also a Hilbert space
and W a closed left (right) linear éubspace of V. There exists a
unique pair of left linear map P : V-—>W and Q : V'——sw‘L such that
x = P(x)+Q(x) for all x & V. Furthermore

(i) If xeW énd yeéwl, then'P(x) = %, Qx) = 0y P(y) =0
and Q(y) = ¥ye

C(41)  llx=p(x) | = inf {Hx—yli} for all'x € V.
ye

(111) |=xI? = IBCo) [P+ | |®  for all x € V.

(iv) Tf W £V, thon there cxists an y € V\{Of such that

_ 4
Y.LW lo€oyg ye W .
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Proof: For each x& V let x+W = {x+y/ ye’w}. Claim that
x+W is closed and left convex. Since the map x+>x+y of V is onto
itéelf is a horzeomorphism, we get that x4+W is closed. Letc,BER
be such thato, B > O andot +B = 1. ‘Let y,zzW. Thena(x+y)+B(x+2)
= (x+B)x+xy+Bz = x+0y+Pz e x+W, Hence x+W is left convex. Therefore
x+W is closed and left convex. Define Q(x) to be the unique element
of smallest norm in ot [Lemma o1%.]. Define P(x) = x=Q(x)€ x=(x+W)
= We Hence P: V— W. Next we'll show that Q(x)é.\/fL 1e6s BIXVH =8
for all y& W. If y = O, then done. Assume that ye W\ {O} and let

/

/
y « ¥y hence ||yll" = 1¢ Let z = :Q(x). Since z is the unique

A
A 63
element of smallest norm in x+W,

O Gl Hz—‘;xylﬂ £ (z-ay ) o (zmay’ )
/ / ;
= zez=-zlty )=(xy Yozslay Volxy')
= Hz“2~(z.y!)&-u(f 02)+0d(Fay) for allx € MHe

Hence O < -(z.f); dx(y/,z)+|aja for allo € He Let = z,f 4
Then we get that 0 K —d&éa&+htla= —Ia.i2 - ~|z°yﬂ 9 &£ 0o Therefore
" /
Q : V—W . Now we'll prove the uniqueness of @, suppose that there

exists maps P1: V— W and Q,: Y=3¥ ‘syuch that x = P1(x)+Q2(x) =

P(x)+Q(x) for all xe W. Let xeV therefore'P1(x)-P(x) = Q(x)-Q1(x)n

Since P,(x)=P(x) € W, Q(x)=q,(x)€ W and WNW" = {0}, B(x) = P4(x)

and Q(x) = Q1(x). Hence P, = P and Q, = Q. Next we shall show that

t]
P and Q are left linear maps. Lefcx, Bc H and let x,y& V. Then

dx+By = Pl x+By)+Q@x+By). Nowox+By = cx(P(x)+Q(x))+B(P(y)+Q(y)) X
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aP(x)ﬁxQ(x)+BP(y5+BQ(y)n Therefore Pl By ) +Q bt x+By) = aP(x)+Q(x)
+BP(y)+BQ(y) i.e. Plux+By)=oP(x)-BP(y) = o Q(x)+B9(y)=-Qax+By) .

Since P(o:x+(3;r)—otP(::)--BP(y)tE_W,cut.Q(x)+[3Q(y)-~Q(ouc+8y)éiwL and

g
WNWw = {O}, we get that P@x+Py) =« P(x)+BP(y) and Qlex+By) =

aQ(x)+BQ(y) .

To prove (i) Note that if x € W, then x+W = W, Therefore

Q(x) = inf {“x+y”} = inf -{“y“} 40, 'S0 x = P(x)4 Q(x) = P(x).
; YEW - yew i

3o .
If yeW , then y = P(y)+Q(y)s Since P(y)E W, O = y.P(y) =

A

(P(y)+Q(¥))P(y) = P(y)eP(y)4Q(y) P(y) = "P(y)“ao Hence P(y) = 0O,

I

so Q(y) = y.

To prove (ii) Let x€ W thercfore | x-P(x)f] = HQ(X)H =
o i G '
inf '!|z”3 = dnf {Hx-\Ly H} = inf {.}lx—y!i?u
ZE X+W ye W yeW ’

73
To prove (iii) Let x &V therefore [|x|I” = Xex = (P(x)

+905)) . (P(x)4Q(x)) = P(x).P()+B(x),q(x) 1qlx) P(x)4Q(x).q(x) =

2 .

PGl 2+ la )]

To prove (iv) Let x€ VAW and let y = Q(x). Since P(x)e W

and x:¢ W, x # P(x), hence y = Q(x) # 0. But yéSwl therefore yl We

Corollary 3.16 Let V be a LSPS(R3PS) which is also a Hilbert space

z AR
and WC V a closed left (right) linear subspace, then V.= W & W .

: : bk
Proof: Let x € V therefore x = P(x)+Q(x). Hence V = W4+W .

Binde WAW 2 o}, v=w@& ok
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Theorem 3,17 (Riesz Representation Theorem For Hilbert space)
Let V be a LSPS(RSPS) which is also a Hilbert space and let
¢‘: V—H be a continuous left (right) linear function. Then

41 'XOEV such that gi?(x) = XoX ((7L(x) o.)x-) for all x€ Ve

Proof: If ()= 0, then choose ¥, = 0. Assume ¢ # 0. Let

= ker¢) therefore W # V and W closed left linear subspace of V.
' 4 o i bk [
Since W £V W #£ 0 by lemma .15+ Hence there exists an z¢ W\ {05

_such that @(z) = 1. Let xcV. Then let u, = X -¢(x)z' therefore

¢(ux) = B(x) - P(x)@(2) = F(x) ~@(x) = 0. 8o u, E-Ixev'gf W, Hence

0 = u.e% = X.2 - @(x)(zez).  Therefore ,(Z;(::)(zoz? £ Rolha So¢(x)

XoZ
e ket 3 )=
el e 0 L

prove unigueness. Suppose that ¢(x) = Ko, for all x & V therefore

\ ! ,
oZ./ Bince x is arbitrary, @ (x) = ¥oXys To

XeXy = ¥.x, for all x¢& V.80 xslx "X’I) =0 for all x.¢ Ve« BHence

73 0]

(xo—x1_).(x04~x1) = 0y SRS Xusk e Oy MElce X5 X, o

0 | ‘22\ »
Corollary .18 Let V be a LSPS(RSPS) which is also a Hilbert space
and let ¢ : V-—H be a continuous left (right) conjugate function.
Then therc exist a unique x,€ '\/ such that §7§(x) 0°% (G’(x) = XoX, )

for g1l & & V,

Definition 3.19 Let V be a LSPS(RSPS) and (x,) ¢ ¥ \{o}. Then

el

% is said to be an orthogonal set cof vector if and only if
A /del

R X D £ Os ‘Almo, (x is said to be orthonormal if and

<~/\(I

only if X oXpg = éd.B where
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Proposition 3.20. If V is a LSPS (RSPS) and (Xd_ﬂygi is orthogonal

then they are left (right) linear independent.

Proof: k7 AL - Y o B.x .« Must show that Bn 5 0 for a1l ind

ne,
n< w0 n
; 4 e ; : ! N2 -
Fix nyy O O.xmn = (niu)pn%jn)oxmh = Bngiﬁin=| o Slnceflgx I} #.0,
0 0 0 2o
Bno = Qo uSinee ny is arbitrary., Bn o S il R 1 ne’%&

«xthplace

= (0,0,.“.,.'lg0,0,c“,O)G lan Then e,],e e

2’90.‘; n

Example 3 .21 Let e,

11

are orthonormal set of vectors in H «

nthplace

Example 3.22 Let LR (0,0,...,ﬂ,0,0,“.o)E,Léo Then {e is

n)nE!N

an orthonormsl set of vectors inﬁgso

Proposition 3.23 Let V be a LSPS (RSPS) which is separable then

every orthogonal set in:V is countable.

be an orthogonal set in V. Let

Proof:  Let (ﬂﬁ(xe .
/_‘ 9 MR )/l 4 1
X, = “Xu“ - X for all « € 1, Then (X, LJGI is an orthogonal set of

s / ’/ i / / i 'yz y ‘/
vectors. If o #£ B, then d(zd,xB) _llxx— xBI|_-(2) ul Lt B(ﬁx,1/2)

be the open ball center at x; radius % o« Claim that if o # B then
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B(x;,1/2)(ﬁB(£E,1/2) = @« To prove thié, suppose not i.e. suppose
thaf there exists o # B such that B(§;,1/2){EB(X%,1/2) # ﬁltherefore
there exists a yE:B(g;,1/2)fWB(XL,1/2)° So “%;~y‘,< 1/27 and
”xé—yll< 1/20 Therefore (2)1/2 & ”x;— xé]{g ”g;— y”+”y~x%” < 1/2+1/2=1,
a contradiction. Hence ifu # B, then B(x;,1/2)f\B(x%,1/2) = f.

Let D be a countable dense subset of V. Then given % I there exists
X

Definition 3.2% Let (V,.),(Vy%) be LSPS's (RSPS's). Then (V,.) is

v / -~ b
an Q € B(J{O(,']/Z)HD° Hence I is a countable.

:
said to be left (right) isomorphic to (V,¥) if and only if there
exists a 1-1 onto left (right) linear map # : V—=V such that

B(v)*g(w) = vew for all vy w & Ve

Definition 3.25 Let V be a LSPS (RSPS). Then (e, ) .. is said to

be an orthonormal left (right) basis of V if and only if
(i) (ed)cAeI is an orthonormal set

(ii) The closure of the left (right) linear subspace- generated

by (ed)de 1 is Ve

athplace

Example 3.26 (i) Let e, = 00 08 e s 1 T30 R Oy o) Son a1l

(X€{1,2,onogngo Then {eu h{<n is an orthonormal left (right) basis‘

n

< B 1 B Bk
4 o place

(ii) Let eo\ = (0,0,eno,qgqugcoo) for alldé IN o Then (ed)

A€

is an orthonormal left (righk:) basis of ;ﬁ.
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Example of separable space

(i) m"

G E

- 2 b o S
’Let D_= {(zn)nE H / z € ® and wJNéilN B8R O’x{n;>N§ .

g ; : gy il ,‘ : 2t
Let £ > O be given and let (Zn)nélN = Zépﬂi therefored?']]zul<ooo
TR D : ‘ fucy 2 2 g
Hence there exists an M & [N such that 2 '%x’ < g /2 » Since
o =M+1 s
such that

v

¥~y : . 4
® 1s dense in H, for each n/{ M there éxists an a € )

|zn— B, | % %/(ZM)% therefore Izn~ anlz <£2/2M for all n < M. Lt

: SO 2.
a = (a1,a2,...,aM,O,O,oeo) therefore a ¢ D and |jz-al] = (n§1‘Zn~ aJ. )M.
B 2 @ ST 2 b oW [E
= (3= hn—anf . ]zn! 10 o S /2+£ /2) =.£ ¢ Hence H is
n=1 n=M+1

separable. ‘%?

Theorem 3.27 (Extended Gram-Schmidt Orthogonalization Theorern)

Let V be a LSPS (RSPS) .eand/let (v be a set of left (right)

n)nélN
linear independent vector in V. Then there exists an orthonormal set

tox " i h, th
of vector (en)nEIN in V such that

(i) TFor each né&N, €490530009€ € the left (right) linear

subspace generated by ACERSTERRE R T

(ii) For each ne N, Vq1Vs9e0eyV (& the left (right) linear

subspace generated by ©11€5900098 o
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A J i 1
Proof: Use 'induction on né i If n =1 "Ted e1 = ﬂ;—ﬁ o v10

1

So donea. Suppose by induction that we have e1,e2,g..,en satisfying

the theorem. Lét b = v .o for all xe&{1,2,c00,0-1}. Then let
n.CX' n A b |

n-1

bn,aed therefore hﬁgx-—z

1 =T

=
]
<
]
i e I

bn,B(eB°e'O(')+ Vnoeo( =0
therefore h le for alld § n-1s If h = 0 then v € the left

linear subspace generated by €118 000008 4o Hence vne the left

linear subspace generate by VysVogeeev, gy 2 contradiction. Therefore

1

h wb ¥ = 3
o £ 0. So hn hn.> 0 Let e ?;"—;f;% h therefore
n’ 'n
i 1 n-1
B 0 Sty (vn- 2 bn,%qi). By induction, for each o< n-1,e is
(h_oh ) ol=1
n’"'n
; n
a left linear combination of v1,v2,..°,qj therefore eﬂ = X qux for

some Qd € |H, Hence N € the left linear generated by VyrV5000007 o

Also, v = g bn,a,%x+ h = u§1 bn,d e + (hn.hn) e o Hence

-

v1,v2,.1.,vn & the left linear subspace generate by € 3850000 eh g

1

a contradiction. Therefore hn # 0, 80 hnohn‘% O. Let o E;:-7:—;Z oh
o s
1 ne1
therefore e = z::—::—;z (vn- ?1 bnﬂx%x)' By induction, for each
o n ¢ .
d £ n=-1 e, is a left linear combination of v1,v2,...,j* therefore
n ;
P i %(z* for some %§ [Ho  Hence e, € the left linear generated



ek
n=1 n=1

; - 1/2
by V,‘,Vagoo.gvno Also, Vn = di,‘ bn,d ed+hn —-dg" bn,¢en+(hn°hn) en

Hence v1,v2,...,vn the left linear subspace generated by eq,ez,...,en«

X

Corollary 3.28 Every separable LSPS (RSPS) V £ (0) has a countable

orthonormal left basis .

Proof: Let D = (v ) be a countable dense set of vectors
& n‘n € IN

of Vol 1L Wi, e O remove it, if v, # 0 do not remove it. TLet v be
i,
the first nongero in D. If v is a left scalar multiple of v
n4+1 n,
remove it, if not do not remove it. Let v (n
2

vector in D which is not ‘a left scalar multiple of il if it existse.
1
/

If it does not exist let D = $v -} ana stop the process. If v
Com n,+

the left linear subspace generated by o M remove it, if not do not
1 2

2> nq) be the first

1

remove it. Let v. (n, » m,) be the first’vector in D such that v é
n3 s, 2 : ; n3

the left linear subspace generated by s NIRRT if it exists. If it
: 1 2
|

does not exist let D = {vn V¥ % and stop process. Continue in this
; 4 2
way if the process does not stop. Let D/ be the containing the vector
VY
2

left linear independent. By contruction, D Qgthelleft linear subspace

; / 4
yoss Obtained by this process. Therefore D ¢ D.D is a set of

iy

/
generated by D is dense in V. By the Gram-Schmidt construction applied

/ :
to D we get a left orthonormal basis (en)nelN af Va %§%

We shall now prove that if (V,.) is a separable infinite dimen-

sional LSPS (RSPS) which is also a Hilbert space then (Vqe) is 1680

{



! j 66

(right) isomorphic to.lﬁo Before we prove this, we'll need some

lemmas and propositionss.

Lemma 3.29 Let V be a LSPS (RSPS), VasVoreeesVy fixed orthonormal

vector in V and xoé V a fix vector. Define q7:lH%—9!R by
. i |
(P(z1,za,e..,zn) =llxo- 4 qxvdﬂo Then (f has a unique minimum where
o=1 ‘

o = V;X.XO) fOI‘ a]l d = 1,2’oool,n.

Proof: Let W be the left linear subspace generated by

V4iViyeeeyV o By lemma 2410 W is closed. Since x,- W is a closed

left convex subset of V, xO~W has a unique element of minimum norm
by lemma 3«14, « By lemma 3.15., there exists an orthogonal projec-

v : ; ¢ :
tion maps P: V—>W , Q: V—> W such that HxO-P(xO)li= inf ijony”}.
y& W

Let Yo * P(xo) and let dqué,aoo,dn ve the unique scalar in |H such

n B
that Vo = L o v, o« Hence d1,d2,..o,d | are the unique scalars

k k
k=1 e o
which minimizef . Also, x =¥, = xg= P(xo) ¥ Q(xo)é.w y 80 Xy= Y EW,

hence (Xo"yo)’Wx = 0 for all o= 1524s004n therefore x..v, = Yo* Yy

for all ot € ne. For any fixed B £ n, XO°VB G (

= dB therefore ‘XB = xoovB. %§%

n 2 5
Corollary 3.30 P Ldk‘g “XO“
r k=1
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2
Proof: 0 £ |lxg=ygll~ = (x5=¥q) e (x5-34)
= Xo(xg=yo)=¥g*(%5=70) = x5(%5-3;)
2 & g Ak -
= Il & x o B o, v:) = [| x L Ml SN
0 0 il k'k o ot 5 - T
n n
Tl ~ g2 12
2w foe @ o . Benee % Joh T & [Pl
0 e q k'k %=1 J kN 0 >§k
Remark: e <vm)d6iN is an orthonormal set of vector in the LSPS

(RSPS) then for any finite set of indices Nyalpyeeey Ty

: 4% 12 G, (G0 2y

z {dh ' < “XO” therefore the series X ldk‘ converges and
B=1 B k=1 y :

: > 5 :

£ ldkl < “Xo“ (Bessel's Inequality).
k=1

Theorem 3.31 Let V be a LSPS (RSPS). Then the cardinality of all

orthonormal left (right) basis of V is the same,1f V is a Hilbert space.

Proof: Let S1 and S2 be two erthonormal left bases of V.

Let A1, Aé be the cardinal numbers of the set S1, S, respectively

a
and let AO be the ecardinal number of the set of positive integers.

If V is finite dimensional then A1 — A2 80 we are done. Assume V

is infinite dimensional.  For each x € §, let SZ(X) =-iy6552/y.x # Oj.
Claim that Sa(x) is countables For each n€ IN let

A= {ye Sa(x)/[y.x|2> % }.v Claim that H’\n“ < o0, To prove, this,
suppose that ”An“ = @ , Then there exists a countqble (yk)kéIN such

that yké SE(X) and |yk.x‘2> 4/n for all k& [Ne So
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o o , i
z |yk.x12 i e BLE = &0 a contradiction to Bessel's Inequality.
k=1 = '
Hence HA ” < % and therefore L) A .=F§yéis (x)/ly.xi2>» Oj is
S nem ® ' 2

countable. Thus Sz(x) is countable. Hence we have the claim.

Olaim that 8. = /U g .(x), uét 36 8
2 L
x&:s1

then S1C S1LJ{yk a contradiction since 51 is 2 maximsl orthonormal

5° Ifivexi= 0 Par all inSﬁ

set, so there exists a X€ 8, such that yex £ 0, hence‘ye sa(x)°

< Agh,

'Therefore S. = \J 8,(x)y 80 Ay & Aghy = Al J. pually A,

2 3c€-:s1

= A, . [ see proposion 3.53 for 8, is a maximal orthonormal ]

<

Lemma 3,32 Let V be an ¢ ~dimensional LSPS (RSPS) which is also =

Hilbert space and (ek) an orthonormali left (right) basis of V.

k€N
i 2 =

Thus given (ak)kG‘Neylm: there exists an ve V such that Veey, = a
( ) T (v= % ‘

e oV =l n ang v = ke e Mope o Liwgets

% i k=1 o A T e

n ‘
Proof: Let v = k§1 8,8, for all n€ IN. Claim that (vn>ne Ko

is a cauchy sequence. To prove_this, note that ﬁ/n, p & 1N

n+ b2 n4+p ; >
v av H2 s B ael 2Ny |a, | =0 as n, p—s oo since-
i F s k=n+1k . k=n+1 %

=0 ) | . ; . :
k§1 |ak| <. 8o we get that (vn)neJN is cauchy. Since V is a

Hilbert space, there exists an vé V such that 1lim v = v,
: n-—sco
n o)
Therefore v = 1lim Vi lim S el i g e

n—>cs n—oo k=1 i k=1 n K

Letl{é‘m choose
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n & N such that n > k therefore vn'?k = (v-vn+vn).ek = (v-vn).ekfvn.ek

i i
= (VOVn)‘ek o (d§1 ao-eo()oe_k = (V"vn)cek+ ako So Vn.ek-ak =
(v-vn).ek therefore 0 (K Iv.ek-akl = I(v-vn).ekLg Hv-le{}edi:

Hv—vnH——>O as n—>o0e 80 Vee = (lim vn),ek & '1dm (vn.ek) = 2.

N> eq Nn—>e0 ;
3

Proposition 3.3%3 Let V be a LSPS (RSPS) which is also a Hilbert

space (%xhxelN an orthonormal set in V. Then the following are
equivalent:
i) - Ke, ). is a max orthonormal set in V.
@ ‘g & IN ;
(ii) (ed)atim is an orthonormal left (right) basis of V.

' e i . (2]
(iii) For each x €V,||x|lz % fxeiJ [HX“ = I |e ox, | J
w=1 =1
(Pavseval's Identity).
< ERICLSTS 2 <O
(iv) For each %, /¥y€V Xey = I (x.%x)(yoed)[xuy = Z

(6 ex)(e -3)e
=1 . =1 T

Proof: (1)==>(dii) Let W be the closufre ofjthe left linear

subspace generated by (qd) Claim that W = V.. By corollary 2.9.

AE iN*®

W is a left linear subspace. Thus W is closed left linear subspace'

' A ,-
of Vo, If W #V, then W # (0). Let y&W \{0J. Then yle, for all

{ )
{wl— oyJ :)(e ) is an orthonormal set

keiN therefore (e b Kk
ke I ke

)

in V, a contradiction. Hence W= V.
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’

(ii)=>(4i1i)  Let x € V be arbitrary. TFirst we must show

Lthat e P

e where ¢ = X.e,.'for all k& Na
k= v k k

°x®k

@O
By Bessel's Inequality, 3 |ck|2 < Hx“a, hence by lemma 3.32.,
§ e Y

o0
there exists an v€ V such that vee, = ¢, for all k€& IN and v = Yie eis
. k k Ve o
SO Veey, = Cp = Xeep for all k¢ IN therefore O = Xo.e = Vee, = (x-v).ek

for all k€ INe Claim that x=v = 0s  To prove this, let W = {d(x-v)/vteiﬁi

e ot
Then eke W for all k € N. Therefore W 3 the left linear subspace
: i . _L . \J -
generated by (_ek)k €N S;noe W is closed and (ek)ke'N is an

orthonormal left basis of V, +the closure of left linear subspace

& 5 & /
generated by (ek)ki-yN is V€ W . Hence V =W , so x-v &€ W , hence

(@] o8
% ¢.e,. Hence ”XH2 I ¥ (Xoek)eku2 =
E=1 2 k= :

X=v = O iecce X =V =
1

i n s . LB 4 5 ; n :
||11m b (x.ek)ekﬂ @ 1im—H-5 (x.ek)ekH = lim ([ 4 (xoek)ek]

N o0 k=1 n—co k=1 n—sco k=1

n n n A
[ = (x.ek)ek]) & 1im T (xeey)(x0e) = lim by lx.ek\a = X }x.eklaa
k=1 n—o0’ k=1 n— o k=1 " k=1

(iii)=>(iv) Fix x, y€V and let A € JH be arbitrary. Now

xex+X(y.x)+(x.y)i+(hy),(%y) = (x+Ay) o (X+Ay) = Hx+hy“2 1 !(x+ﬂy).ek|2°
k=1

o0
Since X

i (x.ek)[l(y.ek)] < oo and §)[ﬂ(y.ek)(§jgk)]< o0 o ‘Hence

1 K=l
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Z l(x+Ay)oek] = lim 2 I(x+ﬁy).ek!
= i n-so0. k=1

k

n L le e 5 n )
= lim 2 [((x+dy) e, ) ((x4ay)ee, )| = 1im 2 [(x.e. ) (Xee.)

+(xee ) A(yoe, ))+A(yee, ) (xoe, ) +A(yae, ) (A(yae,))]

n
n

Pt 05 V) n b B2
= lim Yitx.e Jixse )+ 1in Eilkie, JiACyed, ) 1im: 2 Alyse i) {x.e)
n—ow k=1 k " n k=1 K % n—oa k=1 k b

n —e—————n et £ s o0 i ————,
+lim pH ')(y.ek)(ﬂ(y.ek)) a ?(x.ek)(x.ekh - (x.ek)(i(y.ek)

n-s>c0 k=1 k=1 k=1

= e L8 A : 2 e 2
+ 8 Alyee ) (xee, )+ T A58/ MU yoe.D)e. Since lIxll® = T |xee

k=1 % & k=1 k k k.__1' kl

AR o 2 a7
and | Ay = I l('/\y).ek, we get that A(ye.x)+(xey)A
k=1

= [k=1(x.ek)’(y"ek)]} & /\[ki'] (y.ek)(x.ek)] for all A € [H.

16t As i therefore

1(yex)=(xey)i = 4] F (yee V(K08 )]=[ T (xee ) (y.e,)]1s Hence

k=1 k=1
S LR R SR
i FoX= bH Ye€ Xo€ k = Xey" z Xn€ Yo f i ioen
Jeaipy. M % by k X
ilyox- = (oo ) Gie ) [1ox- T (oo ) () | i =0 [3.33.1]
k=1 ‘ k=1

Similarly 1letting A= j we get that

o3 Il g A LAt &6
3 [yex- . (yoe,)(xse, )]~ [yox- z

(yee, ) (X.e, )13 e, 5.33.2]
k=1 , K 5 % [ ]

1
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Similarly letting: A = k we get that

k[yx- % (yee )] - [(7om0- ' ¥ (yee)Groo)k  [2.33.3]

k=1 k=1

Let A = 1+i therefore

T (3.0, ) (K504 E (x00,)(3e8,))(1-1),

(141) (yex)+(xy) (1-1) = (1+1)(
, 1 =1

k

80 Vex+ilyext)4+lx yis(xay)i = C§,(y.ek)(§TEk)+i( b (y.ek)(ijgk))+
; k=1 k=1 :

T (e ST
Xe€ Yoe -,
e il

8

(x.ek)(§:5L))io Since i(y.x)+(x.y)i =

i 4

k 1

LT i T MO B Gt ROR
k=1 k k k=1 k k !

o0 LAy &0 AN SRR
YeX+4X.y = I (y.ek)(xoek)+ b, (x.ek)(y.ek). So y.x+y.x-t §

(yee,)(x.e,)
k=1 k=1 & k 5

1

- ;5 (yoe )(xee )] =0  F3.33.k1]
=%

o

From [5.33.1],[3.33.2], [3.33.3],[3.33.4] and by proposition [1.2]

Lo ] P YA
and [1.3], yex = E (yoek)(xeek).
, o :

(iv)=2(1i) Suppose not therefore (ek)k.e N 18 not max

orthonormal set, so there exists an ec VN {O% such that eee) = Q for

0 Iobe 831:
all k €IN. Let x =y =e. By (iv) 0# He“2 = = (e.e, )(eee, )
: Lk k k
T | |2 0 tradicti
= eee = 0 , a contradiction.
k=1 k %
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Remark: We proved that if V is a LSPS (RSPS) which is also a
Hilbert space and (ek)ké'N is a left (right) basis then any x'e¢ V

o

can be written in the form x = k§1 ckek. where ck = x.ek.
Corollary 3.34 If (ek)ke N 1s an orthonormal left (right) basis

of a Hilbert space V and Xe€, = O (ek.x = 0) for all k € N then

X=O.

(o251 A
Proof: ' By proposition 3:3%,° 0 = % (x.ek)(ifgk) L
k=1

Theorem 3.35 Let (V,+) be a separable ¢ -dimensional LSPS (RSPS)

which is also a Hilbert space. Then V is left (right) isomorphic

2
to Im.

Proof: Let (ek)kéﬁN be an orthonormal left basis of V
[borollary 3 28] Define the map F: V¥—>ﬂ2 v by Plx) = (xee.) ‘
o g ® . ’H k k € lN

for all x € V., By Bessel's Inequality, F is well-define. Clearly
F is left linear. To show that F is onto. Let <Zn)n€£;NC " then

by lemma 3.3%2 there exists an v& V such that Vel = 8y fori ald

<O

k€N and v = k§1 z 8.« Hence F(v) = (zn)n<51N° By corollary j.34.

F is 1-1« By proposition 3.33. (iv) F(x).F(y) = X.y. X

Theorem 3.36 Let V be an n-dimensional LSPS (RSPS). Then V is a

left (right) isomorphic to I .
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Proofs Let x1,x2,¢ao,xn be an orthonormal left basis of

th i
3 .k place
V [Theorem .27]. Let F(x) = e = (00,5443 700,0pvesl)é ThEn:we

can extended F to a left linear map F: V—%ﬂHn. Clearly F is 1-1

n n

and onto., Let v, w € V. Then therefore v = )5 - S SRR S I B A
k' k k'k
k=1 k=1
n
for some oty By € H. Then F(v)oF(w) = ( B «,e k) ( 2 Bk )
k=1 k=1
= s:pr -(Zcxx)(z B. X, ) = vews Hence V is an left
Gl k"k YA k7k o kTk

isomorphic to lHn.

é%%

Example of a non separable which is also a Hilbert space

Let I be any uncountable set. Let

'151(1) p {f:I———)lH/f(c&) = O except countable many « €I and X lf(o{)l <>o«-
A€ T

and define f.g = dzf?X)Oéng for a1l £, gﬁagi(l). Then CL;(I)),)

is a LSPS. By the same proof as in ulé where 1 £ p < ¥ is a Hilbert
. ‘12 3
space. Claim that M(I) is & non-separables,

Tor each B & I 1let e egzad)where

P
if ot # P
e @x)
’ L'] U
Then (eﬁ)BG ; is uncountable:and if B, # B, then d(eB1, eﬁa) =

1
]ieB—,eB “ = (Z)A. By the same proof as in proposition Dol Ryl Py
i 2
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B(qx,1/2)(\B(e5,1/2) = @ If\ﬁm(l) has a countable dense subset D
then there exists an 4, & Dr",B(eq,*n/z)l' for all o € I. Hence

(di)dﬁI is uncountable a contradiction. Therefore Ceé(I),.) is

non-separable LSPS. By the same argument as above QA;(I),.) is

non-separable RSPS where fog= & fla)glx) for all f, g gﬂé(l).
o U

Theorem 3.37 Let (V,.) be an oo =dimensional LSPS (RSPS) which is

also a Hilbert space. Then there exists a set I such that V is left

(right) isomorphic to U&E(I)a

Proof: Let A be the collection of all orthonormal sets in
{ | - i
Vo Let er\{Oﬁ therefore “T:t—ﬂ .xli € As So A £ P, Letﬁf]% be any

chain in A. Clearly '()j% & Ao By zorn lemma, there exists a max
Beg

orthonormal set in V. Let (ek>ke 1 be a maximal orthonormal set.
By the same argument as in proposition 3.33., (ek)ke}s an orthonormal

left bagis of V. If x€ V define F(x) = f where f(&t) = x.e for

o
all o, € I. Must show that I‘ZX)G.Z}E(I). Given n € IN. Let
An = {;xel/]x.eulz 2 %i}. . By the same argument as in the theorem 3.31

U A is countable. Also = Ix.e[ a '|f(a)|2 < o0 by Bessel's
néiN o UA o€\ A ;

NEIN neN

n

Inequality. Hence F(x)eﬂ2 To show that F is left linear, let x,

|5 e

} ¢
yeV and B€ H. Let F(x) = £, F(y) = g, Flx+y) = £ and F(Bx) = g .
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: ;
Let A€ I. Then £ (d) = (x+y)..eoL = Xse +ye, = f(e)+glol) = (f+g)oA

and gl () = (Bx)ee = B(X"eav) = Pf(a)s Therefore F(x+y) = P10

f+g = Kx)+F(y) and|F(Bx) = .'g'l = Bf = PF(x). To show F is onto,
2 iy p 2 h
let fel (I). Given né€ IV let A, ={«e I/[f()]° > 1/n}. Since

3 ]f(o‘()f2 Sooy T hL tEfindteand A AL for E1Y m Ding Let
we T h n s m :

n
A L WA : |
A = {u1,d2,...,o\nj and let v = j§1 f(o(j)edj . Claim that (v ) .
is a cauchy. To prove this, note that for each n, p & [N ’lvn+p~vn “2
n+p P n+p : ‘
=l = f(rx.)ed ” “heesil - ‘f(o(.),zo Since I lf(o()‘z < o6y for
j=n+1 il il i 08¢ v x € I
2 ¢ Sy 2 2
each ¢ > O there exists a/ /N ‘such that I ]f(o(.).,, € £
. & ol =N +1 :
n+p > >
Hence £ lf(u.)i < g /for all n >» N. and for all p& IN, i.e.
J=n+1 J
i Yoinrhe {<E for all n¥ N-E and for alll p € N, Thus (vn)ne N

ig cauchy. Since V is a Hilbert space there exists an v& V such

that 1lim Vn = v. Want to show that F(v) = fo Fix #a€ I. Then

n—9c0 ;
Vee, = lim Ve, = 1im (vnoeak) = f() therefore F(v) = f,.
n—»og n—> b

To ghow F is 1«1 Let'x € V\‘{O‘] be such that F(x) = O‘ therefore

Xee = O for all « €« I therefore

(ed)deI Tl sl D <e~.-x) 4e1 1s orthonormal contradicting the

maximality of the orthonormal set (eg_) o By the same argumen{:

P

~

as in proposition 3.33, F(x) F(y) = X.¥. %
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Theorem 3.38 Let V be a LSPS (RSPS) which is also a Hilbert space.

Then (7,)| D is a left (right) isomorphic to v, 1B

Proof: Let @ € ¥ there exists a unique X5€ V such that

P(x) = xyex for all x€V. Define F: V—sV by F(§) = Clearly

Xqe
F is 11 and onto.  Claim that F is left linear. Let 0‘1, 0(2 € H

and Y4, (1)2 &€ T there exists a unique X,€ V and a unique ¥o& V such

that ({)1(:() =l %S and Lpe(x) = y.eX for all x€ V. Let x€V thereéefore

0 0

(011(P1+d2t'02)(x) & c>£1(P1(x)+d2LP2(x) =o(,1(xo.x)+o(2(yo.x) = (o& X ).x+(o( yo ,x‘

= (o\1xo+o(2yo)ox . Therefore F(O(-1CP1+O‘2(P2) = o(,lxo-t-o(a Yo =o<.1F(Lp1)+<X2F(€.P2)o

Hence F is left linear. If({) = 0, then xg Oy so”(ﬂll =.0, hence
el = HXOH = 0. Therefore”({)ll = onli . Assume that (J # O there-

fore ;é O and '(P(x)f .x[ O“ [|xlly so if x # O then
% < |l XOH » Hence ||Q || < onll = lr)lj. since |W(x )| = Ixo o X, |
I x HZ I(P(xo)! I x.lls so l|@il>llx.ll. Thereforelj(p || > = Il ()il
= ’ : = Iy Lz . 7 XA = ‘)il
0 Nl 0 . o e X0 i

HPll=lr(@)il, Thus (VI 1) is a left isomorphic to (VI 1),

. * -
Remark: V. is homeomorphic to V by the map f+r—=1f o
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