CHAPTER 1
INTRODUCTION

The Algebra of Quaternions

Let 14i,j and k denote the elements of the standard basis
for mu The quaternion product on R4 is then the R~bilinear proauct
with 1 as its multiplicativé/identity by the formulae i’= j°= k=1,
ij = k = -ji, jk =1 = =kj 'and ki = j = -ik. In this thesis we
shall denote the R=algebra of all quaternions by " H ", See[is ].

Each quaternion g = a0.1 - a1.i + a2.j 8 ek (ane R for

3
all n) is uniquely expressible in the form Req + Pug, where Req'=
ao.1€E R and Pug = a1.1 + a2-j + a3-k €. RB, Req being call the

real quaternion part of q and Puq the pure quaternion of g.

The conjugate q of a quaternion q is defined to be the

quaternion Req - Puq. Hence a+b = a+b, 7a = Aa, & = a and ab = ba
for all a, b€ H and A € R. Moreover, a & R if and only if a = a,

1 - 1 kS
while Rea = 3 (a+a) and Pua = 3 (a=a). See[ 3 J.
;
('9
J

Then C(H) is said to be the center of H: The eenter of H is R.

Definition 4.1 Let C(H) = 5a€ H / ax = xa \:/xe H

1
N

Proposition 1.2 Let x = x + x1i + x2j + x,k € [H. Suppose that

3

ix-¥i = jx~-Xj = kx-Xk = O. Then X, = Xy = Xz = O

Proof: *Obvious. 3%



Proposition 4¢3 ILet x = X+ x1i + xaj + xﬁk. ¥ & ygt y11 + yaj

+ y3k € H, Suppose x+X-(y+y) = 0. Them x4 = ¥y,
Proofs Obviouss ’
o X

Let a = ay* a1i + a5 + a3k the non-negative number

gy : .
la| = (aa)/2 &g L ai)% is call the absolute value of the quatermnion
n=0
ae If a # O, then ial # 0 and 22 22. = 1, So we have:

WL ==aL

Proposition 1.4 H is a division ring

Proof. See[ 3'].
Proposition 1.5 Ia.b| = lallbl for all a, b € Hd

?roof. See[3 ].

Proposition 1.6 - H is complete with respect this absolute value.

Proofe. Standard.

: ]
Proposition 1.7 Let B = {(x1,x2.....xn)/§xe {H chg:nj.

n
Let (x1,x2.a..,xn),(y1,y2,...,yn)eg1H + Then

n gk o n p A/ n p 1V
. p |XB+ yB, y R 'xBl o R (g \yp ) P uhere
B=1 ‘ =1 P=1
1< p<oo, (Minkowski's Inequality) and
n n W ARk q 1/
Bl el @ C R by S0 gt g8 where
B=1 |xgl 19 B=1' o oq | 78l

1<p<oo., andl% + % = 1 (Holder's Inequalily).
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Proof: If p = 1 then Minkowski's Inequalily is trivial.

Suppose 1 < p <, Then

g (}xB|+]yB|)P = g (IxB|+|yBl)p-1ij,+ g (‘xpl+|y5|)p"1|yﬁ,.
B=1 B=1 B=1
Since
n n 1A 1/
gl O e O Py Peg iy iH 2 for all
B:'l' ol B=1i o B=-1l ol

(aﬂ’aa"'"an)’ (b1’b2'oo. bn) (& ]Rn[ I+ ]’

8 n 1/ \n 1/

2 (xd] +lyaD®P < €2 |2 P PCE |z ]+]y y(p=1ay “a
B=1 B : B B=1l B' B=1 Bl I Bl

n /LR 1/
(£ |y P) P( D v )Q(P-1)) q -
B=1I Bl B=1| 5‘+| B'

Since

Lo =N

+ % =1, pqg =9=p: we get that

n n 1/ n 1/ n 1/
£ (lxd oy 1 0B Cl bl 1) S CE x| B) Sel Bdygi®h T
E, (g gl & ¢ Edhakai A iyl

1/q

n
Divide both sides by ( & (’XB|+'YBDP) we get that
B=1

n 37 n 1/ n 1/
('% ‘xB+ yﬁlp) Pen IxBlp) RiC e 'yB|P) P, Clearly
B=1 B=1 B=1

hMB

n 1 b 15
s y < ( Bixd®) Pz ay 8
2 b atat - ,1%d el

p

P
L

Proposition 1586 Q = {(x1,x2,x3.xu)/xdE§Q o= 1,2,3,%}'15 dense

in H,



Proof: * Standard.,

X

Linear Algebra over H

Definition 1.9 A left vector space V over H is a set of elements

which the operation of addition and scalar multiplication on the

left defined. If x and y are in V and o4 B € H. Then

1. V is an abelian group under addition
2. o(x+y) = ux+uy

3¢ (Bx) = (aAB)x

B Nax e %

50 (d+l3)x = C’VX'FBXQ

A right vector space V over i is defined duallye. A'vector
space V over H is a left vector and right vector space over H such

that o (xB) = (ax)B for all x € V and for all oy B & He

Proposition 1.10 Let V be a vector space over He Then ox = x@
for all x € V and for all a_eyQ. Furthermore if V has a topology
such that both scalar multiples are continuous then ox = x ¢ for

all & € Re.

Proof: Standarde.

23

Example of vector space over H

(3) W (4L% B {(x.n)nem in m}

(i11) 'C = %(xn) / x €H Vnem and (x converges |

néN n)ne IN



?
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‘Definition 1.11 Let V be a left vector space over H and AC V.

Then A is said to be left linear subspace of V if and only if
ax+By € A for all x, y€ V and for all a, P € He

Right linear subspace are defined duallye. If V is vector
space over Ho Then A is said to be linear subspace of V if and

only if A is a left and right linear subspace.

Definition 1..12 Let V be a left vector space over [H and A € V.
Then A is said to be left convex if and only if ox+By € A for all
X, ye V and oy B€ R such that o, B 2> O andd +B = 1.

Right convex is defined dually. Hence every left (right)

:linear subspace is left (right) convex. If V is a vector space

over Ho Then a subspace V is convex if and only if V is both left

and right convex.

Definition 1.13 A subset( vm)d -1 of a left vector space V is

e

said to be left linearly independent if and only if for any finite

¥4

n
by 2N By =@ implies B = 0. for all ms
1

v
d2’°°°’ C{,n m=1 mum m

( Vg ) is left linearly dependent if and only if it is
oeTl

not linear independent.

Right linearly independent and right linearly dependent

are defined dually .

Definition 1 .14 A left (right) linear independent set spanning

a left (right) vector space V is called a left (right) basis or



left (right) base of V.

Then every left (right) nonzero vector space has a basis

Definition 1eA5% o Lat V, W be left vector space over Hvand
f: V—>W a maps Then f is said to be a left linear map if and
only if f(ax+By) = af(x)+Bf(y) for all x, y € V and for all «,
g €M,

If V, W are right vector space over H then right linear
is defined dually.

If Vy, W are vector space over H f: V—W is a map then
f is said to be a linear map if and only if £ is both left and

right linear.

Definition 1.16 ‘Let V be a left vector space over H and f: V—H
a map. Then f is said to be left-conjugate if and only if

f(ox+By) = f(x)& + f£(y)B for a1l x, y &€V and for all o, B € Ho

If V is a right vector space over H. Then f is said to be
right-conjugate if and only if f(xu+yB) = &f(x)+Bf(y) for all x,

y & V and for allo, B € H,

Topological Prerequisites

Theorem 1.17 (Baire’s theorem) 1Let X be a complete metric
space, and assume that X is the union of closed subset of\ Sn ne N,

Then some Sn contain a noh-empty open ball

Proof: Seo’l 4 s



A/

Corollary 1.18 Let X be a complete metric space andﬁ(Mn) a
. 2 ng N
sequence of open dense sets. Then the intersection /) Mn is not

; : n & N
empty.

Proof: See[,4-].

Corollary 1.19 Let X be a metric space and (Mn) a seqﬁence
. n€ N
of subset of V sueh that V = LJ Mn . Then there exists a closed
n &N
ball B in V and there exists an ner N such that Bf}Mno is dense
in B,

Proof: See[ 4 Je

( 5
Definition 4.20 Let (X,d) be a metric space. Let A = {f:X—e%H%
is said to be equicontinuous if and only if given £>0 there exists

5 '8 SO sick that forii e —FE X ati$) <0 ‘iuplies |£(x)=£(3) ]

fix for all £ € A.

Definition 1.21 A metric space X is said to be totally bounded
if for any t >0, there is a finite covering of X by sets of dime-

meter less than 6,

Definition 4.22 Let (X,ﬂ) is said to have the BW property if and
only if every sequence in X has a convergent subsequence which

converges to a point of X.

Theorem 1 .23 Let (X,d) be a metric space. Then the following

/

statements are equivalent:



(i) (X,d) has the BW property
(ii) (X,d) is complete and totally bounded

(iii) (X,d) is compact

Proof: Seel 4 .

Theorem 1.24 Let (X,d) be a compact metric space. Let C(X) =
*
{f: X—H / £ is continuous}. The function d = defined on C(X)XC(X)
by
% ¢ . :
d (£,8) = eup ﬂf(x)-g(X» / x & X} is a metric on C(X)
> g

and (C(X),d ) is completes

Proof: Let (fn) be a cauchy sequence in C(X) i.e.
n & N 3

*
for each € > O there exists a N.t such that d (fn.fm)_< ¢ for all
m, n > N£° Hence for each x € X, (fn(x)) is a cauchy sequence of

H. Since H is complete, there exists an'yxtftH such that

lim fn(x) = ¥, Define f£: ¥—H by f(x) = y, for all x € Xe
n—>y o :

X
To show 1) " 1w fn = £ with respect to d . i
n— o

2) £ €c(X).
Let £>0 there exists a Ny such that ifn(x)—fm(x)l < 572 for

all m, n > Ny and for all x& X. Fix n > No and let n—» o0 in

]fn(x)-fm(x)l we get that ]fn(x)-f(x)l < 5/2 for all n > N, and

o’
[

for all x € X. Hence sup {\fn(x)-f(x)l/x c X} < t for all n > Ng.

This prove 1). To prove 2) Let x € X and let £ > O be given. By 1)



> ,
there exists an n,€ N such that d (£ -f) < E/3 for all n> n,

1

it is continuous at x therefore there exists a (5)-0 such that for

therefore |£. (£)-£(t)| < &/, for all ¢ € X. But £, € c(X), hence
1 -

all y € X d(x,y) < 0 implies |f, (x)-f, (y) ] < 573 . If a(x,y)<o
, .

1
then |£(x)-£(y)] ¢ [£(x)-2 ()| +]E, (x)=£, (3)]|+ £, (3)-£(¥)
n,‘ n,‘ n,l n,]

< 2/3+ ?/3+ 5/3 = £ .

X

Definition 1.25 A subset A of a metric space is said to be bounded

if diameter A is finite.

Theorem 1.26 (Alzela'~Agoli) A closed subspace of C(X) is compact

if and only if it is bounded and equicontinuouss

Proof: Let F ¢ C(X) be compact therefore F is totally
bounded, so F is bounded. Let € > 0 therefore there exist F1,F2,..

n 1
..,F_ such that |j F. = F and diam (F) < €7 oy 811 B = ¥;Bges
e m=1 " < >

coynio Assume F# O for 81l m = 1,24+.040 For each m £ n choose
an element fm 3 Fm' Therefore for any T € F, f & Fm for some m,

A * o
hence d (f,fm) < 8/3 . Since f1,f2,.,°,fn belong to FC C(X) they

are uniformly continuous on X. For m = 1,2ye0-4n there exists a

5ﬁ:> O such that for each x4 Y€ X d(x,y) <<Sm implies
lfm(x)—fm(y)! & E'/3 « Choose g min‘{65’52’°°°‘5m3 therefore

§>0. Let £€ F and let x, y € X such that d(x,y) <&. Since f&F,

: %
there exists an ke;{j,a,...,ng such that d (f,fk) < 8/3 é
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Hence
-2 <« |£0-1 0]+ 8, -5, ] + |1, (3)-£(x)
5 £/3+ §/3+ ?/3 ; £ so F is equicontinuous.

Con&ersely, suppose F is bounded and equicontinuous. Must
show that F is compact. Since F is closed in a complete metric
space, hence F is complete. To show F is totally bounded. F is
totally bounded if and only if every sequence in F contains a cauchy

sequence[ 4 ]. Let (fn) be a sequence in F. Claim that there
i ne

exists a K > 0 such that 12(%)l < K for all x € X and for all fe&F.

; %
Since F is bounded there exists a X, > O such that d (£f48) < K, for

all £, g € F therefore if(x)-g(x)l < K, forall x€X and for all

f, g€ F. Let g4 € F there exists a K, > O- such that !go(x)!<< K,

for all x € X. Choose K = K, + K. Let £ € F, so lf(x)-go(x)‘ < Ky
' = {

for all x € X therefore If(x)' < |f(x)-go(x)I + ' go(x)} < K, 4K,

= K. So we have the claim. Since X is compact , X is totally
bounded, hence X separable[ 4 ] s S0 there exists a D = {x1,x2,...}

such that D = X. Since (f _(x,)) is a bounded sequence of [H
; n°" 71" "nem

which has the BW property it contains a convergent subsequence, call

it (f1n(x1)) therefore (£, )

is a subsequence of (f_ )
n
née N

1n’ne [N neiN®

Since (f1n(x2)) is a bounded sequence of [H, it contains a convergent

subsequence, call it (on(xz))neJN therefore (on)nélN is a

subsequence of (f1n)nEIN . By induction; for each k€ IN we get a
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sequence (fkn)neﬁ\l which is a subsequence of (fk—‘l ﬂ)nElN (and hence

is a subsequence of (f_) converges to

< 'nelN) such that (fkn(xk))

ne< N

some P, € H. Consider (fnn)nelN which is a subsequence of (fn)nelN'

For each x, € D, (fnn(xk))neiN\{q,z, a subsequence of the sequence

(£ ))

kn(xk n&lN therefore (f (xk)) converges. Hence (fnn(xk)>

né& N né& N

is cauchy. Claim that (fn ) is cauchy. Let £ >0 there exists

n"n&iN

a M, such that lfnn(xk)-fmm(xk)l < 6/6 for all m, 0 > M . Since F

k

is equicontinuous, there exists a 5 > 0 such that for each x, y € X

and for all £ &€ F d(x,y) < 0 implies lf(x)-—f(y)‘ < 5/6 o Claim that
{Bd(xm,ﬁ)/km € Dlg is an open cover X. Let x & X therefore
Bd(x;é) (WD # @, so there exists an x € D such that x € Bd(x;(g) hence

X € By (x 5), s0 x € U Bd(xm,é) therefore X C L B

(xm 5) and thus
mé N m& N

d

we have the claim. Since X is compact, there exists an noé N such
s ]

t»hat &Bd(xm,é)/ m = 1,2,.”,an cover X. Choose N = max {M,‘,Mz,.,

..,Mné‘ . Let myn > N and let x € X then x € By(x ,0) for some

ae{‘l,Z,...,noi.

2 _Go-2_o] < g Go-t _Golele -z Gl sle, (-2 0

nn' &
< Bh BN n WL, B d*(f T N
6 6 6 2 mm® nn :
Hence (f ) ne y contains a cauchy sequence (fnn)ne N ¢ Thus F is

totally bounded, hence F is compact.



4
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£ be a real (or ék%enéé& e,a}:ft 'fiazsggin on

Let
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