Chapter IIT

CONSTRUCTION OF STEIIIER TRIPLES SYSTEMS FixOM THE

[62]

GIVEN STEINER TRIPLE SYSTEMS OF SMALLER ORDERS.

3.0 Introduction

This chapter deals with various general methods for construct-
-ing STS from STS of smaller orders. In [ZJZDoyen gave methods for
constructing STS of orders 2n + %, 2n + 7, from STS of orders n which
were constructed from cyclic groups. It appears that Doyen's methods
can be applied to STS of orders n which are not constructed from
groups also. In Section 3.3 and Section 3.4 we apply these methods

tc certain classes of STS/ of orders n.

2.1 Two Useful Lemnmas

3+1.1 Lemma. Let A be a set of n elements and S(A) be a family of
3-subsets of A. If S(A) has the following properties :

(1) S(A) contains at most = n(n = 1) 3-subsets of A

o

(ii) for any 2-subset T of A there exists a 3-subset H in S(A)
goch that T C H.
Then (4,S(A)) is a STS of order n,
Proof : We have to show that if T is any 2-subset of A, then there
exists one and only one H in S(A4) such that T € H. Suppose that there

exists a 2~-subset T. of A such that there exist distinct 3-subsets

il

5., 8, in 8(A) with 7. C S,, T, C S.. Assume that S(A) contains
i J . i 1 j
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> 6
is a 2-subset of some 3-subsets in S(A)} « Let T(A) be the set of

€77
exactly r 3-subsets. Therefore r ¢ = alp = 1)« Let Jf = I R/R

all 2-subsets of A. By (ii) we see that T(A) < S . From

JT(a)E = g'ﬁ(n - 1) we have[H] > g n(n - 1). Since S, and 8§,
J

contribute at most 5 2-subsets in 7 and since each of element

. ( . iy

in S(A) ~ 85 Sj I contributes at most 3 2-subsets in o |,

{
i

hence [?] € 5 + 3 (r - 2). But » ¢ % n {n - 1), Thus

54 3fr « 2) = 3p = 1 % 3(% n (n-1)-1= % n (n - 1)« 1. Hence
/SVI "4 % n (n - 1). This contradicts the preceding remark that
!571 2 % n ( n~-1). Hence for each 2-subset T of A there exists

one and only one 3-subset  H in S(A) such that T< H., Therefore

(A,8(A)) is a STS of order n.

%.1.2 Lemma. Let f be a one to one mapping on a set A onto B,

If (A,5(A)) is a STS.of order n and

{3

! 1a), £, £(c)} / {amyof € smf :

Then (B,S(B)) is a STS of order n which is isomorphic to (A,S(A)).

sS(B)

1]

Proof : Since f is a one to one mapping on A onto B, it follows
that B contains n elements and that S(B) is a family of 3-subsets

of Bo Let F be a mapping on S(A) into S3(B) defined by

i

¢ !
(il }a,b,c v i f(a)y £(p)y f(c)g « Since f is a omne to
/

one, hence F is well-defined. TFor any H € S(B) we see by defini-

~tion of S(B) that there exists | a,b,c} € S(A) such that
/s

Z ‘
H = f £la), £lb), f(c)} . Hence F ( g a,b,c} )= B, Thus

F is a mapping on 8(A) onto 8(B). We shall show that F is one to

one., Let H1 = i,a,b,cg and H2 = i r,s,t) be any members of
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¢ 3

F(Ha)a Therefore ; f(a),f(b),f(c)f =

S(A) such that F(Hl)

{ £(x), f(s),f(t)f . Without loss of generality assume that

"

f(a) = £(x), £(b) = £(s), £(c) = £(t). But f is one to ome, there-

-fore a = ry.b =8, ¢ = t. Hence H, = H Thus ¥ is a one to one

1 2*

mapping on S(A) onto S(B)., Since 3(A) contains % n(n - 1) elements,

1
6
. : i .
hence S(B) contains = n (n - 1) elements. Thus to prove that
O

(B4S(B) is a STS of order n, it suffices to show that for any

/ / S ¢
2=subgsetr T of B there exists a 3-subset: H in S(B) such that T< H,

’ .

4§

Let T = 3 x,y} be any 2-subsct. of B, Since féa) = B, it follows
that there exists a, b in A such that ®a) = x, £f(b) = y« But f ie
one to one and x ¥ y4 theveloré a i b. Hence a and b are distinct
elements of A so that there exists a unique element ¢ in A such
that i gDy C } & s(4). 2% H! = { fla), £(bv), f(c)} « Then
H’ € S(B) and Tzi-H: Hence (B4(B)) e STS of order n.

Dy definition of 8(B) we sce that f is an isomorvhism from

(A,8(4A)) onto (B,S(B)). .Hence (B,8(B)) is a STS of order n which

is isomorphic to (A,8(A)).

Biled Corgllaf?. Let (A,S(A)) be a STS of order n. Tor any

element x, let o = f xfk X A, A% = Aex ixf p
by t !
s(*a) = (fx } X f a,b.q} 7 ~% a,b,c | € S(f>j )
S(t*) = { la,b,c } X ? xé 4 3 By by 0 } € s(A) t .

Then (¥4, S(*4)) and (4%, 5(A%)) are STS of orders n which are
isomorphic to (A,S(A)).
Proof : Define a mapping f on a onto XA and a mapping g on A onto

A* by £(a) = (x,a) and g(a) = (a,x) for all a in 4. Ve see that
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f and g are one to one¢ mappings on A onto %A and A% respectively.

Furthermore we have

s(*a) = f éf(a),f(b),f(c) } 7 ?a,b,c } € S(A)f and 5(A%) =
/

? {g(a),g(b),g(c)<§ v 4 _}a,b,c } € s(A) ( . Thus by Lemma 3.l.2,

(*a, S(*A)) and (A%, s(a™)) are 8TS of orders n, which are

isomorvhic to (A4,5(A)).

In what follows any STS of order n will be called an n-STS
and any STS of order n that has a subsystem of order k will be

called an (n,k) - STS.

3,2 Construction of 2n + 1 - STS from n - STS

In various construction of STS to be considered in this
chapter and also Chapter V we shall come across the cartesian
product of ah arbitrary set A and a set of non-negative integers

{ {
of the form z O,l,...,zZ -1 i whore A is a positive integer.

For convenience in the sequel we shall denote any element (a, i)

of A X % O,l,...,/‘Z -1 } by ai. Furthermore if X 1XKqseeey X7 4

; g
are under consideration, the symbol X, with i > P 4 will also be

E (modJ[ i

’
used to denote the x/, where O£ 4 % ,[ and i ® i

3.2.1 Theorem. Let (A,3(A)) be n - 8TS. Let B = (A xfculi)ufw}
where &4 ¢ Ax %O,l! y be the set of m = 2n + 1 elements. If h is
a mapping on S(A) into ? 0,1 i. Let S(B) be the family of the

following BQSubsets of B 3

(i) g e } , where x & A ,



1k

e : . !
(13 2“1’3’1""3:} 8 Xi'yi-z-l’zulf ’ix:i.-rl’yi’ 21+l } !

[

)

o LRI L Zivi :

where ' }:}-:,y,z } € S(A) and h( (5 o0 8- } )= 1, 04141

Then (J'M(-§>) is m = 81 2

Proof: By Broposition 2.2.9 the total number of triples in S(A)
RPN ; & S O O B
is z min - 1) so that the total number of Z=-subsets in 3(B) of the

form (ii) is at most (L)\, n{n=~1)=2%n(n~ 1), liorecover the
Q

WY

total number of 3-subsets in S(3) of tnc form (i) is at most n.

3

Hence the total number of 3<subsets in S(B) is at most
2 1 . 1 - _
=n(n-1) +n= =2n (2n/+1) = =m (m - 1). Thus to prove that
3 6 6

(B,8(B)) is m = 8T8, it suffices to show that for any 2-subsct T
of B there exists a 3-subset H in S(B) such that T¢. H. To show

this let T be any 2-subscéti of Bs We shall show by cases that

there cxists a 3-subset’ H in S(B) such./that T < H.

case Ls T } ),
(
WO ¥ Zw IR SR WI 3VEea d € S(B) and Te I.
” ]
case 2 il = § / (\ o 3 Vil
L L l: '

Since x,y are distinct elements of A and (4,S(d)) is a 378,

y

hence there exists a unique element z in A such thati ,j,z? & 8(4a).
! P e
Then h ( tIstZ { ) = j for some j € Let . I =1‘Xi’yi'zj§ .
.t, /& 4 .)‘ .
Then H € 3S(B) and T« H,

; i T

& Fe AN = { o 2l b °

case ’ ( xl, 5 1 y 1 = 3
Let H = é G, X5 Xj } + Then B € 8(B) ahd T L.

case bk, T = z i ij ’ X‘i: ¥y 1 # Je

Since x,y are distinct elements of A and (4,S8(A4)) is a 878,
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hence there exists a unique element z in A such that % x,y,z} € s(a).

{
By definition of h we have either h ( l x,y,z} ) =i or

X5y yj, Zj} o

h ( ix,y,z} ) = j. Ifh (E x,y,z} J = iy Jet H

Then H € S(B) and T< H. In case h ( ix,y,zj ) = j, 1let
H =z B o } . Then H € S(B) and T < H.
l j 1,
Therefore (B,3(B)) is m - STS. 004628
» 3.3 Construction of 2n + 3 - STS from n - STS

3.3.1 Definition. Any triples H1 and H2 of a STS are said to be

non-intersecting triples if Hif!H2 = (p .

3,3,2 Definition. Let (A,3(A)) be a STS of order n ® 3 (mod 6).

cT
A_ be disjoint subsets of A and Let cfe be a family of

A
Let AO,.ul, 2

non-intersecting triples in S(A) of size g such that for each

-
AZ and cfe

o
Fe ofF tF N Ai} =01, i=0,1,2. We'hy that A_,A,

satisfy Property I with respect to (A,S(A)).

Let (4,5(A)) be a 8T5. If there exist A_,A,,A, and Z;b such
/o4

-
120, and F#  satisfy Property I with respect to (4,5(a)),
(1)

We say that (A,S8(A)) is a STS with Property I 7/

that A ,A
o)

™ .
3.3.3 Lemma. Let AO‘A A2 and o¢ satisfy Property I with

l’
respect to a STS (A,S(A)). Then

(llﬁ STS of order n == 3(mod 6) with Property I exists.

This will be proved in Section 5,4 of Chapter V.



ie
(1) for eabh x in A bhoie e¥ists a 3=subsets M ih o such
that % & T
s 3 A B A L G
(i1) a = a U AUl A

2
Proof Since o  consists of

\NEE

’L—_{ Fi = (2)(3) =n+: Sippose that there exists an x in A
FeJe 3
such that for any 3-subsets F in Jl 3 [ é s+ Hence L] F is a
. | Fe ¢
proper subset of A, Therefore ‘U F1 { n whz.oh is a contradiection.

Fe

Thus (i) is pi'oved. o prove (ii), note tha‘t it suffices to show
that A& A_O-U Ay U Ayi Let % be any element of As By (i) there
exists F €& J? such that x € Ty It follows from Hefinition of &
_:,that x £ Ay for sotie i € 50 1 2} Therefore x € B U Ay U Ay

Bo that A ¢ A U & 't)/a
o) ) 2

33,4 Theoréms Let (A,5(4)) be a STS of order n with A i 4h,

e 7 satisfying Property I with ‘respect to (A,5(A)). Let g be a
‘mapping on S(A) ~ sz “into ? O.,'l_} and ‘h 'be ‘a ‘mapping on ?}Q ‘into
é 0,"1«,.“.".‘,;,7 i o “Lef 3= (A % {Q,l} )U z"" y U, oo,j , where

s]
R/ I csao y 80  are distinet eléments which are not in A x Q,‘l} ;
S(D) be the family of the following 3-subscts of B :
(1) '?w‘)“’oo ¥ } >
x j ., ‘whére'x € A4,
d T h Z § Tt y 2z ;
XX g4 i-r-l ( X1V ge i-o—l 1¥5579Y5410 4
X, j'é 2lA) rf' and ‘g( ix,y,- } ) e ',*,1(’,%0,1} A

,
-. - ( , ,
(iv) for’any: { XD } - ‘stichithat "x =€ '-Ad,,.‘y “E ﬂ:l, o ”’Az

(111) ') 93’ )

Z
'wh'é're {
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= txo’yo’zos ’ { xl'yl'zl'j . {O'C"oﬁcoszl } 1 {O'Oo ’xl’yo}’
{500 ;yl’zO}’ toc; 5"0'3’1} ’ }‘5(3 ’YOQle 1150‘ ’xl’zo}
- if h( 1x,y,zf ) =0
- { Xo'yo’zo'i’ §xl’yl’21$ 1{000 9Xo’yl} ’two’yo’zl}’i%’xi’zo}'
o bon s e
¥ " ¢
= i il ’Zl}’ i l’yl’zoi’(ooa ’XO’ZO}’ i% ’leyo}s éooo 1Y1azl} ’
CO 4 X ¢Yl§ !’yOQZOi’ o9, 3y 4y if h( tx'y’zi ) =2
K 27 ’“l}’ ? "l’}l’z j‘*{“% ’Xo’ylj ) ia%’y(j’Zo}’ {000 ’xl’zl} ’

i
{oo, 0*? oj" §°‘\'X1’Y?}’ f‘“’,,yl.zl} if h( fx,y,zj) s

| §
AR )
- Xoryl‘szo§a 1xl'yo'zlj’ { (’Oc"{o'zlzﬂ ;j,y }’ o“")o’xl'yl
. S 1 14 '
. | €9 1%, 0¥ i, icﬂ,,xl,zo}, Qq,yl,zl} if h( fg,y,z ) = &

)

o

: 3,
iKO’yl’ZO}' ixl’yo’zl ) iOngovyO}; 2000,}(1’20}’ {OOO ay]_’Zl} ’

. | .

{OO,,xo,zl}, {oq'-a'yoszo}7 {001 ’Xl'yl} if ho { Xoszf) w2
[
)

= {XO”yl'Zl}’ { X 1T I j 200 e REd jv {Q%’yo'zl§’iooo’xl’ylj ’
£
f

20, sxoayo}o ioo"?yl’zo ’ ioo, ,lezlj 48 h( iXoY’Z' ) =6

t

_Xo’yl’zl} . {Xl’yo'zo}’%g%’xo’yoj 4c%,yl,zof,zo%,xl,zl} g
%oq ,xo,zof, tﬂ%,yo,zl}; {u%,xl,ylj 1% Bl {x,y,z} ] = 7
Then (B,S(B)) is 2n + 3 - 3TS

Proof : It follows from the construction of B that lB{ e 2n + 3.
We shall count the total number of 3-subsets in S(B). It can be
seen that the total number of 3-subsets in S(B) of the form (i) -
‘qii) is n + 1. For ecach of the ( é n(n = 1) - g ) triples in
S(A) = gP we can form exactly 4 3-subscts in S(B) of the form

(iii), hence the total number of 3-subsets in S(B) of the form (iii)
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.

2y
is at most (4)( ]é: n(n = 1) - -;-1). Bach triplcé in ¢ contributes

-~

exactly 8 3=subsets in S(B) of the form (iv) so that the total
number of 3-subsets in S(B) of the form (iv) is at most (S ){ g)

Therefore the total number of 3-subsets: in S(B) of the form (i)-(iv)
1

is at most n + 1 +{L4}( z 0 (nw1) =B} +<8)’, 2 e }(Zn + 3)(2n + 2)=
3 3% 6

géf m(m - 1), where m = 2n + 3, Thus to prove that (B,3(B)) is
m - STS, it suffices to show that for any 2-subset T of B there
exists a 3-subset H in S(B) such that T < H, To show this let T
be any 2-subset of B. We shall show by cases that there exists a
3-subset. H in S(B) such that T < H,

gase 1. T & fa";*"%)wi }

In this case we let ‘M = ico' W80, oo, } . Then H € S(B)

and*T < He

cage 2, T =i00 g Xi'} o 4 %O, l} ok

ik w -Then H € S(B) and T < H.

Let H ={OO 2o
r3

i 141
case 3. T = {ooo, xo}’.
Gip.

Since x € A and A_,A A, and J* satiafy Property I with

respect to (A,8(A)), hence by Lemma 3.3.1 (i) there exists

&

F = ix,y,z } £ & such that x € F. lioreover by Lemma 3.3.1 (ii)
there exists i € { O,l,Zﬁ such that x. € f;. If follows from

o :
definition of (‘}Q that: j_’y,zj (5% ;"‘in Ai+l' Without loss of generak-

Zity  we may assume that y € A, The choice of H

i+l =i
will depend on h(F) and i. The following table shows how H & S(B)

and z € e

can be chosen so that T g He
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Table T
-vvi * s e
- 0 B ¢ 2
h(F)
{ . -
0 | H= f@,xzf |6 "{“o’xo’zl} . ”2°°o’ Xo’zl}
= T = = ’ T
+ i .iwo’xo’yl’f - i‘cob’xo’yl} & i%’“o’ylj
2 H ={00Q,xo,zgl H :io%,xo,zl} H ={09',§:0,y*0}
3 H ={Qﬂq_’xovy1} i :iooovxovyo} H =2%-’XO’ZO}
! = R 2 o
. H = im.,xoszl} H -fwo’xo'yo} H ‘{wa,’xo’zoj
= 3 H = b ==
+ 5 H {’oo,xo’yof = iw°'1»o1zoj H i%’xo’yl}
. . :iwo’xo’zo} i3 Z%O%’Xo’ylf = =2°0°,"£0,ij
7 | H = {a%,xo,yoj o i‘”a’xo’z‘o} B = {QQ,XO,A:L}
case k. = {00, . xlj-

{x,y,z}ﬁ 5( and

g 1 _
i€ iO,l,Z[ such that x € Ay Y € AL g,z é B

Similarly to case 3 there exists F
o The choice

of H will depend on h(F) and i. The following table shows how

H & S(A) can be chosen so that T< H.
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Table II
\\- i.| e P e o o :
:
h(:‘% © . : 1
r A
0 H :{oo ’Xl’zo} H =2O€3",X., ,ZQ} H = éd"’xl’zf j
5 BB e, X719 % L “;. e ’}*l’yO} Sk 2 o ’Xl’yo.}
2 H ={00 ’Xl’"li HE %oo, ’Xl’ZO} H = irx)' ,xl,yl}
b
& 1B :éw"‘“l’yo_i K = i‘x’nxl’ylf LR fm. ""'1"‘1}
L H,§OO*< Z /% T'T--Soo"*)r H=\‘c<>x:7
(BESv P £ { ‘9“-19‘7’1) l~',7 1329
= q - ! 7 bt o { 2 ik
} 4 “"(GQ’kl’yl} 7 00N e2y { f RS IOQ’XI’JO
: 2 o
6 H -_if.()' ,Al,zl} 1o %t’b,xl,y k H :%{)C: ’xl'yl}
7 H =“OO,,,cl,yl-’? H =$(,xz ,xl,zl} H ={OO, ’X'L’ZO}

case 5, T = ) w0
l
% Cia
Similarly to case % there exists F = g x,y,z}e c% and

A - io,l,z}_ such that x ¢ ,,“;1._, y & Ai+1’ z € Ai+.2' The

choice of ¥ will depend on h(F) and i. The following table shows

how H & S(B) can be checsen so that T ¢ H.
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Table ITII

}h(F)

o8
e
L
[
o i
S

{Ooo’xlfyo} e
H = {aqg,xl,zoj FH
s {wo’xl’yl} H
H'£ {oq),xl,zo} H

i |
E }
! J
=)
L H = {Oqo,xl,yl} H = {oo@,:,cl,zl
f )
{ ]
j

i ]

o8
®

fax
i
A~
-
>
=
-
e
=
N
|-

[e)}
o
I
fux
il
o8
E
Qg
M
=
N
o}

jus]

!

P o " e e B N o P e Tl e

08

] o

-]

-~

<

o

H =

Q&
P

H
e

l_l

case 6. T =éoa P - }
] o
o
Similarly tocase 3« there exists F| = z XeY o2 fé cjland
ig *}0,1,22 such that x & Ai, vy € Ai+l’ z € Ai+2' The
choice of H will depend on h(F) and i. The following table shows

how H € S(B) can be chosen so that T e« H.
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Table IV
i_ | = "
h(¥) : . - & 2
0 H = «{501 .,xo,yl} e { e ,Jl} H = {-coi,xo,yl}
1 Hi= .z oai,xo,zl} H = ? 1K 92%q } A {Gt?i,xo,zl}
2 He= {001 ,xo,yl} H= {a(}i 93X 2 } H = gm%,xo,zo}
2 KR TSR L PP | P Py
L :E H = {ooi ,xo,yo} H| = {O{;l ,xo,zo} H = {e% ,Xo,yl} |
5 4 o= io%,xo,zlf g i&%,xo,yof' 2= i(ﬁi,xo,zo}
6 H = {ooi,xo,yo "= ia{i,y ,ZO} H = ?0017‘{0,21}
7 {H-= {ooi ,xo,zo} o i ,yli B {o%,x(),yo}

case 7. T = {xo, Xl} .
Let H = {w ,xo,xl} . Then H & S(B) and T¢ H,

txO'yl}’Xéy'

Since x,y are distinct elements of A, hence therc exists a

case 8. T

unique element z in A such that { XY o2 f & S(A). Let E = fx,y,zjl "
Then either E ¢ ‘3“’ or & € S(A) —?? -« First we consider the
case E € S(A) - 63’ . By def‘ini tion of g we have g(L) = i for -some
i€ } 0,1 } Let H = i xc),y-l,zi+'l} . Then H & S(B) and T & H.
Next we consider the case & € 3‘. By definition of (5' there exist
distinct elementsi, j in {0,1,2} such that x € A, y & A,. The
- ohoice of H will depend on h(E) and (i,j). The following table shows

how H £ 3$(B) can be chosen so that T < H.



2 . 23
’ . Table V 5 !
(i3 ,
(0,1) (0,2) (2,0). 2
h(E) : .
. ,"J*»' : ‘ﬂﬁ;
o .= 1001 ’X:o’..,ylz}. d = iwc ’x.o’y.l B0 2% 1
1 H = iooo ’x,(;syl H = 001 1X 1Yy 1 X0V

o]
-

»

Q

5]

-
Wi E e
T N
o)

wi .’X !yl

=
]
H

o)
e - |
]
I

™
(@]
H

jus)

il

“ Hence (B,S(B)) is m - STS.
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3.4 Construetion of 2n + 7 - STS from n - STS

3.4,1 Definition. Let (A,S(A)) be a STS. By an automorphism of

(A,8(4)) we mean any permutation £ on A such that f(H) & S(A) if

H &€ s(4),

3.4,2 Theorem. Let (4,8(A)) be a STS. Let F be the set of all
automorphisms of (A,S(A)). Then F is a group under composition.
Proof : It is known that the set P of all permutations on A is a
group under composition. Hence to show that F is a group under
composition, it suffices to show that F is a subgroup of P. Let

f, g be any elements of F. To show that fg .Q_ F, let B be any
triple in S(A). By definition of g we have g(B) € S(A) so that

fg (B) = £(g(B)) € 8(A). Thus fg € F. Let h be any element of

F. Since h € P, hence h™— exists. We shall show that nte r.
Let B = { rys,t } be any triple in S(A). Suppose that h'l(B)é S(A).
Since r ¥ s and n~1 18! one to one, hence D) + n(s). Thus
h~1(r) and b~ (s) are distinct elements of A so thaf there exists a
unique element w in A such that { h"l(r), h_l(s), w.} & s(A). But
nt @) ={ 07, 1), vhe) | & s(a). Therefore w F nTN(H).
ginee BE(A) = 4 and w € A, hence there exists u in A such that
n~t(w)

n(e)

we Let C = ih-l(r), h"l(s), h-l(u)}. Then C € S(A) and

hh"l(r), hh"l(s), hh‘l(u)f = fr,s,u } . Thus u = t so

I
s

that W = B (a) = n"1(t). This contradicts the preceding remark

that w IfJTt). Hence h-l(B) & S(A). Therefore h_lé . Thus

F is a subgroup of P.
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In what follows the set of all automorphisms of a STS (A,5(A))

will be called the automorphism group of (A,5(a)).

3.#.3 Definition., A permufatibn group S on a finite set A is séiq

ﬁo be fransitive on a subset B of A if for any x,y j

f € S such that f(x) = y.

3.4,4 Definition. Let (4,5(4)) be n -~ STS. Let G be a subgroup
of the automorphism group of (4,5(A)) such that G is transitive on
Aand |G| =n, If A € s(A) e S(A), p € A, have the following
properties ;

(| Fl=n

@ fata) [ se o} F

(iii) for each x in A there exists E € S(4) - P such that

(iv) p is contajped in exactly thre¢ triples in .

We say that G, AQ, fﬁ and p sgtiafy Property IT with respect

perent—

to (4,5(A)),

A 8T8 (A,3(A)) is said to be a STS with Property ¥1(1) if there

. ; & .
exist G, AO, 3? and p suych that G, AO, “# and p satisfy Property II

with respect to (A4,8(A)).

3,4,4 Theorems Let (A,SCA)) he n ~ STS with G, Ao,i;e and p

(l)A STS of order n ¥ 3 (mod 6) with Property II exists.

This will be proved in Szction 5.4 of Chapter V.
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sastisfying Property II with respect to (A,S(A)). Suppose that
Hl‘HE’HB are distinct triples in EF that contain p. Let P =
H U H,UH; - { p} and B = (4 x fo,1frUc, wherec ={ooo, o0,

o5, 0051 £0) 005, 096 j and ¢ F} (A x f O,l}) = gb'. Construct
S(C) as S(A) of Example (iii) in Chapter II so that (C,S(C)) is
7 - 8TS. Let f be a mapping on S(A) - 55 into 1 sk } and h be a
bijection on C - tCQ,} onto P, If S(B) is the family of the
following 3-subsets of B

(1) tmo » Xy Xg f s where x € A4,

(ii) the triples in S(C),

(1i1) { Xi’yi’zi} ’ixi' yi+1'zi+1}’fxi+1’yi’zi+1j’{Xi+1’yi+1’zi}’
\ < ; oz :
where ix,y,z} € S(L) - S and f£( fx,y,z} N 16{0,12’,
- . &7
(iv) g Xo’yo’zo}’ {Xl’yl’zl , where { X V42 } § N

(V) { o0, ((u(BG)))5, (5(2)2] s where & € G, r§ zlge}

Then (E,S(B)) is “P@~& 7 - STS.

Proof : It can be seen from the. construction of B that) Bl = 2n + 7.
Let m = 2n + 7. We shall show that the total number of 3~subsets in
S(B) is at most % m(m - 1). The total number of 3-subsets in S(B) of
the form (i) - (ii) is n + 7. Since for each of (% n(n-1) =n}
triples in S{A) - iﬁ we can form exactly 4 3-subsets in S(B) of the
form (iii), hence the total number of 3-subsets in S(B) of the form
(iii) is at most (4)(% n (n -~ 1) ~ n). Similarly the total number

of 3-subsets in S(B) of the form (iv) is at most 2n. Moreover the

total number of 3-subsets in S(B) of the form (v) is at most 6n.

Hence the total number of 3-subsets in S(B) is at most
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2 L
n+7+(4><§n<n_1>-n>»+an+6n=4n+26n+“3 2

6
(2o + 7)(2n + 6) = é m(m = 1).° Thus to prove that (B,S(B)) is

F 0 OMH

- 8T8, it suffices to show that for any 2-subsét T of B there
exists a 3-subset H in 3(B) such that T« He To show this let T
be anv 2-subset of B:i We shall show by cases that there exists s
3-subset H in S(B) such that T < H.

casé 1. T C

Since (C,S(C)) is a STS, hence there exists a 3-subsct H in
S(C) such that T &« H. But S(C) < S(B). Therefore H & S(B),
case 2. T = fdoo, xi'},» ié io,lf,

©

s Bxl® ke e
Tet H ) Xy 'xi+l.f Then £ § S(B) and T £ H

case 5 T =£wr

x .
{ ?:Of N r,{ 6.

Let a = h(oor). Then a € 4. By definition of G there
exists ¢ & G such that g(a) = x. TLeb U = {OOI. s B letnliy } ¥
Then H. € 5(B) and T &,

case 4., T =ioo x‘:‘l<ré6,

T 2 l ] e

It follows from definition of G that there cxists g & G

such that g(x) = p. Since G is a group, hence g'l exists and

g7Hp) = % Det B ={ o0, (s7H(n(00))) ,x, } . Then I € S(B)

r’
and T < 1,
case 5, T = fxi,xﬁ.i, O<é_i,j\<l,i':}.<j,
o

Let I = tooo 1y 9%y } . Then H € S8(B) and T € H.

case 6., T = {xi,yi},x¢y, 0 £1g L.
Since x,y are distinct elements of A, hence there exists a

D

. . j
unique element z in A such that { x,y-,zf € S(i). Let & :Zx,y,z}.
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Then cither E € Hor E € 5(4) - . It E € P, let o -
.{xi,yi,zi} . Then H € S(B) and T &€ H, In casc E € S(4) - g’ we
have f(E) =,j for some j & {O,l}.. Let H = i x:.L,yi,z'j r. Then
H € S(B) and T &€ H.
case 7. T = { Xi’yj}’ X i ¥y O0%E. 4 £3E.1 %3
Without loss of gencrality we may assume that i = O and j = 1.
Thus T = i xo,yl}. Since x,y are distinct elenents of A, hence there
exists a uniqge element. z in A such that ix,y,z}fés(.&). Then either
{x,y,z}& S(A) - ﬂ? or ix,y,z}é F . First we consider the case
ix,y,z}é s(4) - ? . By definition of f we have f( fx,y,z} ) = v
for some r € { 0,1 }. 'Lét H =,s X 0¥y 920,1 } . Then H € $(B) and
T&€ H. Next we assume that 1 x,y,z}é ';F’.‘ 'Since G is transitive
on A and p,y & A, hence therec exists g & G such that g(p) = y.
Since g(A) = A, it follows that there exist w, t in A such that
g(w) = x and g(t) = z. Let H/l = ix,y,z}' and le = f p,w,t} . Thus
/ / / o _ .
g(i,) = H) so that H, = g" (H;). It follows from definition ot Je

2

/
that there exists gle G such that H; = (Ao). Therefore

%3
H; = g’lgl(Ao). But g_lgl ¢ G. Hence H/2 E?. That is w &€ P.
Since h(C - i coo} ) = P, hence there exists r ¢ { 1,2,...,6}
such that h( @,) = w. Let H ={oor, Xo,yl} . Then H & 5(B) and
T < He

Therefore (B,S(B)) is 2n + 7 - STS.
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3.5 Construction of n.n

1.2 SIS from ny = STS‘agd nzf‘STS

By ‘an extensiqn of & ST8 we shall mean a STS which contains
a subsystem lisemenphiic to the given STS. In this section and the
next section two methods of constructing extensions of STS will be
discussed, Fo£ convenience we shall introdude a concept of "tr;ple

systen, which is more general than that of 'STS,

34541 'Definition .« A triple system, abbreviated as TS, is an

ordered pair . (A,S(4)), where A is a finite set and S(A) is a family
“of 3-subscets.of A.
We say that (A,S(A)) is a TS of order n if A contains n

elements.

3.5.2 Definitjon. ' Let (A,8(A)), (ByS(B)) be any TS of order ny 40,

‘respectively., By the.cartesian product extension of (ﬁig(n)) and

(B,S(B)) we mean the TS:(AXB,s(4 B)),-where S(XX'B) consistg of
"""""""h"’

all 3-subsets of A X'B of the following. forms. :

3y e 7ldp 3y

u:

Li) (ai’bj )»,(aigpj )’(;‘i.'Pj;}» ywhere ib } €5(B) and a, ;€ By
€S

(il) (a. ,b ) (a bj),(ai lbj)%QWher92311 . 5}

(A) and b, € B,
#p" 3 9. .

ke 2 2 L =Z2 5 3
: Q.. o Ligekale DERLE: ¢ b
(g +b; )22y iy Valay e R O [CH R HCHU AR f

.(111>§<a IR IR RCREY R S CHL R AR ,b32§
1 3
%(a :(aié'bjé)’(ail'mjj)} f(a i3 31)’(ai>’bj3)’giii'p5§}’

}@S(B).

”“where’{ ai—,ai }e,S(A) and b
1 =2 3 A3
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3.5.3 Proposition. If (A,S(A)) and (B,S(B)) are STS of orders n,

and n, respectively. Then the cartesian product extension of

(4,8(8)) amd (B,S(B)) is n,n,- SIS which is an extension of both

(A,8(A)) and (B,S(B)).

Proof: Let (4,8(A)), (B,S(B)) be n)=- STS, n,- STS respectively,
where A = { Bygesey anl}" B.= fbl,..., b } « Let (C,5(C)) be the
2

cartesian product extension of (A,S(A)) and (B,S(B)), For i = lyeessny
and j = 1, cee gl denote the ordered pair (ai,bj) of AXB by Cise

It follows from definition that (6] has n elements. We firét

N
185 = 8TS5« By counting the number of

3-subsets in S(C), we see that there arec at most (nl)(% n2(n2— 1))

and (na)(% nl(nl- 1)) 3-subscts of the form (i) and (ii) respectively.

; 1 1 -
Moreover, there are at most (6)(5 nl(nl- 1))(8 n2(n2- 1)) 3~subsets

show that (C,S(C)) is n

of the form‘(iii). Hence the total number of 3-subsets in 5(C) is at

most (n))(F ny(ny= DY & (n)(Gay(ay = 1)) + (6)(Zny (ny-1)(Gn,y(n,-1))=

Tl e g2t
1 -+ d 3 ” x. e
(é nlnz)(nlna- 1). Thus to prove that (C,s5(C)) is n;n, - STS, it

suffices to show that for any 2-subset T of C there exists a 3~subset

H in 8(C) such thabHULALONGEHCORN- } be any 2-subset

{ CERDIRE. .
H1d1 123
of Ca

case 1. il =0 S =l e

Thus jl 3 j2 and hence bj ,bj are distinct elements of B,
A 2
Since (B,S(B)) is a ST3, it follows that therc exists a unique

element b, in B such that { b, ,b, ,b. ; € S(B). Let H =
is S

Cie 3Csix 3C22 %o Then H € 3(C) and T < H.
| G A PR B
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Thus i, = i_ and hence a., ,a, arc distinet clements of
10 T R i, i,

Since (A,8(A)) is a STS, it follows that there exists a unigue

élement‘ai in A such that S Ay 92, 484 }éﬁS(A).- Let H =

3 S

Then H €35(C) and T <& H.

Thus ag 4 oag are distinct elements of A and hence there
1 2

exist a unique element a, 4n i such that i a; s8y ay }E‘S(A).
: L 75y

3 2 3

Also b. and b, are distinct elcments of B s¢ that there cuxists

Let

J1 42
a unigue eclement b, in B such that i N 4 b, 4 b, %ES(E).
13 ; d1° dp I3
H -“M:"C. i 4 G4 sy Co & L, Then HE S(C) and T < H,
[ "2 “alg 333]
Hence (C,S(C)) is nn,= STS.

#We must show that (C,8(C) has subsystems of order

n, 0, which are isomorphic to (g8 (A))y (ByS(B)) respectively,
> :

For

2L 2L B 1$j<n2,lot

~ 11 ~
- ( 1 )
.L)i = { cl] / J = j_"o‘iagnzj )
5(B.) :é“(c.. o B wo B /. $u. b, b, les() ),,
3 { L 131 132 133} Jl 32 13} ‘ f
7 &

A, = t OiJ / i=1aco,.,nlj2,
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3(A.) = é?c g © , C J da, 8, 8, E S(A)} .
dJ L ol 133 133} { 4y = 13*
We abserve that B, = i a } XB
i i .
S(B.) = { zz._xib. " . } 7 b, 48, ,b.‘}ES(B);,
B, = kX ib.
J J} ’

S(Aj) i {ail’aiz'ai3}\§bj} £ }ail,aia,aiBjé:S(A)} .

Hence by Corollary 3.1.3, (Aj,S(Aj)), (Bi’s(Bi)) are STS of orders
n,, n, which are isomorphic to (4,5(4)),(B,5(B)) respectively. Since
members of S(Aj), S(Bi) are 3-subsets in S(C), hence (Aj,S(Aj)),
(Bi,S(Bi)) are subsystems of (C'/3(C)) of orders n, 40, which are
isomorphic to (4,8(A)), (B,S(B)) respectively., Therefore (C,S(C))

is an extension of both (4,5(A)) and (B,S(B)).

In the sequel we shall refer to the method of constructing the
cartesian product extension (€,5(C)) of (A,8(A)) and (B,S(B)) as
described in Definition 3.5.2 as Method I. Moreover (c,3(C7) is

said to be constructed by Method I from (4,3(A)) and (2,S(B)).

3.5.4 Remark. It follows from Corollary 2.2.7 that the cartesian
product extension of STS (A,S(A)) and (B,S(B)) will contain a

subsystem of order k if at least one of (A,S(A)) and (B,S(B) does.

As a consequence of Proposition 3.5.3 and Remark 3.5.4 we

have the following
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3;5;5 Eﬁggggms it any positive ip%eger n dan be written in the
form n & nlhgg whetre n, - STs and néu 8T8 existy then n - ST8 okiats,
Furthérmoraey 4if (ni;k) « 8T8 or (nagk)~~ 8TS oxists then (n,k’uSTS

exigtsi

. o - * Z A N A o d ) i m - g 1 ’ ) LSTS:
346 Construction of n,+ fi,(n,¥n,) 4 875 from nix STS dnd (n,4n,)=STS,

1%

3

34641 Definition, Let (Cy8(C))y(B,8(B)),(A,8(A)) be TS of orders
Ny yhayny respeotively sueh that A4 € B and S(a) CiS(B), where

{
A= {al’qenya i y B = ]al”"'an tblg'99,b é I B F Hp® s
Pz 9

1 ‘ g )

. : P s , \
C = %1,..,,nl}Q For 1 = l’90«inl? leg,Ni ® | i 5; B - A and denote
; _ s * Mo L) . v
the clement (1,bp) of Ny by by o Tet N A L}(iilNi) . By Moore

decomposition extension of (C,5(C)), (B,S(B)) and (A,S(4A)) we mean

the TS (N,8(W)), where S(N) consists of all 3~subscts of I of the
following forms @

2 §uinm : = = e}

(1) iai’“j’ak j, where [ 2088y j € S(A),

(11) ) a

4

m'bip'biq} y where { am,b),bq}é‘a(ﬂ), i
b
L ]

I l!"!anla

4

(411) %b. b iBin iy s

) .
ip‘biq ir} " wherg ?bp,bq.br}g SLR)y 1

, : E—— , A S
(iv) Dip‘qu'bkx %, where gl,d,h }é S$(C) and p+g+r = 0(mod s).

(l
|

34642 Proposition, If (C,8(C)), (B,8(B)), (A,S(A)) are STS of

ordqrsnl,nq,n respectively, then Moore decomposition extension
o =4

7

(N,8(11)) of (C,8(C)), (B,8(B)) and (4,3(4)) is n,+ nl(n2~ n3) - 8T8

3
which is an extension of (C,8(C)), (B,S(B)) and (4,S(A)).

Proof 1 Let (C,s(C)), (B,S(B)), (1,5(4)) -be STS of order Dy alinalis,
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B,bl,ono,bsf ’3 = nz“' nB,

C = il,...ﬂ&}. Let (N,3(N)) be Mcore decomposition extension of

where A = {al,...,aHBf, B = i Bpyecesd

(c,s(c)), (B,3(B)) and (A,S(A)). It follows from definition that
- ° IJ = -, ° 1‘! i
N has ny+ nl(n2 n3) elements et n ny+ nl(n2 n3) We first

show that (N,3(N)) is n - STS. To determine the number of 3-subsets

in S(N) of the form (i) - (iv) 1let

i

A(am) the total number of triples in S(A) that contain a

B(am) = the total number of triples in S(B) that contain a,
BZ(am) = the total number of triples in S(B) of the form
g a_, B4 bj}
B, = the total number of triples in S(B) of the form
i ajs bos oy }
B, = the total number of triples in S(B) of the form

i byy by by }
With these notations the total number of 3-subsets in S(N) of the
form (i), (ii), (iii) are |s(a)] , n,B,, n,B,
a € A. Consider any triple H in S(B) such that a € H. Suppose

respectively. Let

that H = {am, x,y} . Since (A,5(A)) is a subsystem of (B,S(B)),
hence either x,y are both in A or are both in B - A, Therefore H

must be of the form fam, as aj j or {am, bi’ bj} . Hence

B_(a ) = Bla ) - Ala )
2 m m m
= 1 -1 -
5 3 (n2- ¥ 5 (n3 1)
1



L
Ui

Therefore
B = B_(a bo. + B (a )
2 2 1) °° ?( . T
2
(a - ng)
= n - £ 2
« 2

Observe that |3(B)] = |s(a)] + B+ By. Henco
B, = 18(B) - |s(u)] - B,
3 ‘
- 1) . ) e 52
) na(n2 1) nglng 1) n;%(n2 nB\
) 6 5 2
. if " 7
= B Lna(nan 1) - nz(nz- 1) - )nB(na— n3)J

Therefore the total number of F-subsets in S(N) of the forms

(1) - (dii) is
}S(A)i + 1Byt 1yBy = é nz(nB— 1) + %nlnB(ng« R3> - énl;vﬂ (o 1) =
nj(nE— )% an(na ; nz)] )
=% nB(n7 1) = 9y [na(n2 1) - nB(A7 l)}

m

To determine the total number of 3-subset& in S(N) of the form (iv)

we observe that the total number of ordered triples (p,q,r) such

that p + ¢ + r = O (mod s) and 1 £ p,q £ s is 62. Thus the total
o
number of 3-subsets in S(N) of the form (iv) is % n, (n,- 134}

o}

Therefore the total number of 3-subsets in S(N) of the form (i)-{(iv)

ey, kit e R 2 ,
is at most z MB(an T [

Qe

ny Lég(nam 1) - nB(n3~ 1j + énl(nl" 1) (5%)=

1 \ = : Z :
z n{n -~ 1), Thus to show that (i1,S(N)) is n - 8T8, it suffices to

show that for any 2-subset T of N there exists a 3-subsect H in S(N)

such that T H. Let T be any 2--subset of No We shall show by cases

that there exists a 3-subset I in S(N) such that T . H,

T19750153
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case 1 T ={a,, ajf v 144,38 £ 054 F 4
Since ai and aj are distinct elements of A, hence there

exists a unique clement a_ in A such that iai.,aj:,ak'} & S(A). Let

k
H = ‘ : :
i ai,aj,ak} « Then H €& S(N) and T € H.

. . O G

= £ <4 £
case 2. T {am’bij} s, L& m £ n3,l £i £y

Since (B,S(B)) is a STS and a s b, are distinct elements of
B, hence there exists a unique element x in B such that
{am, bj’ x}é S(B). By Proposition 2.2.3 we have x ‘€ B - A so that
x = b, where b Fb,. Let H = ? am,bij,bikf . Then H € 3(N)
and T ¢, H.
case 3. T=%bip,biq},1£i$nl,l_{-p,q§ S,P #d.

Since p % q, hence bp and bq are distinct elements of B so
that there exists a unique element x in B such that {b ,bq,xf §s(B).
Then x is in either A or Biw A, If x € A, we see that x = a_ for
some a_ in A. Let H = { am’bip’biq} o/ Then H € S(N) and T & I,

In case x € B -~ A, we have x = b, where 1 £ r £ s. Let H =

{b. By B j Then H € S(H) and Ta H.
ip¥ “ig" “ir }

case b, T = fbip, bjp} yOLR RLE L, a1l
Since i # j, hence i and j are distinct elements cf C so that
there exists a unique element k in C such that ii,j,'k} € 35(C). TFor

a given p € { 1,2,...,5} y there exists g ¢ ‘1,2,.;.,5} such that

{

5 » = ; .‘ T E 3
p+p+q .=0 (mod ), Let H } bip,bjp,bkqf Then E € S(N)
and T Hg¢

case 5. T = bip,qu}. 1£p, a€8; p# 144,53 € n,1¢ 3.
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By a similar argument as in case 4 we can see that there

exists a 3-subset H in S(N) such that T<. H.

Hence (N,S(N)) is ng+ nl(nau n3) -~ 8TS. ‘?%

L

7

Since S(A) € S(N) and (4,8(A)) is a STS, hencgé@}mh'
\‘\Jx‘ﬂzu;«,';:‘ A

subsystem of (N,S(N)) of order D

To show that (N,S(N)) has subsystems of orders 1, ,n, which are

isomorphic to (C,S(C)) and (B,S(B)) respectively, let

M ={H$/k=lqu.ml}
S(1) { {bis,bjs,bksf /{i,jd{f € s(c)} ;

Ay Ny 3% 14240000

B.
i

l')
and let S(Bi) be the family of the following 3-subsets of Bi

(1) %ai,aj,ak } , Where ?ai’&j'ak} € s(1)

(2) ?am’bij'bikf , where fam’bj’bk} & 8(B) ,

(3] )bij’ LI bir} , where fbj, b, br} € S(B).,

/ ; l
We observe that M = C X ?bs§ and S(M) ={ ?i,j,k})ffbs}/fi,j,k}é-S(C)f-

. Thus it follows from Corollary 3,l.3 that (M,S(M)) is n,- STS which

al
is isomorphic to (C,8(C)). Since 8(M) € S(N), hence (M,S(M)) is a

subsystem of (N,S(N)) of order n, which is isomorphic to (C,S(C)).

il
To see that (Bi’S(Bi)) is a subsystme of (N,S(N)) of order n,,
which is isomorphic to (B,S(B)), let f, be a mapping on B into By

g ~ ) = (‘,\‘ =2 T j S e
defined by fi(am) a ,1<m ¢ Ny fi(bj) le, 1 £ £ s

m

We can seec that fi is a one to one mapping on B onto Bi and

s(Bi) # { fi(H) / H € S(B)} + Thus it follows from Lemma 3.l.2
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that (Bi,S(Bi)) is n.,- STS which is isomorphic to (B4S(B))s Since

2
S(Bi) <Z S(N), hence (Bi,S(Bi)) is a subsystem of (N,S(N)) of
order N,e

Therefore (N,S(N)) is n - STS which is an extension of (C,S(C)),

(B,8(B)) and (4,S8(A)).

In the sequel we shall refer to the method of constructing Moore
decomposition extension (N,5(N)) of 515 (C,8(C)),(B,8(B)) and
(A,S(A)) as described in Definition 3.6.1 as Method II. Moreover

(N,S(N)) is said to be constructed by Method II from (C,3(C))

(B,5(B)) and (4,5(4)).

3.6.3 Remark. It follows from Corollary 2.2.7 that Moore decompo=-
-sition extension of STS (C,8(C)), (B,S(B)) and (A,S(A)) will contain
a subsystem of order k if at least one of (C,s(C)), (B,S(B)) and

(A,8(4)) does.

As a consequence of Proposition 3.6.2 and Remark 3.6.3 we have

‘the following

3.64.4 Theorem. If any positive integer n can be written in the
form n = Dt nl(na- n3), where n,- STS and (nz,nB) - 8TS exists,
then n - STS exists. Furthermore if (n,,k) - STS or (nz,k) - STS

exists, then (n, k) - STS exists.
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