CHAPTER 5
VILLE THEOREM ON CONTINUOUS GAME

5.1 Introduction

In this chapter, Ville theorem is extended to continuous
two~person zero sum game

Let B1 and B2 be Banach gpaces and let a set P.in Bq‘and
a set Q in B, be sets of distribution functions on [0,1].

Suppose that the payoff function for a continuous game is
M which is a continuous function on EO,1] x [O,{] and suppose
that player I chooses x from [0,1] by means of the distribution
function p € P and that player II chooses y from [0,1] by means
of the distribution function q & Q

Let A be the mapping from P into B; defined by

Ap:W

where V/(y) jq M(x,y)dp(x) (y € [0,1]. p € P).
0

i)

Then the total expectation of player I will be the bilinear form

.
(Ap, @) = j J M(x,y)ap(x)dal(y) for q € Q.
0 0

It is assumed that to each q £ Q there exists a p € P such that
(Ap,q) > O. 3.%.7 asserts the existence of a pOGE P for which
(Apo,q) > 0 for all q € Q if

(i) The image of P under A is weakf-compact and reqularly
convex.

(ii) The cone |JAQ is convex and closed «
A% O
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*
5e2s2 Remark. Let B be a topological vector space. If B is weak-

open in BZ N cf0,1], then E is open in C[0,1]

Proof ; TFor any foe E, there exists Ty r2,..., rn, x4 ,xz,...,xn

such that

£ 8 {fe clo,1] ‘f(xi)—fo(xi)k vy Lom Ta2ymuny n% C &

Let r = min gr,‘,ra’..., rn;O

Then £, € Efe BI04 5 |f(x)- fo(x)|< r, Vxe [0,1] % L B

So E is open in C[O,’l].
*
5.2.3 Remark. If KC B N ¢{0,1] and K is compact in CfO,'l],

*

then K is weak - conmpact in B*

i

Proof = Leti VG\% be an open covering of K where V, is weak —

opon in B, i.ce, K C | mmen kC U N cfo,17)
A X A A

* £
where Vaﬂ C[O,’I] is weak —open in B N C[O,’l]. BY 5624624

v N c[0,1] is open in C[O,’l]. Since K is compact in ¢[0,1],

, that is K is weak -

n ' n
Kt L iw, N clo,11). Hence kC || V.,
i=1 1 i=1 n

sk
compact in B

Selekt Theorem.' Let B, and B, be the spacesof bounded Borel

measures on [O,‘l]. And let

P

i

%/4,5 B,] :/(L(E) 2 0 for all E & Borel algebra M ana/x([‘o,ﬂ )=1 },

O
]

§ 0'€ B, : 5 (x) > 0 for all E € Borel algebra M and ¢’([0,1] )=1}.
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Let K(x,y) be a continuous function on [O,1]><fb,1] and A be a

£ 3
linear mapping from P into B defined

2
by A = ¢ where
1
Wiy) = 5 K(x,3)d (%) (yq[p,ﬂ],/{,«c—. P).e

0

If to each § € @ there exists corresponding //“—G P such that

1T 1

j .f K(x,y)aun av’ > O, then there exists a fixed/»t E P
0 0 / o

such that

L
C{g K(x,y)d/uoow’ >/0 for'all. 6’ ¢ Q.

3
Proof : First, we have to show that A(P) is weak -compact regularly
convex . Since K is continuous on a compact set [0,1] x[0,1],

K is uniformly continuous and there exists a real number m such that
| K(x,y)‘ VAR for x € {0,347 yel 0,1].

Hence \.@A&(y)l = } ij(x,y)Q/A(x)‘ Z J}>{K(x,yﬁ éxL(x) <L m
0 o)

for ye& [0,1] and A€ P. Thus A(P) is uniformly bounded.

Given € > O, by uniform continuity of K, there exists

5 > 0 such that
l K(x,y1) - K(x,ya)\ £ € whenever |y,- y2|4< S , and

for = € [0,1] Tq15, € [0!130
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1 : Sy
8o Ap(yq) - A/,((ya)‘ = !OS (K(xy5,)d ()~ ofK(x,yZ)?u(x)

LN

4
| 5 \K(x,;ﬁ) - K(x,ya)‘ d i)
0

L € whenever ‘ ¥q- yai LD
and for all /AA & Pa
Thus A(P) is equicontinuous. Since by 2.5.19 A(P) C c[0,1],

by Ascoli theorem, A(P) is compact. Hence, by 5.2.3, A(P) is

weak*~compact in B;.

Let/itq,/AAE be any elements in P. Tor O £ t £ 1,
['@/41+ (1-t2/Aé](E) =t (B) + (1-tl/42(E) which is non~-negative,
since A4, (1) and//AZ(E) are non-negative,
and [t pr(1-t)4,]([0,1]) = 1:/1«{1([0,1])+(1-t)/42((?0,1j) = 1.
Thus P is convex

Consider %/Mﬂ € A(P) and 6/A2 € A(P)y, for 0 < t ¢ 1
4 1
GO LY N EOR N B IEROLVINED
0] .

0

|

tA/u.1(y)+(1-t)A/u2(y)

for yec [0,1].
1 ;
[ xGmratep -t 400 for v € [0,1]
0

*
By convexity of P, A(P) is convex. 8o, by 3.3.2 A(P) is weak -
compact regularly convex.

Let X = LJ A Q o Since Q is convex, X is a convex cone.
A20 _

{
And since Q is closed and 0 ¢ Q, by 5.1.7, X is closed in B,



Gl
From the hypothesis to each 0’e Q, there exists /A € P such that

11

jf K(x,y)d/u(x)d G)(y) > O. Therefore to each 2 0€ X,

00 1 1

there exists A/u € A(P) such that ﬁf jK(x,y)d/t(x)dé‘)(y) > 0
0

0
11
and hence ff K(x,y)d/»l-(x)d( ?\5})(y) > 0,
¥ 00

By 3.3.7, there exists A/U-O é A(P) such that

% 1 .
f K(x,y)d s (x)a(AV)(y) 3 O for all 0’ € Q,
JO /40 4

1 1 ‘
?Léf K(x,y)d/»‘-o(x)d(’r)(y) 7/ O\ \FeZ-all 0 e Q,
0

i.e.J there exists /OLO & P such that

fqF W
[ K(:‘c.y)d/uo(x)d())(y) > 0 for all U0e q.
0O O

This completes the proof,

5¢2¢5 Theoren. Let B, and B2 be the spacesof functions of bounded

1
variation on [O,’I]. Let P and Q, in }31 and 52 respectively,be the
setsof distribution functions, i.e., the setsof non-decreasing
functions of total variations 1. Let K(x,y) be a continuous

*

function on fO,’ll X [O,’l] and A a linear mapping from P into B2

defined by
Ap = Y
1 .
where ({)(y) = JK(x,y)dp(x) (ye (0,1], pe P)
0

If to each q € @ there exists p € P such that
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542 The Ville theorem

In this section we shall state and prove the Ville theorem
on continuous two-person zero sum game which B1 and B2 mentioned
in section 5.7 are as follows :

(4i) spaces of bounded Borel measures on [9,1'], ' ‘

(ii) spaces of bounded variation functions on gp,1]‘,

(iii) space of bounded variation functions on {Q,1] 5

and space of bounded Borel measures on {0,1], respectively.

The proof needs the following remarks,

5.2.1 Remark. If Q is a closed subset of Bt (set of positive

measure) and O % Q, then A = Ue Q 1is closed subset in B
c> O

Proof : Let {a:ig be sequence of point in A such that X ,—> &
in B. We want to show that & & A.

(X. - °
Choose ¢, » O and OE ¢ A such that i ciﬁ)i

We claim that Tim ci £ + o,

Suppose Ilim c; = + 0C o There exists subsequence,ci such
that 1lim ci = + 0 , Then
£ B, = o &
0 & c; (ci i) e, ol "

ol at 3

is closed,

v

which would entail that lim @’i = O and so, since Q
0 & 9. This would contraﬁict our hypothesis. So izﬁﬁci<;-+005

In that case there exists subsequence Ci which converges to c,

say, and at the same time subseguence o’i converging to G). Then

cs Vi is convergent, and its limit, c F: belongs to cQe. Hence ¢ 0 € Ay

i.e., oci converges to & = c ¢’ and X € A,



65

59
J f K(x,y)dp(x)dq(y) > O, then there exists Py € P
0 11
such that j ) K(x,y)dpo(x)dq(y) > 0 for all q € Q.
0o 0

Proof : Since K is continuous function on a compact set CO,‘I]X[O,'I],

K is uniformly continuous and there exists a real number m such that

IK(x,y)\ £ m for x€[0,1), ye[ 0,17] . Hence

1 1
| ap()]| - | ofxcx,ymp(x) L C{\r«x,y)\ ap(x) £ m g“m <

for p € P, Thus A(P) is uniformly bounded.
Given €& > O, by uniform continuity of K, there exists 5> 0

such that for all xé€ [0,7)

( K(x,y,l) - K(x,yz)l &/, & whenever ly1- y2|< <
_ 1 1 '
So ‘Ap(y,])-Ap(ya) ‘ -.—‘ fK(x,y,,)dp(x)- jK(x,yz)dp(x)}
0 0

-

€ Sty = kG35 | ap(0)
0

yHUlg whenever }y,]- yzl .

Thus A(P) is equicontinuous. By Ascoli theorem A(P) is compact
* F 3

in C[O,ﬂ and hence, by 5.2.3, A(P) is weak - compact in B2 o

Since A(P) is convex, by 3.3.2, A(P) is regularly convex.

Let X = {JJAQ. Then X is closed convex cone. From the

hypothesis, to each q € Q there exists p € P such that

1 1

f j K(x,y)dp(x)dq(y) > O. Therefore to each Aq <€ X there
0 O

exists p € P such that
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1 1 , 11
S [ xGrpantaraty) = 2§ [xxyap0daly) > 0.
0O O o O '

By 3%.3.7, there exists Py € P such that

W
§ S wex ,y)dPo(x)am OG) 3 0 forall geq
0 O
1 ™
2 Sxtxyydapy(xdaaly) > 0 i TS
0o O

i.e., there exists poe P such that
17 1

Of Of K(x.}’)dpo(x)dq(y) > 0 for all q € Q.

The proof is complete.

5246 Theoremn. Let B,] be a space of functionsof boupded
variation on [0,1] and B, a space of bounded Borel measures.
Let P in }31 be the sct of non=decreasing function of total
variation 1 and Q in B2 a set of positive measure such that

M ([0,11) = 1. And let K(x,y) be a continuous function on

[0,71x[0,1] , and A be a linear mapping from P into B‘2 defined by
,1 Ap = ('}

where (// (y) = 5 K(x,y)dp(x) (y & [O,ﬂ, P € P)
0

If to each /a € Q@ there exists p £ P such that

j fK(X,y)dp(x)d/ﬂ(y) > 0, then there exists Po € P such
1 1

that j f K(x,y)dpo(x)d/zt_ (y) for all/u. E Q.
0O O

Proof ': Since K is continuous function on a compact set
[o,1] x{0,1], X is uniformly continuous and there exists a real

number m such that
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| K(x,3)] € n for x & [0,1], y e [0,1] . Hence
1 i : 4 .
Ap(y)‘ = lOIK(x,y)dp(x)’ L j]K(x,y)l dp(x) £ m V(P) = m for p € P.
' i 0

Thus A(P) is uniformly bounded.

Given ¢ >0, by uniform continuity of K, ‘there exists 5> 0

such that for all x € [0,1], Y11 ¥o€ [0,1]

&K(x,y,]) - K(x’ya)‘ € whenever !yq- Yaj 4 S

1 1
\ Ap(y1)-Ap(y2)l= 'oj K(x,y,)dp(x)=- gK(x,ye)dp(x)’

1 .
L {\K(x,y.‘) - K(x,yg)idp(ﬂ

L &

whenever \y,]- yai ¢ & and for p € P. Thus A(P) is equicontinuous.
By Ascoli theorem A(P) is compact in c[o,ﬂ and hence by 5.2.3,
A(P) is weak*-compact in B; « Since A(P) is convex, by 3.3.2,
A(P) is regularly convex., Let ¥ = lJO:l Qe Then X is closed
23

convex cone. From the hypothesis, to each AME Q, there exists,
fULA

P € P such that f j K(X,y)dp(x)d/%(yr) > 0. Therefore to
O 0

each %e X there exists Ap € A(P) such that
1

1
AS J K(x,y)dp(x)dm(y) >, O and hence
0 0 %

1

1 .
J f K(x,y)dp(x)d(;\/,u)(y) > 0. By 3.3.7, there exists
0o O

AP, 6 A(P) such that



1 1 ;

oj of K(xyy)dpy(x)d(apM)(y) > O for all € Q,
&

2 K(x,y)dp(x)du (¥) 0 for all = g
i (O 5 0 feran e q,

i.e., there exists Py € P such that

4 1
fJK(x dap(x)d e (y) 0 for all € Q .
5 o ' po X /L“ Yy >/ or a /{/'- )

The proof is complete.
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