CHAPTER IV
VILLE THEOREM ON DISCRETE GAME

Among the several procedures which lead to the existence
of the value of a discrete two-person zero sum game -~ player I is

based on a theorem of Ville which deals with matrices Bige

i=17,2y00emy, k= 1,2,000,n and it states that if to each

n
.. 3. 0, ;Z: q = 1 there exists corresponding p. 2 Oy
K k=1 ¥ i

n n m
P, = 1 such that the bilinear form :i Ei aikp.qk is
i=1 * k=1 i=1 &

1 such

non-negative, then there exists fixed p; > Oy 2 pi.
i=1
n

that for all qk'> O, 2z qy = 1 the bilinear form is non-negative,
k=1 ‘

In this chapter we shall prove this theorem by using
application of the Hahn Banach theorem suggested in chapter III,
and then extend this theorem to a discrete, more than two--person ,

Zero sum game.,
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4,1 Two person zZero=-sum game.

4.1.1 Theorem : Given matrices 8y B 120wy By K 8 1,240 884

k

n
If to each g, > 0, q, = 1 there exists corresponding p, > O,
w kad K ; i
m -
ZEQ p.= 1 such that the bilinear form ZE Z a,, P.d, is non-
. o ; ik¥ 17k
i=1 k i
m
negative, then there exists fixed p, > O, ;E: pi = 1 such that
; i=1
for all q, 7 O, :ET qk 1, the bilinear form is non~-negative,
k=1

( m P
Proof : Let P = ‘t(p1,p2,...,pm)éi R : Py D 0 for 1 = 142444440

m
3 2wt S
4. * |

, n ,
and ¢ =% (qq,qz,...,qn) & &a : qk;; U for kB = 1,2,0e0s0

k=1

n
and 2 q= 1}.
Let A be a mapping from P into R ol (seec note) defined by

m . g | ol

A(p,],pa,-.o,p ) = (78-111’ ] .Za

1aP5100 :§%alnpl).
_We can see that A is a linear wapping on P which has finite

dimension. S50 A is continuous on P.

Let A(P) be the image of P under transformation A.
Since P is closed and bounded in TR ™, P is compact. By

, 3 t 3 &
continuity of A, we have A(P) is compact in TR . . Hence A(P)
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%  n* . . :
is weak -compact in ﬁa « Since A(P) is convex, by 3.3.2,
A(P) is regularly- convex.
; 3 n 2
Let X =§r(x1,X2,...,xn)& R™ Xi 2> 0 for i'= 1,250004m }.
Then X is closed convex cone. From the hypothesis we have : for

each q € Q there exists p € P such that the bilinear form

i
-
1 i=1

O.

N}:s\

P
1]

Tor each x € X and x £ 0, ie. x = (x1,x2,...,§n), X £ 0 for

Xq

some 1 = 1,2,...,n¢ let a = Xyt Xpteoet X @y = 5= 4 Q5 =

ﬂ‘mx

L]

a, = §£'° Then (q1,q2,...,qn)é (a] and x = (gq1,aq2,.7, aqn)

\

=aq

From (1) we have

(Ap,aq) >0 Fes (hp,x) > 0. Fpr x = 0, (Ap,x) = O,
By 3.3.7, there exists po'e P such that (Apo,x) > 0 for all
x € Xe. That is, there exists Pg é{ P such that‘(ApO,aq) > 0
for.all g €, Qe

Thus (Apo,q) > 0 for all'q € Qs The proof is

complete,

Note : The dual of R™ ( R ).
n
[R 4is a vector space which has n dimension. Let

: : n
B = %u1,u2,..., un%. be a basis for R, Let f1’f2""'fn

gec ey .
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be real-valued functions such that for each i = 1, 2, +.ve, n
8§ C1u1+ 02u2+o |<o+ cuun

f.(u) = C, o

1 4

; *
These functions fﬁare linear and therefore belong to R .y R

They are specified by their values at the basis elements -:

fi(uj) = gij ' i,j = 1,2,.0.,11 (*)
where O .. =1 ifi=3j and O, =0 if i £ j.
i3 1J

: * : o ‘ s n*

Let us show that B = E‘f P iR is a basis for R ",
e T2 n ,

Suppose b1f1+ b2f2+...+ bnfn = O (zero function). Then, for

-every v £ R n

bqfq(u) % bafa(u) (AR bnfn(u)f = 0 ,

Taking u = ug and applying‘formula {*); bi: 0O for each

i = 1,24e¢04n. Thus B* is linearly independent sct. To show

% ' * .
that B* spans R & , 8iven f ¢ ﬁ{n', let f(ui) = 8. It
u o= c,u 4+ c2u2+...+ cnun, then since f is linear
n - n n n
f(w) = f(Zcu,) = 2 e f(u,) = Sac, = 3 e.f, (u).
joq 217 i R

Since this is true for every u & Vin,

f = a1f1+ a L+ see + anfn ’

2 e

% % ) %
which show that B spans FQIl e Thus TR " has n digmension.
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T é u1,u2....,un§ is a basis for R % and
; A oy
§f1,f2,...,fn% is a basis for R™ , then the linear function @
such that ¢ Cui) = fi for i = 1,2,ee+40 is an isomorphism

for R ™ onto R ™.

k.2 Three-person zero sum game

In this section, disecrete 3-persor zZero-~sum game is a
game that amounts to a choice, by player I, player II and
plajer IITI respectively, of elements i,j and k from preassigned

sets

¢

1= %1,2,..., m'%, & & {1,2,..., n%‘ and

-

K = g1,2,...,1§ . At the end of a game resulting in the choice
(i,j,k); player I gaims an amouant F(i,j,k), F being a real-valued
function on I X J X K, That is, F is a payoff function for
player I. At each Stage, the thrée players are playing indepen-

dently and the sum of each player's gain or loss is zero.

Next we shall state and prove Ville Theorem for this

game ,,

I+a3.1 Theorem . Given I = 21‘,2’000,311‘; 3 Jd = §1,2,ooo,n§ 9

K = {1,2,...,11; ’

F:IxJ XK——=> TR define by

-

F(i,j’k) = aij/k Where i E I, j e J’ k € Ko
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n i
If to each qj 27 Qy T, O 7 Gty 2 r= 1, there exists
’ =13 k=1
m .
corresponding P; 2 0, 2 p;= 1 such that the trilinear form
1=% ‘ ;

Z 22,

7, 0, then there exists fixed 1 > 0,
k-3

13kp1 J Tk

m
21 1 such that for all q > 0, ?1q3 T rk>/ O kz1rk= T
f= A

the trilinear form is non-negative.
b
* L)

PI‘OOf : Let P = E(p1’p2’co..o'pm)e Ikm:pis/ 0 for i = 1,2,0-0 m,

m
and E:Pi=1 %‘7

O
i

. n >
{(q,‘,pa,....qn)E‘R :qJ.),O for 1 = MyByunnsl

n
and 2q.=1 % >

R = i(r,',rz.&..,rl)e Rl:rk;o for k # 1,200}

: *
Let A be a mapping from P into (" x R') defined by

m
A(pqqus--'upm) = ( Z(Z a. 1k1" )P N Z

1
o
i=1 k=1 X i=1 k=1 12kk’
m i .. m n
262w Yo Z Z .
rartioig ' 8 N Al =1 131q Pv"“=
om n
2. o5 13193 JP; ).
i=1 :1
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We can see that A is a linear mapping on P which has finite

dimension. So A4 is continuous on P.

Lét A(P) be the image of P under transformation A. Since P is
closed and bounded in ]R_m, P is compact in R i By continuity
of 4, A(P) is compact in (lRP x ﬂ{l)f Hence A(P) is weak*—compact
in ( " x ﬁ{l)*. Since A(P) is convex, by 3.3.2, A(P) is |

regularly convex.

Let X = 5(x1,x2,,..,xn,xn+q,...,xn+l) P oxy 2< 0

ta n+l %
fOI‘ i = 1’2,..=e’n’n+1'ono n+l’ and Z X, = z x s
: i >
1=1 i=n+1
Then X is closed convex cone. From the hypothesis we have :
for each s = (q,r) where q € Q, r € R, there exists P & P such

that the bilinear form
(2) (Ap,s) = %; a3 kP3d5T, > O

)

For each xe& X and x % O, l€e X = (X1,X2,.a.,xn+1,...xn+1

and X, F O SO0 B0NE 3 ® lafrevesDeBtlessesitly 1ok

a'= x1+ x2+...+ xn.= xn+1+ xn+2+...+ xn%l’ and
: X, . XZ X,
iy g g = e By BLF
el nd *n+1 b e *n+2 e i Frnad
1 L a L] 2 - a 9000y 1'- —"_—a °
Then g &= (q1lq29°°° qn) e Q’ r = (r,‘,ra,ooo, I‘l) € R’ .
and x = (aq1,aqe,...,aqn,ar1,ar2,...,arn+1)

= as where s = (q,r)
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From (2) we have

(Ap, as) 7 0 , 10, (AP, X} W O,
For x = O, we have (Ap, x) = O.
By 3.3.7, there exists py> P such that (Apy, x) > 0 for
" all x€ X. That is, there exists Po€ P such that (Apy,as) > O
for all s € Q X R. Hence (Apo,S) > 0 for all s& Q XR, i.e,
EZZaijkpiquk > 0 for all q.e Q, r GA, Rs The proof is

ki 4
complete,

4.3 n-person zero-sum game

The discrete, n-person zero-sum game, in this section,
is similar to discrete,3eporson zero-sum game in section 4.2,
That is, it amounts to a choice by player 1, player 25eea060e0

player n respectively, of elements 11'12'°°"in from preassigned

sets
I1 = {1, Eoevsiy m,‘% ’
I2 = %1, Dy oeny mag '
In = 31, 2,.>-a' mn.); °

At the end of a game resulting in the choice (11.12,...,in),
player 1 gains an amount F(i1,i2,...,in), F being a real-valued

function on I1X Iax eoe X In. That is, F is a pay off function
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for player 1. At each stage, all players are playing
independently and the sum of each player's gain or loss is :

zero. The Ville theorem for this game is as follow.

b,3.1 Theorem :

Given I1= {172,.0.,“‘,& ,Iz= {1,2,...,“‘2‘}’0...'0.

I = {1,2,.'..,5 m 1y .

Let F : I’I X Iax eoey X Iﬁ-——> LR define by
F(11’12’°°°’1n) = a; i, 2’“‘""5‘:1 where 1,€ 11,126 I2,...,1n€ In .

.. 2( (1) (1) (1))6R p(M

1 : P o -oco,p = 14 2,onc'm

>/O for i

1 1

<

m
1
ana 3 p{" 1}
i'i=1 1

m

‘ 2
p(2)=z(pgzzpé22“.9P(2))€ R== PiZ)) O for i,=1, 2, «om

2
and ngz) = 4 g
i2=1

-

2

P(n)=§( '(lnzpénzu.’p(n)) R pgn)>/ 0 for in= 1,2,.oo’mn

n n ‘
and Zn (n) g.
i -1 *n
If to each p(a)e YP(2), (3)5 P(3),..., p(n)e P(n) there exists

(N, (1)

corrospondlng P & such that the multilinear. form
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y 4 TP NONE (n)

ved p > 0 , then there exists fixed

g i s 2
1 i1 2 n 11 12 n

Ty ey

pé1)e P(1) such that for all p(aé: P(2>3p(3£ (32...,p( l: P(92

(1)_(2) (n)
za1112,...in R R > Q-

i1,..,in

(1)

m,, o m_ A
Proof : Let A be a mapping from P into (R “x R “X eee xR ™

defined by
Ap(1) = N p(1)e P(’l)’
y = (yﬁf)y??... y R e ey W ey 7P )
’ 2 &) Mn
(2)_ (3)_(4) (n) £
and y, :Er ( TZ: o [ N i )p & ST - TR
e 11_1 10t A B TN Ty g E e

(3)
Z( 2,1‘402“,1na1 1210001 pga)pguz.. (n))p(1) =1 2'oo.m

i
3 11—1 s iy *q 1’ 3
o m1
(n) : (2)_(3) (n-1) (1)
Iy =.Z( JZA 83 1.4 ...i Pi_ Py ec°Py )p
n .11=1 1213...1 . 17273 n o2 3 n-1 14
in = 1,2,... mn

(1

Then A& is a linear mapping on P which has finite dimension.

(1)

Thus A4 is continuous on P « Let A(P) be the image of P under

m
transformation A. Since P is closed and bounded in T 1, P is

m
compact in T ik By continuity of A, A(P) is compact in



-

m

m m
(‘E1YR2 ...X{Rn)

» *
. Hence A(P) is weak - compact in

m m B
1 2 .
('R XR ooox(R )o
Since 4(P) is convex, by 3.3.2, A(P) is regularly convex.

(2) _(2) (2} _(3) (3) {3)
Let X = é(x1 1X5 peos xma.,x1 1X57 eeay xm3

9e@0000090

xgn),xén),...xén)) : kiZ);_ O for d. .5 132509, my s
2

(3) " (n)

xi; > 0 for 13 = 1’2"°°!m3i‘°°! Xi } 0 ’ inz 1 S e seey mm
n
< . o
and Zf X, = b X; Zees = :Z_xi ¢ Then X is closed
i1=1 2 ia=1 ) in=1 n

convex cone. From the hypothesis we have : for each

s = @) LoD LR N3 LBL 53), ., H(m) pla)
there exists p(1lg P(1) such that the bilinear form

& b . (1)_(2) (n)
(3) (Ap" "38) = EE: ai1i2,...,inpi1 pia..,.,pin s O,

11,12--oln

For-each x € X and x# U, let

m., m m
a = X, = Z X = o000 = z Xy [y
i,=1 2 i=173 i=11'n
g n
(2 () xéz)
e | o L&) & 5
Py =3 e T ey pm2 a
. ] (n)
(n) (n)
(n)_ *1 (n)_ X2 _ ™
M b T RN R ISSE
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m
(2} (2]

2
‘2 9 1P5 recey Péz))é IR ’

Then p = (p

m
B P59, 2O e r ™,

Y = $P
3
m
p(n)_ (pgn)’ én),..., pén)> e R N oand
X = (apgzzapéaz...,a ézzaPSB)...,ap(Bz...,apgnz...,ap(n))
2 3 n
= as where s = (p(z),p(B),..., p(n)).
From (3) we have
'V ,a8) 3> 4/ /hEan ™S 2 0 .
For x = 0, we have (sp(1) x) = 0.

By 3.3.7, there exists pé )5 P(1) such that (Ap(q),x) a5 B
= - (1) {12
for all x ¢ X. That is, there exists Po € P such that
m m m
(Ap(1),as) > 0 for all s¢ R 2;( R z cesx (R ".  Hence
m m m
(!{p(1),s) 2 0UTier-AIUNS aURR 2;( ~ 3,( L. xR n’
(1)_(2) (n)
i.e. ) Z ai ,i ’a-.’i Pi Pi -o-pi ; O for all
1’12’°°’1n 172 ¢ 2 n
(2) 2 (n)
2 5 n
i > O for 11= 1 g2 y0eo m2 and ZZ; p; = Tooaey p b . T * 5
2 i=1 *2 n
2 :
m
n

for ir= 192y nnvy m and :Z; Py = 1« The proof is complete,
4 .
= n
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