CHAPTER II \¢
BANACH SPACE OVER THE QUATERNIONS

Definition 2 .1 Let V be a left vectorspace over He A map

Il ]: V>R is said to be left norm on V if and only if
(1) vl 0 for all ve Vand {|v|l = O if and only if v = O.
( (ii) J|iovll =|0J Ivii for all vEV and for all « € He
(iii) ‘lv+wll < vl + jlwll for 21l v, w € Vo
If|l || is a left norm on V then the pair (V,il 1) is called
a left normed linear spaces. We shall abbreviate it by LNLS.
Definition 2.2 Let V be a right vector space over He A map
Il I: V— R is said to be right norm on V if and only if
(i) llvi> O for all veV and livil = O if and only if v = O.
(ii) sl = |jvljjed for al>1 v € V and for all & /H. ‘
(iii) ilvewll € livll #ljwy for ail vy we V.
If Il !l is a right norm then the pair (V,il 1) is called a

right normed linear space. We shall abbreviate it by RNLS.

Definition 2.3 Let V be a vector space over H. Then (V,!l 1) is
called a normed linear space if || !lis both a left normed and right

norm. We shall abbreviate it by NLS.



i

Given a LNLS(RNLS) V, define d(v,w) = |v-w| then d is a

metric on V hence V is a topological space.

Definition 2.4 If a LNLS(RNLS) is complete with respect to the
metric d then we shall call V a Banach space.

= n 1/
Example 2.5 (i) (H |l Hp) where!ixup = (= lxdlp) P for all
=1 :

n
X = (X1:X23--o,xn)e H and 1 £ p S = o

Proof: Let (zd)quN be a cauchy sequence in H. Given
- [} l o ~
£ > 0 there exists a N, such that fog= sl < & for.all m, k3 N, .

=)y

is a acauchy sequence
m ‘melN 4 794

Hence for each o € {1,2,..;,n} (z

in H. Since iH is complete, there exists an ng)e H such that

: (o) o RGP (n) : .
lim 2z = 2, "o Let zy = (zo, Zg vees1Zg o Claim that lim 3z = 2.
m-» oo m—> oo
fs ol £
Since lim z;l)= zé ) for—alt & §1,2,...,ni, there exists a NF
m—> O = & t

S e ,ng)_ zé‘/‘)l < %/ for all m > N, and for all o &11,24 00
% e |

n
(*)_ ()
m

' P ,p s
o |7 < &, for all d,EL1,2,e..,nzg 50

-

..,n}. Therefore lz

B o %, ‘
)3 Iz; ) zg )|p <¢P, Hence lim 2z = Thus H is a Banach

Z e
ad=1 m—y oo 0
spacee - 38
{ f Ol
(i1) In J.ﬁ = ((zn)ném/zne H V newm and nz::1 |zn‘1’< 00} and

oo o 'I/p
e ‘z | ) where 1 £ p <%0o
n=1 2 :

Iz llp
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Proof: Let (z ) be a cauchy sequence 1n,{"§ . Given

ne N

< 3 ¢ - ..E.'.
§> 0, There exists an Nhé N such that Hzn zm”p < > for all m,

for all m,

lzl(la)- zgi)l < ?'/2

n > N . Therefore for each « EN,

, () : ;
n> NE « Hence for each ct € N (zn )ne N is a cauchy sequence 1n
. i : () el ¢
H. Since H is complete, there exists an z2q € H such that lim Z.
n
e r = ) : : ~ ;
o gy e Lot 2, = (zo )(x.eiN s Claim that .11m‘ z = 24,0 Since
n—so0
o M
5 ‘z( (Q)‘p < (E/ )p for 211 m, n > N , ] ‘z(d’)- z(u)}p<
H 3 4 m n

ck=" gt
(5/2)p for all M&lN and for all m, n >N. Fix M, m and let n-co

M M .
in 2 'Z( S fld)!p « (8/2)p we get that T Zrﬁ:x)_ zé‘x)'p< (E/Z)Pu
=1 e

Since M is arbitrary, z lz!(:()- z(()a')1p £ (E/a)p. Hence 1lim im = Zge
o =} 2 m— o

Since z ] (@y_ éd)lp = (5/2)p for . all m > N_, for each m > N
ot,—'l :

P . . ; - P
z, zoe ﬂlH which is a vector space over {H so 2, € JJH v 3

(iii)— ¥n J[{H = j((zn)ne rN/ z € H Y ne N and i%prN{ iznlg <”‘f}

“J

g}
{} L&

ana fa],. = sup { loglf - 0

A%
ud
b

e ’, 2
Proof: Let (2_) be a eauchy sequence in i'H. Given

—_— n'nelN

- : ¢
€70 there exists a N, such that ||z, -z || </, fer all m,

n> N . Hence for each « € IN Izr(na')-— zr(lu()| & 8/‘.2 for all my n > NE'

()
n )ne IN

Therefore for each « € IN (z is a cauchy sequence in H.
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2 e >
Since H is complete, there exists zé‘x )E H such that lim Z1(1 )= zgx)
n—ce

(%)

Let zg = (zo e N Claim that lim 2z = zoéMiH' To prove this,

n—ycoe

note that lzéd)—, zgx);< £/2 for akl m; n-2 N and for all « € N«

€ ;
o .
Now fix «€ IN and m > N then let n— <o in ]zél )- zfﬁ)l < E/2 we
&) (O] ¢ . . . () ) _g,
get that 1zm - 24 l < /2 e Since o« is arbitrary, lzm’ - Zg. lgﬁ/z

for all & € N and for all m > N , hence 1lim 2z = z,. Since
€ : m-—>o0

“zm- Zq <& for-all m> Né’ for each m > No 2z - 2, E’QlH which is

20@
a vector space 80 2. G A e
oS HY /| i

iv) In Cyla,b) < {#ifasbl— B / £ is continuous } and

2l = sup - _{'f(x)!} « The proof that C!H[a,b] is complete is simi
x€ [a,b] :

similar to that ’QIH is completes

Example of LNLS(RNLS) which is not complete

In (ﬂ;,“ Nao) where |lx|i= sx;tp'NjL [xn‘)):
ne!

21 o)
Proof: Note that - H is a linear subspace of ”QSH’ Let

_9_1 = (1,0,0,.,.),)?.é = (1,1/2’090,0-0)' 23 = (1’1/2i1/31090!°’°)1
: ' i :

2 = (1,1/2,1/3,..,,1/n,o,o,..°)eJZ!H Yne IN. 01ear1y (L) e

: 4 s . ]1 e :

is a cauchy sequence with respect to H Hoo in gy and 1im ’Qn =

>0

(otlgrtlaneen 8 d o g
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Definition 2.6 Let V be a left (right) vector space over H and
ol # i are left (right) norms on V. Then these left (right)

-norm are said to be equivalent if and only if there exist m1,
m, > O such that m, | x} < |jx s m, | x| for all xeV. Clearly

equeivalent norms gives the same topology on V.

bn

Remark: Since B2 R, all left (right) norms on a finite

dimensional left (right) vector space over H are equivalent see

L5 8

Remark: All subsequent the theorem for LNLS's true for RNLS's
and the proof is same. S0 we shall only prove theorems for LNLS

case -

Let V, W be LNLS's (RNLS's). Then the left (right) vector

space VX W over H is a LNLS(RNLS) by defining

\

1/ = , :
Ievnlh = Qel®s Py T2 1 < P <oos Tn fact [ (vowdll = max{ivii vy}

Since VxW is a LNLS(RNLS), VX W is a topological space. Also as

a topological space, VX W has the product topologye.
Proposition 2.7 These two topologies are equivalent.
Proof: Standard.
v 3

Remark: If V, W are NLS's then the vector space VauW over H is a NLS

"defined as abovea
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Proposition 2.8 Let V be LNLS ‘(RNLS). Then the map (x,yl— x+¥y

and (a,x)k— ox(xa) are continuous with respect to the product
topology. Also, the map x+— /x| is continuous. In fact the map
(x,y7)—x%x+y and xi—||x || are uniformly continuous with respect to

the norm topology - =

Proof: Standard.

X

Remark: Since the map (x,y)—> x+y and (&,x)—ox (x«) are conti-
nﬁous in both variable they are continuous in each variable separately.

Therefore if X, € V and o & H are fixed then the map (x,xoﬁ—%xx+xo,

(do,x)b->dox(xob) and GX’XQ)F‘*‘IXQ(XdI) are all continuous.

Corollary 2.9 Let V be a LNLS(RNLS) and W¢ V a left (right) lineax

subspace. Then W is a left (right) linear subspace.

Proof: Let Xy ye W and . ,p & Hs Want to show that

ox+By € We Then -] sequences (x ) and (y ) in W such that

n&iN ne&€ N

lim X, =X and 1lim R Since W is a left linear éubspace,
n—y oo n—s oo '

ax + By & W Vnen. By the above proposition, 1lim &xxn+ Byn) =
- n—y oo

ox+By. Hence ox+By € We 38

Theorem 2,10 Let V be a LNLS(RNLS) and let W be a closed subspace
of Vo Then a left (right) linear subspace generated by W and a

finite number of elements for V is closed in V. o
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oof: Use induction on the number of generators of W.

If the number of generator is O then the theorem is true. By
induction, suppose the theorem is true for n-1 i.e; every left
linear subspace of V generated by W and n-1 vector is closed. We
must prove the theorem for n. Let U be 1left linear subspace
generated by W and WiaWoeooyW o Must show that U is closed. Let
U’ be the left linear subspace generated by W and WysWogeoos W ae
Then U’ is closed by induction. ' If wne U,, then U = U/ therefore
U is closed so done. Hence we may assume that1ﬂ1¢ U' . Therefore
U is the left linear subspace by W and Ul. So every vector in W

/
can be written uniquely in the form %wn+ w where w € U anda€ H.

Let z € Us Must show that z€ U, Since zé€ ﬁ, z = lim X, for some
e

. g ‘ ’ /
in U. Since x, ¢ U for alla& N, X, =Ao(. W

sequence (x,) o

JeN

is convergent, (x,)

o€ N

7y / & s
for some A, € H and w €U Since (xg) o N

is a bounded sequence ises there exists a Wl>-0 such that'lgm!!<qt

for allg € N. Therefore [[Aw + w | <m for alla€ M. Claim
y ¢ A o

that (%y)axuN is bounded in H. To prove this, suppose not therefore
5 v s / ;
there exists a subsequence (A?B)BGIN of (ﬁ\a)o{e’N such that ﬁdB # Q

for all B& N and {ﬂ(xgiﬂcm as B—»>00., Now ”‘%&B X i§< Wln |

fop 31 B £ W theratore i AL W el itz 5o
el

/
1/, .J = -W_o Since 1ﬂr.w’ Faash o which is closed and
A& n AL

na o(BB dBB

-1lim
p—

2f / R S
-W_ -wné Pkl gchenee Wné.U , a contradiction.

1im Vﬂ‘ w:j
B—roo g B
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Hence (ﬁd)dezN is bounded in H. So we have the claim. By the
Bolzano-weiertrass theorem, there exists a convergent subseguence
& of (1)) « LetA = 1lim A, . Hence Aw_ = (1lim A, dw .
dg BEMN o’ we N o0 g n B""COO(B n
Also, ﬂa'wn+ %; converges as P—> oo rSince it is a subsequence of .
RS i
7 » / 2 / : [
the convergent sequence (ﬂdwn+ %szel£]° Since %xﬁ = (7%Bwn+ waB)
/ /
(R w. ). for all BeMN, (w ). is convergent. Let w =1lim w’ .
o(B n . o(a B€E IN B0 o(B
o / : s
Then w € U =1U . Since z = lim X o= Lim (Aw + W) = lim (A, w_+w', )
. X~ 0 AK=>c0 B B oo O(B n (,\B

’ . . / .
= Awn+ WI(E the left linear subspace generated by W, and U' which is

U, zeU. X%

Theorem 2,17 Let V, W be LNLS's (RNLS's) and F is a left (right)
linear map. If F is continuous at one point, then F is continuous

everywheres

Eroof; Let xoe'V be the point where F is continuous. Let

xeV and let lim x =% . To show that lim F(xn) = F(x). 8Since
n—oco n—soo

lim (xn-x+xo) = X4 ]Jnlf(xn—x+xo) = F(xo)o Therefore 1lim F(xn)
n—>c n—oc n—><0

5 1im!Kx+xn—x+xO~x8 = lim F(xn-x+xo)+F(x-xo) = F(xo)+F(x)-F(xO) =
n—soo n—co

F(X‘ )o %

~

Corollary 2.12 Let V be a LNLS(RNLS). If F is a left (right)

conjugate map and F is continuous at one point, then F is continuous

" everywhere.
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Definition .13 Let V, W be LNLS's (RNLS's) and F: V—W a left

(right) linear map. Then F is said to be bounded if and only if

Definition .14 Let V be LNLS (RNLS) and F: V—>H a left (right)
conjugate map. Then F is said to be bounded if and only if

j"F(x),?

o LIl

<0 4

Theorem 2.15 Let V, W be LNLS's (RNLS's) and F: V-—W a left

(right) linear map. Then F- is continuous if and only if F is
bounded.

Proofs Let M = i:g .{ﬂ§£%)”} < oo, Hence!!F(x)H,g Mljx |

for all x€ V\ iO%. To prove F is continuous. We shall show that

F is continuous at 0. Let -lim x = O must show that lim F(xn)
N—co - ) n—3 =
= F(0) = 0. Since 0 < ”F(xn)fgg M’lxn” and lim x =0, lim “F(xn)”
nN—>0n n—>od

0, hence 1lim F(xn) = Q. So dones.
nN—> o0

Conversely, suppose not, so for each m&N there exists an

x € V\-§O} such that “F(Xmﬂl s Thet ¥ e *m therefore

B ” g m“xm”

!Iym” & 1/m for all me N and lim "ym;l= O. Hence 1lim Yy = 0o
M—co  m—so0

Since F is continuous, lim F(ym) = F(0) = 0, Hencel‘F(ym) “ =

m—>co
F(x ) “F(x )}‘ : :
mx: ! > —’“—lT%JT > 1 for all m€ N and rzrll-iinm“ F(y ) [[= 0, a

contradiction. S
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Corollary .16 Let V be LNLS(RNLS) and F: V—>H a left (right)
conjugate map. Then F is continuous if and only if F is bounded.

Let V be a LNLS(RNLS) and W a NLS. The set ofball continucus
left (right) linear operator which map V into W; is denoted by C(V,W).
We also denote V* = C(V). The set of all continuous ieft (right)
" conjugate operators which map V in to |H, is denoted by Vo Then
C(V,W) and V can be made into a RNLS(LNLS)Vand'LNLS(RNLS) respectively
as follows: Given F, G € C(V,W)UT and o € H define (Fa)(x) = (F(x) ),

@F)(x) =a (F(x)),(F+@)(x) = F(x)+6(x) and “ F H = sup ﬂ%ﬁfﬁﬂ% . el
- x£0 CataE ]

Remarks: (1) [|F(=) || < JFlilx | for a1l x < v.

(ii) If V, W are LNLS's (RNLS's) then C(V,W) is left (right)

vector space over R = Cent (H) and are also left (right) norm linear

Iz ¢y ]

) £l

space over R using the above norm i.e. H F ” = sup-%

x#£0

L)

Theorem 2.17 Let V be a ILNES and W a2 NLS which is also a Banach

space. Then C(V,W) is complete.

Proof: Let (Fn) be a cauchy sequence in C(V,W). Hence

nelN

given € >0 there exists a Né such that!!Fm-Eﬂ = &/2 whenever m,

n> NE « Hence for each x € V.

0 g “Fm(x)~Fn(x)”.g;,Fg-Fn“ x|l o Since (F.) is cauchy

n‘ne N

in C(V,¥W), (Fn(x))nel is cauvchy in W. Since W is complete, there

N
exists a v.€ W such that lim Fn(x) = v o Define F: V— W by
N-%co ’

F(x) = v_» Claim that lim F_= FEC(V,W). Clearly F is left lineave
B~ 0
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To show that F is continuous. Choose N€ N such that ”FN- FN+p

lI< 1
for all p € IN. HencellFN+p['< |Fy+1 for all peN. Thus _
“FN+p(x)“ < | N+p“|]xl[ (e ll #DIxl  for a1l x€ V and for all

P € N Now,' taking the 1imit as p—soo we 'get that 1lim ”FN (x)“ 5
, p—yoo +P

Therefore ” F(x)” & (HFNH+1)",x" for all x& Ve Hence
HFI!gi[FNH+1 <cos Therefore F is bounded, so F is continuous.

To show that lim Fn = F, note that Fn-FEC(V,w). FPix ne IN. Hence

N—» 0
given £> O there exists an X € V\{Oﬁ such %that
l(F _~F)(x, )] 7 (x)-F(x) |
o1 s n € ¢ N g £
A B LYl S LY

" Fn(-lT;‘::H—ox% )'-F(n?la--xe ) ” + E/2

A i y
Since .x ) e 5 3l ¢ X ), there exists a N such that
nxiﬂ x‘a % - £

”xf,“ m—>co -

1 g N8 s ‘1 t
” Fn(n—xi'—'oxs) hﬂ;‘;n“ox@) = /2 for all n > N€°

Hence lim F = F. Therefore C(V,W) is complete. .
n—300 )Si(
Remark: The same proof that if V,W are LNLS and W is 6omplete, then

then C(V,W) is complete.

Corollary 2.18 Let V be a LNLS(RNLS). Then V is completes

{ rGoll )

Proposition 2.19 Let F&€ C(V,W). Then |IF|| = sup
positior v 3 e

ﬁ;ﬁ 1{”F(X)H)] = ﬁzﬁ«{“}‘(x)“} = ;: GSJ;ﬂ el {lIF(x)‘H } = = ﬁ;ﬁ<r{“F(x)H}
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)

.. Proof:  Let xé’V‘\’Oj then x = Hx“ I-x). Let U = I;!-x.
Then!‘UH = 1 therefore lFQx)" = F(nyU) = “XHIF(UNL =J|F(U)u.
: M= | Hx t |x” ]
Hence ilFH sup i“F(x)“} so obvious “FH = {‘ }. Also
=1 T R it

suppose that ||x|| = r> 0 therefore ,l%oxi!= 1« ' In addition; i
“y||= 1, then y = lo(ry) and “ry” = r“y” = r. Henee we see that
x|l =

flrcd o} =4 Qlrcol] . also, it 1
sup b4 suD X ° l1so, it is clear that
[[xll=r | ”} T e U }

|¥|| =1sup {"F(x)“}.
Tlixli<e

Theorem 2.20 (Hakn-Banach) ©Let V be a LNLS(RNLS) and W is a

left (right) linear subspace of V., Let f: W-——»H be a continuous

left (right) linear function. Then there exists a continuous left

(right) linear function F¢ V—=H -such that F/ = f and Ifi = ”FH.
w !

Proof: Since V is a LNLS over H, V is a left norm linear

e

space over { where ( ia+bi//a,b€,mj, hence W is a left norm

linear space over ¢ « For each x& W let f(x) = ay* a1i + aaj + a3k
for some a, € R where & = 0,1,2,3. Then define U(x) = ayt a1i

therefore U: W—s @ . Claim that U is a f -linear map. Let x,y W

and oL € C therefore flax) =d.i‘(x)o Let f(x) = aqy+ aqi + a2j+ a3k

and £(y) = b+ b11 Pt b3k° Then U(x+y) = agt b+ (a1+b1)1 -

i+ba+ bd = U(x) # U(y) and Ulax) =0a

vi s St

it otaa,l =alags a,i) =

®U(x)o Hence we have the claim. Claim that U is continuous. Let



X €W \{O} therefore f(x)

whereue{0,1,2,3}, S0

Hence U is continuous and
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I S Y

2J + a3k for some a, & R

bk~ iers ‘
| U(x) 3 ,a0+a1i‘ !f(x)'
el - T S omEr Shel<ees

in fact.!juklgjlflf. Claim that f(x) =

U(x) - kU(kx) for all x € W\{0]. Let x € W\{0} therefore £(x) =

Bt a4l + a5d + a3k for some.adf} R ‘where q:e{0,1,2,3}. i.es

f(x) = agt a,i + k(a3+a21) and f(kx) = kf(x) = aok +a,]-ai- a1

S8 oI T Se

so U(kx) = -8 5 - U(kx) = a_+ aZi. Henc§ f(x) = U(x)

3

- kU(kx)s Thus we have thée claim. Since U is continuous € =linear

By the Hahn-Banach theorem for complex norm linear space,

W S ¢ /
U: V—>C sueh that U/w= U

map,
there oxists a continuous C ~linear map

X /
Uy - - CeeY ) clade

and [full = Jull . Define F: Vs iH by F(x) =
that F is left linear. Let %, y€V and o & thercfore o = a+bi
for some a, b€ R. Then
Mxsy) be il BT U?x)+d§y)-kd(kx)-kﬁ(ky)
= UG -kUkn) 40 ) -kWky) = F(x)4F(y),
Flax) = U (ax)-kU(k(ix)) = o Ux) ~kU (K (a+bi)x)
= aU(x)-KU(akx)-kU( bkix) ;= aU?x)-akU?kx)-kat-ikx)
= aU(x)-akU (k) +b (ki) T(kx) = o U(x)=akU{kx)=biku(kx)
£ g U(x)=(asbi)kUlkx) = aUQx)-akﬁ?kx)
= o (U)K (kx)) = oLF(x),
= Ulex)-kU(k(kx)) = Ulkx)-k0(-x)

F(kx)

wilx) 0l & kCUCE) ke T s kP ()

/ /
U(kx)+kU(x)
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F(ix) = U(x)-kU(k(§0)) = Uki??liﬁ?ix) o U3kl (x)
2 degty = guteatle | = §u(x)-iu(15x)

= jUQx)_ij?kx) = j(U?x)-kUQkx)) = jF(x). Hence F ih

left linear over IH, Claim that F is continuous and extends fo
/ i g
Since U is continuous and the map X,—kx is cpntinuous, F is con

/ /
continuous, T is continuous. Let x € W. Then F(x) = U(x)=-kU(kx)=

U(x)=kU(kx) = £(x). Must show that[IF||=ilf]|. First claim that
el = |l ull. we have thatff Ul ¢l £lls Let x € W if £(x) # O 1let

o, = AEE perefore {ell | '= 1 and o _f(x) = if(x% therefore if
x T f(x) ” fele] = x> i

{f(xﬂ ol £(x) f(uXX) Ulot x)

= e = ey <
= g [ ERS I ﬂdx“ ”
“U'° If x £ 0 and f(x) =-0, then %%éﬁ%L s

Thusi‘ft{:ilUl

x # 0 and f(x) # O, then

1t

[E3

. Hence |l £l gilulle

(®]

<llv

”- Henceiif[': “U‘l:liﬁ” =*|Fl

Cogipttavay i vl e

Hence we have the theorems. 128

Corollary 2 .21 If f: W—>iH is a left((right) conjugate function
then there exists a continuous left (right) conjugate.function

Pt V—»# | such that B/, =& and I I el

Theorem 22 Let V be a LNLS (RNLS) which is also a Banach space

s R 5 _ %4
Snh AebUa) sus et HANE AL mHen (E)TIR T AT
n=0
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n

Proof: First we must show that ( Z Ak) converges. Note
. : k=0
n o0 Lo 9 J
that = | a%l¢ ¥ JJAl® for all ne W therefore  JA¥[g E |Aff<ce.
k=0 k=0 k=0 k=0
n m n A
Let my, n then ” Z Ak- Z A “ u 2 A il by lAk“ < }3 “An as
feC) k=0 k=m+1 c=m k=m+1 !
: PG ‘
m, n—s oo therefore ( £ A") N is cauchy sequence in C(V,V), hence
RN
>k Bty n+1 -
U2 a) converges. (I-A)( Z A7) = I-A for all n& N. Therefore
ne N
k=0 k=0
2k n+’l‘ -1 - R
lim (I=A)( 2 A7) = lim . I-A = I. Hence (I-A) Sag 2
D—» o0 =0 n—s <o n=0 3€<

Definition 2.23 Let (ol ”),(V/,N !|,) be LNLS's (RNLS's) then we say
that (V,Il 1) is left (right) isomofphic to (vﬁi W3 if and only if
there exists a 1-1 onto left linear map F such that HF(v)]f = || v
fop Xl . va& Vg

= : .
Example 2.24 (i) (ﬂg,ﬂ [[) dis right (left) isomorphic to (j;;‘{,ﬂ ”q)

where 1/p+ ‘1/q R T e e e e B

Procf: Let 'y = (B ) € 1{%. Define Fy:ﬁﬁ%—-> H by

né& N
oo ; k
Foix)& © o B - where k= (@) e/@," Since ( T % P J is
y n'n HEaA W M e , n‘kéIN
ne= B
k
is cauchy sequence in [H, ( ? o Bn)ks N ‘converges, so/Fy is well-

Nl

defined. Clearly F is left linear. Claim that Fy is continuous.

Let x = (a )nGIN ‘4}[ Then
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4 b T/ oa 1/
brl s R et Bl < CT Jud ™y PO bk R
¥ = n=1 N

n=1 n
= Hxhp I yﬂqo Therefore || Fy ” <l y”q. Hence T is continuous.
P, Qa_, Q="
In fact ”Fy Il < “y"q. Thus Fyelm. Define a map F: Xp—>4y by

F(y) = Fy for all yE—,Q]?I. Claim that F is right linear. Let o,

B & H and y,i=(o<) & {p.)

n’ne N’ Y2 n‘nelN® Fred

Fyfuyaﬂ(X) = noixn(otnowﬁnﬁ) & (llg;tgndr}i+(n§1xn5n)ﬁ
= Fy1(x)cx+Fy2(x)B = I*‘yqa(x)+FyZB(x) for all x = (xn).nélN é.
Hence F(y10(+y2£3) = Fy1a+y23 = ch:. +i‘y2(3 < F(y1)d+F(y2)B.
Therefore F i:s right linear. Claim that Uyuq = || B || =i Fy” ,
for all yeﬂnc}l., If y = O, then || ¥y = !lo“q = lrco) Il =] Fy“ = |IFyll s0

done. Assume that O # y = (Brw)ne INE &lgo Define XNGJ.‘}I; by

th
N ‘ n “place
Xy = quinen where ¢ = (0 OcvsayTyUiUsass) and T02 BB T¢25svi sl
5 = 2
‘. 0 if B, =0
oy s
‘ q=1 Bn
L_ Ianl ‘| A By # 0.
N tr N (74 .
p q
Then {‘XNHD %L B ‘dni i 4 'Bnl ) 3. Therefore
7 n=14 =4 ‘
N N N A N 1/
Uw (x Ml 2 B = 28 % (8 [ AR e bty
y N n="1 n="1 =1 n=1

1}

N oW
CE 18D P limylg -
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Thus for N sufficiently large to ensure that{l. x,q“ # 0 we have

N 1/ 1/
N i ay ‘9 a
that .Fy(-_—”xl\l”p)'l = (ni'ltﬁn‘ ) Y. Hence || F 2 (nji-:'lIB | .

' s = 1aq,"q
Therefore ']Fy“ N IBn] ) = “y“q- Claim that F is onto. Let
N=1

th X
n place .
= (0,05 ¢2537130,0,.4..) for all neN. Lot F Glp we denote
: i ela
F((en) = B, for all ne N, .We must show that n néiN ,o- 4
B. = 0 for all ne&N, then (B ) GJQq o« So assume (B ) £ O
n i 3 n‘neN""H n‘néN
Bl : .
Define XNEQ}H as follows: Xy = n§1 otnen for n = 1,2¢8cesl¥
( 0 e 1 i > Bn e
OLn o &/
" e e 6, #
o R B O Qo
; A
. N N N q. VvV
Therefore ‘F/(x, )I = lF( z nen)l‘ =B |3n|q and ”XN“ =(Z Iﬁn' AT
N n=1 n=1 = n=1 ;

for N sufficiently large we have that

‘N
[Fo o P i Ve 0\ Vaq
e retd craea N R R B 1> <ng.1 19,190 %

<0 a 1/q s
Since N is arbitrary we get that ( ¥ {Bnl ) <||F ||« Therefore
n=1%

= ~\a = e ol e e e
Pl (Bn)nEINCQWH oG kaimr Fyo Let (xn)nélN = XCQ.‘H. Then

P 7 k k } k
F(x) = F(1im = x_ e, ) = 1dm % X F(en) e C O O A B
kot n=1 k—>co n=1 k—sco n=1
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» \

CxY 7
= ® xB = F (x)s Hence F = F_. Therefore F is onto. ~Claim
=% o b g y
S 2ol s
F is 1=1. Let y = (&« )né-(N 9, such that F(y) = 0 = Fy therefore
4§ 5 4 4 p s o o
Fy(x) = 0 for all xeﬂ,‘H, hence Fy(en) =o, =0 for all n € N, so
s { P *K )
¥y =% o ey ® O Hence F is 1=1. Thus d‘)H'” ') is right isomor-
n=1

phic to d,)%,” Hq).

Eas o0
(ii) (ﬂ,ﬁ},ﬂ 1) is a right (left) isomorphic to (J'.'JH’” i

30
Proof: let ¥ = (Bn)né)N GL\Hs Define Fy: Q’;—Q H by

el
= (54 = lai i
Fy(x) n§31 an where % n né_ 'Nél Claim that Fy is well
k
- - . ( o . e
defined leee we must to show \n§1 A’an)ké W converges. Fix NEN
~ therefore
@B | = z ® |4, | 18P z o | Caax |8 }) < I=xlilsll . since
n=11 ‘ o nl ' ’ 1<n<N3}| n, s
- - (.XJ k 1 B
N is arbitrary, n§1 \d.an‘ <o, ‘80 (ni]‘_n. n)k converges. Hence Fy

is well~define. Clearly Fy is a left linear mape Claim that Fy is

. 81
i < =g el .
continuouss Let x (d ) = N liH Then

l. S w B o0 : P
BN !n§1 anﬁnl < ni anpn{ = p§1‘ o lpnf < % ffvf, <oo- Hence
F_ is continuous. 4 “ I vl . Hence F E.L'l. ADefiné a

y y ¥ oo ¥ - i

*
o0 o0
map F‘}L[H——e’l,;{ by Fly) = Fy for all yé‘Q.]H. The same proof as in
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(i) show that F is right linear. Claim that||yll,= IF(y Il = || Fy![

" If y = 0, thenlly | o o I.= irco) !l = || Foil. So

for all y €

Y Ml o M -
doné. Assume that 0 £ y = (Bn)nelNe’Q‘iH' Given £ 7 O . there

exists an na( N such that B > || ¥ “-1— o Now let
{',

if 0 ‘ if m £ nE
V.
f s .
anel 4 m nﬁ :
F_(x) e
Therefore -l—-HXLx“—‘- = \Fy(x)} & | T x, P ‘ >“y “w-ﬁ .

i
Hence given £> O there exists an X € ];I\ }LOJ such that
le(xo)|

Xe |
I I th
n “place

that ¥ is onto. = Let e [ €040 00nsde®, @ ..) for all ne N, Tet

>H.y |- - Hence |[Fy F2 U5l Thus j|F || = |y}l Claim

7 /
Fe »QH'II we denote F (e ) = Bn for all neM. If B =0 for all

neiN then (Bn)n G,Q So ‘agsume that 'y = (Bn)nelN # 0. Suppose
A .
that | sup HBnH =0, Given M > O there exists an NM€$N such
nelN '

that lBN } > M. TFor each ne IN let
M

i

0 i nd ¥
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| . :
Then d = (d ) e, Also, |l d |l 1. Since

n neth H°®
3 [Fd[
- M, "é > M

x s
b § f 1
a contradiction since F& ];I° Hence sup “Bn“

ne N
o0 /
GL‘HB The same proof (i) show that F = Fy and F is

M=

anI( en) l =

|8
| NM

[F)| = |F( T ae)| =] M
s n=1 n=14

& Mg i.ee

¥y = (Bn)né}N

’ *.
‘4wl 140 F is onto and 1-1. Hence (lﬁl,“ |) is right isomorphic

to b ¢ LK

23 Lok / ~ ‘ s
(iii) Let C, = {(xn)né N/ X, EH Vne N and 1lim x, = O}

n—>0

{

! K
and llx| = sup {ixnl} where x = (xn) € C Then (CO’” ) is

neiN ne N 0
right (left) isomorphic to l‘;Io

*
Proof: Claim that if (P€¢C

0 then there exists an

a = (a_) E.Qé such that (P(x)

b R X8 for all x = (xn)

ne € ot

nthplace

) »-
Let en - (0,0,ooc,1,0,0,ooo> and 1et L-Pecoo Suppose (P(en) = an

i e
- "' 1
for all n € INo Must shoy il ab =t NS (an)nE;NJIH le€o nillan' L0097,

o0
Suppose not then X Ianl =<0, Therefore givén M > 0 there exists an

ne
Ny
Ny€ N such that ¥ |a | > M. Given n €N let
o1
0 . b G o NM
L SR i 0
dn\.“ S0 < i n\(NMandan_O.
g'I].
k-'-—a:{- if ngNMandan;éO.
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0oy
Let d=(d4) ., then d € Cj also, [ldil = 1. Then

>

; i | % (a) &
’('P(n§1 dnen)t = n§1lan] 2 Mo“dl!o Therefore -Tra-”—— M.

| ¢ (a)|

Hence we see that give M > O there exists an d € CO such that

* o0 ‘
-F-”—, |c(id)l > M, a contradiction since Y& Coe S0 X Ian[ < o0 therefore

( Hed
aick s Gibxk wo nubs shovw/ vl tP(x) = T e Let x = (x.)_ € ¢C
H* phifer ol e s e T T ot lae i o
. ; m m \
Give m €N let x = n§1 x e . Then @P(xm) = nf1xnan. Since ;:m X = X

* ! <0 Ll N

and (PEC,, lim P(x ) =@(x). ThusP(x) = £ x a . DefineF: c=>l

0] m nn o sl
: m—>c0 j n=1 ]

by F() = (an)ne |y Where a, =(~,D(en) for all n € INe Clearly F is

#*
right linear. To show that F is 1-1. Let( &€ Co be such that F()=0

Q0
therefore(f(e ) = O for sll m €iNe HenceP(x) =P( = x e ) =

4 n=1
o0 5 (p
ni:'l xnﬂP(en) = 0 for algld = (Xn)nGIN € G i.e. = O. Hence F
i ¢ p 1 ! ne
ig 1-1. To show F is onto. Given (an)nGINe g define Pplx) = n§1xnan

for a1l x: 2 (xn)nemeco. Then (J is well-defined, left linear and

continuous since

ol =1 ¥ xa |< T
n=1

. |20l | %ol < Halljlxlls 1o fact,||@] < flaf,-

n=1

Since (P(en) = a for all n¢ N, F(Y) = (an) o Lastly we must

ne N

& .*.
show that F preserves norm i.e. |[(P{|= “F(LP) ” for all Y € Coe If
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(P= 0 then F(P) = 0 therefore||pll = ||[F(MI so donég Hence assume
that (# 0. We have already show thatH(PH ]la“1 Give (an) eﬂqel&;
N

and €> O there exists an %_e IN such that Z la.l.>]la”1- £ e

Now let
0] > o
€ ofie f% SRS
X w9 i g N and 8 ‘s Oy
n i f} n /
an o \
L~|anl — 18 N %, and 8, £ 0 \‘\\\
Let x = (xn)neﬂﬂ° Then x € CO also, [l xll = 1. ' Now,
| i : / %
(x) | pr
UL - ool = 1 5.t [0 Il = E o] >Holet
Hence given ¢> O there exists an x & CO\\{OS such that‘%#%%%L >ﬂa“1-& o
. : *
therefore || || Ha“1 Hencell ¥ || =f!a“1 = ir@)ll. Thus (CO,“ ) is

right isomorphic to.Xé. &g
Let V be a LNLS(RNLS) and W& V a closed left(right) linear

subspace. Then V/w is a left (right) vector space over H. V/w has
a left (right) norm define as follows: let c(G,V/w define

{LXH = inf || x H. Let P:V~—>V/w be the natural projection i.e.
x€eol

if x € V define P(x) = x+W = [x]. Then P is left (right) linear.

¢
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lecoll _ Nl il

Let x € V\{0}]. Then T IR therefore P

.1is continuouse

Remark: If V is a NLS and W C V a closed linear subspace. Then

V/w is a vector space over H, V/w has a norm define as aboves

Theorem 2.25 Let V be a LNLS(RNLS) which is also a Banach space.
Then V/w is a Banach space where W is closed left (right) linear

subspace of V.

Proof: Let (yn>n§5W be a cauchy sequence in V/w there

exists a n, &N such thatliyn —ynH < 1/2 for all n > n,s Choose
; 4

1

o ion

2 § s
5 q such thatf{ynzmyn[!< 1/2 for all n B.na. By induction

T S /. k >
we can find n1< n2< o5 Buch that ”ynk yn!’< 1,2 Jor A1l n 2> n,

S

In particular, ||y

-y < 1/% . Let x, be an element in V
Ty nk+’!l a s
such that P(x1) =¥, Since P is onto, there exists a x€ V such
1 ®
£ . ! L i 3. o) = ",
that P(x) = yn2° Slnceglyn1 ynZH _IIP(x1) P(x) Il —hP(x1 %) 1] =

infl{.nxq-x+z“ s zEEW}'< 1/2, there exists a z,€W such that

qu-x+zou < 1/5. Let x, = x=z, then P(x,) = P(x-z,) = P(x)-P(z,)=

P(x) = \ andl|x1-x2H < 1/2. Suppose there exists a x, € V such
/o ; ?

= a 1 a 4 z i - i
that P(x,) = ynk then therc exists an x, ,€V such that |x, xk+1hgj/2k

by the same proof as above. For any positive integer 1 we get that

14924105
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"xk- el Il< “xk" xk+1H+ I 1™ Xk+2“‘“'°'" I Mer1-1" Xk+l”

e 1/2k 4 1/2k+1 e 1/2k+1—1 < 1/2k (1+1/2+.°°) = 1/,k=1 therefore

Mo e 2 Cllie O se K% ) is a cauchy sequence in V.

W k k+1 k'k EN

- Since V is complete, there exists an x € V such that lim X, = Xeo
‘ k—>»co

By the continuity of P we have that 1lim P(x

k>0

k) = Px) i.e.

lim ¥, = P(x) therefore ( y. ) is a convergent subsequence
k—>e0 "k "k ke N

of (yn)nE|N hence <yn)nGHN itself must be convergent.

Theorem 2 .26 Let V,W be a LNLS(RNLS) which are also Banach space.

Then VX W is a Banach space

)e

Proof: Same proof as in (™, MZ

Theorem 2.27 Let V be a LNLS(RNLS). Then V is left (right)
W
isomorphic to a subspace of V

. * ; A i
Proof: TFor each x € V define W/ : V- by YW () = (p(x)

* Ay
for all(y € V o Then IVX is right linear. Claim that‘Q; is continu-

A
ous. To prove this let Ye'V \{Oﬁ therefore

ilVXQP)I “P(x)l “P(x)l ‘ i ;
s L mes o e AN ELE

It = O. then'ﬂlo = 0 which is continuous. In fact“lﬁoil= “O!i: 0
*

thérefore“ly;‘lg {2l > tox ol % & V. Dofine & map F @ Veisy by
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F(x) =1yx. Then F is left linecar. Claim that F is 1-1 and preserves
norms. To show that F is 1-~1, suppose that F is not 1~-1. There

exists an x€ V\{0} such that F(x) = 0, so Yo =0 dees W () =

% _ 4
for allQ@E& V, hencé¥(x) = O for all Y& V. Tet W be the left
linear subspace of V generated by x i.e. W = {otx o IH}. Define

')‘1_: W-—H by ‘Il(olx) =o for all % € He Then 7] is left linear.

f)z is continucus since dim W is 1. By the Hahn-Banach Theorem we

can extend 7] to a continuous left linear map f@: V—>H such that
* : ;

gl = m || therefore # € V. andy (@) = 0 = @(x) ::’)’((x) gl A

>l xl] for al1

contradiction. Hence F.is 1«1. MWe must show that“hjx”
x € Vo To prove this, we ‘shall first show that given x € V\{OAl] and
M > 0 then there exists an (P& B suoy that || || = M and (P(x) =)\l Hl=ll.
To prove this, let U be the left linear subspace of V generated by x-.
Define W : U—>H by W( x) =cMixts Then VW is left linear and conti-
nuous. By the Hahn Bansach Theorerm: there exists a continuous left
linear map [7: V—>H such that |7 |[={lwl = M and [7(x) = w(x) = M|jx|| =
”\"” fixlls Hence for each x&V '\{O% and M> 0O theré exists a(p € V*

such that [Pl = M and P (x)

Given x € VM 0} there exists

an Qe v*’ such that ]l = 1 and P(x) = ||x|l. Hence ‘QQCW)I

Tl
W{{(LP)i 'W(X)] -,HX“, so“?_j/ “ il xll- Hence W’;:” ==zl . :
P8
Remarks: (i) Since F is ﬁorm preserving F is an isometry, hence Fis.

a homeomorphic onto its image

- (ii) 1In the finite dimensional case V is left (right) iso-

*
morphic to V
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(iii) 1In theco-dimensional case V may not to left (right)

*
3 3 *
isomorphic to V .

« 5 ok j o/ i . i
Example 2.28 Let Cp = {(x,) ./ %, €H Vne N and 1im x_ = o}
n— <o
o = e ° i i
and |ix|| iuep:N {}xnl} where x <xn)nc-!N S Cye Claim that Cj is

separables To prove this, let

M
D={(xn)ne,NE Co/ %€ Q" Ynew andjNenNaxn=o\/n >N}

therefore D is countable. To show D = CO. Let ‘z = (zn)ne;'N G CO.'
Let € > O be given there exists a N, > 0O such that ,zn] < 5/2

for all n >Ne . For each n = 1,2,...,N£ there exists an

LI' E ; . <
9,€ @ such that }qn- zn[ i /2 therefore sup {an-znlf £ 0/2.
¢ 1<n§N€

Take X, = (q,',qa,...,qN? 90405¢.0) therefore X, € D and

lea— z ll\< 5/‘2 <8 Pttt CO is separable. Next,

0)

O
claim that BlH is non separable. To prove this, note that the set

of sequence (zn)nEfN such that Py 0O or 1 is uncountable and
(0]
belong to ﬂTH' . Let z = (Zn)n. eN?! VT (wn)nelN are distinct sequences

such that wn £ 00 1 and B O.or 1 for all n& N, “Then

d(zyw) = lz-w|l=sup {]z =~ w l\ 4 1y
s oo

Claim that B(z,1/4)ﬂ B(w,1/4) = @. Suppose not therefore there

exists an x€—B(z,1/,+)ﬂ B(w,1/4)° So || x=z ]| < 1/), and Hx-wll < 1/,+=
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~Therefore
1 = llz-wll € |lz=x| + {|x=wll < 1/2 , a contradiction.
Hence if z = (Zﬁ)neJN’ W = (wn)nelN are distinct sequence sucht

that w = O or 1 and z = O or 1 then B(z,1/h)r1B(w,1/4) = @
If ﬁﬂz has a countable dense subset D then B(z,1/4)f)D £ @8 for
all-a s (zn)nEﬂNGJTL where e W O or 1. Hence D is uncountable,

a contradiction. Hence we have the claim. Thus CO is not Yeft
*

S :
isomorphic toﬂwﬂo Hence CO.iS not left isomorphic to Céo

Theorem 2.29 (Open Mapping Theorem) Let V, W be LNLS's (RNLS's)
which are also Banach space and F: V—> W a continuous left (right)

* linear map which is onto. Then F'is open .

Prool: Let U C V be a nonempty open sét. Must show that
F(U) is open in W. Let yeiF(ﬁ) therefore there exists an x€ U
such that y = F(x)o Since U is opeﬁ in V, there exists an open
pall B(x;9) € U. Hence F(B(x30)) & F(U) and vy & F(B(x30))s If we
¢ a4 show that there exists an open ball B(y3;f) in W such that

B(y;&) . F(B(x3;d)), then we are done. Claim that if we can show

r\

that there exists an open ball B(O3r) € F(B(03;1)), then we get

~

that there exists an open ball B(y3;&) F(B(x;é))n To prove this
claim, Note that if there exists an open ball B(Ojr) < F(B(031))

then given ¥ > O therefore F(B(0;r' )) = F(r(B(03;1)) = rF(B(0;1))

;)fB(O;r) = B(03;%r) therefore B(O3rr) < F(B(O;f)) for all r' > 0.
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ko

Now, B(x;8)-x = B(0;8) therecfore F(B(x;0)-x) = F(B(x3;6))-F(x).
But F(B(x;0)-x) = F(B(0;6)) 2 B(03;6r). Hence I'(B(x:;d)) 2 B(0;rd)
+F(x) = B(F(x);rd) = B(y;rd). Hence to finish the theorem we only

to show that there exists an open ball B(O:r) & F(B(0:1)). Since

il

g U B(O;n/z) (J nB(O;1/2) and F is onto, W = F(V) =
neN n& N

r( U nB(0;1/,)) = U nF(B(0;1/,)). By corollary 0.,19., there
ne N n€ N

exists a closed ball B in W and there exists an ny€ N such that

B(]nOF(B(O;1/2)) is dense in B. Hence no(F(B(O;1/2))) contains an
open bali in B, Since Ny Z0% 525?67;7;33 is homeomofphic |
nOEfEFB??7;) therefore 5(5?6;?7;730 contains an open ball. Let
B(ajr) be the open ball contained in E?E?S?{?;Y) -

B(ajr) C 1:?13(0;1/2)). Claim that B(O;r) € F(B(0;1)). To prove

this claim, we'll first show that

F(B(031/,) @ F(B(0;1/,)) € 25*(}3(0;1/2)) where

AOB = {a-b /aeh, vEB). Let x € F(B(0;1/,)) @ F(B(0;1/,)).

Then x = y-z where y, z € F(B(O;1/2). Hence there exist. sequences

in F(B(O;1/2)) and (zn) .in F(B(O;1/2)) such that

n€iN

lim o and 1lim =z
nN—co n-—>oo

Z. Hence for each n € [N there exist u oy

n15% ]

anEB(O;1/4) such that = F(un) and EE = F(vn)o Since fn,
3 Z :

u_€ B(031/,) for all n€IN, - =—, - —€F[R(0;1/,,)) for all n€ N,

“n L 2 2 L

Tet u=% andv=2 th = lim Ve lim F{u_ ) € F(B(031/,))

etu=%5 and v =3 an-yu = e \u) € 31/3,))«

n-—->090 B0
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Similarly, vEF(B(O;'I/LF)“)a Now X = y=2z = 2(37/2 - 2/2) = 2(u=v).
Must show that u-vé& i‘_(—B(O;'I/;)—)., Note that u ,v € B(O;‘I/Li.) for
all nelN therefore u - Vv € B(o;'l/a)° So F(un—vn)e F(B(o;1/2)).

Now, u = lim F(un) and v = lim F(vn)n Given £ > O there exists

n—>co n—sco
an N, € N such that lu-F(u || < €/, for all n >N and there

/ i/
exists an N, € IN such that Hv'—F(vn)“ < 8/2 for all n > NE g %

3 /
M = max {NE ,NE?j . Then if n> M we get that

llu-v-(F(un)—F(vn)) Il u-F(un>H+Hv-F(vn)H

< 5/2"!‘ 8/2=8.o

Therefore u-v = 1lim F(un—vn). Hence
n—> o0 4
B(03r) = B(ajr)-a ¢ F(B(031/;))-a

I

¢ F(B(031/,)) © F(B(O31/,))

C 235(13(0;1/2)'.) = F(B(0;1)). Claim that

B(O3r/)) & F(B(0,1)). Let y € B(O;r/br) " be arbitrary. Then
yéF(B(C;1/4)) therefore there exists an ¥4 F(B(O;1/4)) such
that I.Iy—y,]ll < :(‘/2 3. Hence y-y,& B(O;I“/8) G F(B(O;'I/S)) therefore

there exists an y,€ F(B(O;’I/g) such that || y-y,r-'yall i’ I'/2 L

therefore ¥y-y,~¥,€ B(O;r/,l6) e F(B(O;1/16))° .‘By induction we

get that for each ne& IN there exists an y € F(B(O;1/2n+1)) such that



9 :
| y- = %L” ('r/2n+2 . ‘Since%f;F(B(O;1/2n+1))

=1
get that for

F(xn) = y o < Since xne-B(O;1/2n+1)§

each ne N there exists an x € B(O;1/2n+1)

L2

for 211 n€ N we
such that

¢4 ¢ Tt Forp pliin €My
n 2

o :
Consider the sequence { Z X“)neﬂN . This is a cauchy sequence in V.
o=
Since m < n implies.
n m s n n
| = x- % x h=ll 2z, le o5 llg & tigtlond
a=1 d =1 d=m+T1 ol =m-+1 ch=m+1
as m, n—> 0. Since V is a Banach space, there exists an x € ¥
n
such that x = lim L X /5 Since

D0 =1

n n
£ x| = tim IS

nLyoe g

Ixl= | 1im

n—wK

i
i

1/2 < 1, x € B(031). Then F(x)

n
W) Lha

n
i PR R
n— oo =1

y=TF(x) € F(B(031)). Thus B(O;r/))

Corollary 2.30 Let V, W be LNLS's

space and T: V—> W a 1-1, onto, con

Then T-1 is continuouse

Theorem Z.31
which iare also Banach apace and

3]
LG )Y /% € V]

and assume that G =

Then () is continuous.

x, || € lim g Jx Ml €

(Closed Graph Theorem) »

n
1. = 1/éx+1

i s i=1 n-—>dag=1"

[S7<) . ; oD
¥( Xd) SR x&).
=1 n—>ed o=1

o

Q

Hence

Jax
q

Ve

0
&

o
C F(B(03;1)) and so we are done.

$§<

(RNLS's) which are also Banach

tinuous and left linear mape

Let V,W be LNLS's (RNLS's)

. V—>W a left(right) linear map

3

is closed in the product topology



b3

Proof: Give V X W then|| left norm. Then this norm

I,
gives the product topology. Since G is closed in VXW, G is complete-
Let F: G—>V be define by F(v,¥(v)) = v for all v € Vo Then F is 1-1;

onto and left linear. Claim that F is continuous. Let v&V. Given

£€>0., Choose O = § therefore for all w & V

f

| (vipCu)=Cwye(w)) | [} (v=wy @C(o)=P(w)) ||

(lv=w PO =002 < &

implies || v=w]| I|F(v§ﬁ(v))fF(W#P(W))” & Bl g

Hence F is continuous. Therefore F-1 is continuous [Corollary 1,27]c

Let F,: G—>W be defined by F,](v,tp(v)) ={p(v) for all ve&€ V. By the

same proof as above, F1 is continuous left linear., Hence the map

F1o F-1 is continuous. But F1o F-1 = (P e So0{p is continuous.

X
Theorem 2.32  (Banach=Sticnhaus) Let V be a LNLS (RNLS) which is

also a Banach space, W a LNLS (RNLS) and (Ex)ofcl a family of conti-

nuous left (right) linear and (¥, ) .; a family of continuous left
(right) linear map from V to W. Then either there exists a M > O

such that || E || < M for all«€ I or sup {HFd(x)N} = oo for all xeV
o& I

in some dense G6 set in V (where Gé is a countable intersection of

open set).

Proof: Define (p : V74>[O,O{l by (x) = sup {HF (x)“} >
- ve T

Given n € Ny, let V = {xé&V AL ol > n}. Since the map taking



by

x»———%F&(x)“' is continuous for all « & I, the map taking Xf~é"F%(X)“
is lower semicontinuoué. Since suppremum of set of lower semi-
continuous is lower semicontinuous. By the definition of lower

semicontinuous Vn is open for all n € INa

Case 1., There exists an nO€1N such that Vn is not densec
0

in V. Hence there exists a nonempty open set U in V such that

Ur3Vn @. Hence there exists an open ball B in V such that

(o)

BNV,
0

B(xo;r)f\VnO = $. Hence ifllx || < r; then x + x¢VnO, so(ﬂ(::+xo)\< s,

hence HEj(x+xo)” € ny for all e I. Since x = (xy+ x)=x  we get

#. Hence there exists a closed ball B(xo;r) such that

u

that

e, ol = N plexgrx)-x M| = [[F,(xpex)-E, (xo)I
< ||Ex(xo+x)“+“Fd(xo)” g'2ny for all o €1 and for all

s
”xﬂ £ re Let M ='—;9 . Then we geét that for allA €1

lgd = sup{ e ol Ay = 1) = 2 sup {lmGoll /fxil = =}
¥ 2n
= % sup {HFd(x)H / xll rj < —?O- =M  ives
for all e 1 ‘lg;ll £ M. éo done.

Py

Case 2. V 'is dengse in V for all n& N. Then ( } V. i@
R n & N ?

dense in V by Baire's theorem. Let x ¢ (W Vn then x G&Vn for all
n & N

n € IN therefore P(x) =00 i.e. sup {HE%(X)“) =00 « SO0 done.
de Tt XK
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