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APPENDIX A

Derivation of Deflection Equations for Short and Long Piles



A Short Free~Headed Pile

For_P L < 1.5 (The pilc is infinitely stiff)

i

\3./-'.. .‘._ 4

(a) A Short Free-Headed Pile

In the foliowing analysis the pile is treated as a
rigid short beam resting on the surface of a cemi~infinite,

ideal elastic mediun as shown in Fig. A-1b,

(b) A Short Beam Subjected to Edge

Forces on Elastic Foundation

-~

Fig. A-1 - Analysis of a Short Free~ieaded Pile
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Applying the static equation considering of vertical

“forces I F.- = 0O we have - -

?
L
\J; Dkydx = P
J:)Ly'dx = %o . o-....-.‘.......-.......(A-l)

Substituting the straight line equation

Y(x) ‘= A + BX ..............‘..-........(A-2)

into Eg., (A~1) leads to

2
BL P :
AL+—§ o E ..c...-..-......~........(A—3)

By taking the momente of the forces about point B (Fig. A-1b)

e

one obtains

<L :
% Ky(L - x) dx = Ple + L) = 0 .

Substituting Bg. (4-2) and simplifying yields

2 .
AL"‘% - 2PI(_‘§D+L - .........’.......".(A-4)

Substituting constant A & B into Eq. (A-2) and simplifying

yields
Y e -Fa. ..o
i - = 4P b S ‘135.‘ ,
yA"'yo ..“_:- kDL—(T*—_L.&)"..'._'.r......’...([l-6)

R

~2P 3e e
y'B t— m(!.'i"-i:)‘ -?ooo-tooaoooloo(A""7)
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The moment at any point in the pile can be calculated from

x
fokDy(L—x)dx_p(e_,,x)

Mx) 2
X
) &EJ‘O (2« '3—5 - Fa . 'Z'E)J'(I“x)dx-l’(wx).

oco-ooco(A"B)"'
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A Short Restrained Pile

V=N /7= =7

In the following analysis, the pile is treated as a rigid
short beam resting on the surface of semi-infinite, ideal

elastic medium as shown in Fig; L - 2b,

(b) A Short Pilec Subjected to a Concentrated Load at the Middle
 on Elasti¢ Foundation o \
-
Fig, A - 2 - Analysis of a Short Restrained Pile
Applying the static eguation considering of vertical forces

!: F;'= 0 we have

* kDyL

1}
")

yo EI: . o-ucc-...o--o.oooocoo-oc([l-g)
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MERET /R, Ty 3 EY /AN

._‘

Plastic Hinge |
L (a) A Long Frecec-Headed File

75 E
In the following analysis, the pile is treated

as a gseai-infinite beam resting on the surface of a semi~

infinite, ideal elastic medium as shown in Fig. A - 3b.

P
= = =777 } X
k/
y(:; (b) A Semi-Infinitc Beam Subjected

to Edge Forces on Elastic Foundation
Fig. A-3 - Analysis of a Long Free-Headed Pile
For 8S8eni-Infinite Beam Subjected to Edge Forces

General Solution :

Y(x) = e-P..’C(C'cOSJax+Dsian) cnesseiesasesslAeiln)
y;x) ” ‘Pe-Px{“OSﬁx (C-D) + sinpx (D + C)].....(A-iob)
M(x) & =3 2EIP29-F x(CSin fx - D cos f x) ..aoo-ooo-Q\A-j;PC)

— - 4 3 -P ; PO : - :
V(x) =« 2EI P e ’ic(cosﬁ x s1an)+ D(cos_)a x+s1an) ]
l..‘..O(A-lod)
Boundary Conditions : .

y o - yﬁi'f
m P
y }x:o EI-

™~ ooooooolccan-.ot-oo.-o-oc.("‘-11)

n
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and
Yix) = e-Px(Ccost + Dsinfx) ess(A=-122)
y;x) = P e-Px(Dcost - Csian)-P P x(Ccosﬁ x+Dsin'Px)...(A—12b)
y'('x) = =2 Pze‘ﬁx(Dcost - Csian) ee.(A=-12¢)
" 3 -px 3 -px .
Yy = 2 Pe P (Dcost-Csianh 2 Pe P (Ccost + Dsaan)
o la=12a)
Substituting Eq. (4~-12) into Iq. (A-11) yields
2 M R
-2 D = e g D = ;
¥ 7 ZPZEI
3 3/ /P @ + PM)
2 D 2 C = = C =
-P ’ P B ,. 2 }3 BEL
Substituting C & D into Eq. (A-10) yields
e PX : )
y = =— | Pcosp X M(cosgx - sinpx) cee(A=13a)
() zﬁsm[ e
4
= . .P -Px eeos A-13b
¥Y(x) 2P it ¢ (cost + sxnﬁx) P e cost ( )
e s Bl pthax it in px) (A-13c)
fay = * B y_-'B Ps1an +F cost+s1an +es (A=13c
V(x) P y"'= T x((;Q:;Fx - sinﬁx) - FM e"f ulnf

LN (A-'13d)

<
I

o iTFL‘g (1% % s) Ve b pake e nim b ke S0 )
w .
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A kong Restrained Pile

L (a) A Long Restrained

£

Pile

In the following analysig, the pile is treated as a
semi-infinite beam resting on the surface of a semi-~imfinite,

ideal elastic medium as shown in Fig. A-4b.

(b) A Semi-~Infinite Beam Subjected

Y(x)

to Edge Forces on Elastic Foundation

Fig. A-4 - Analysis of a Long Restrained Pile
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Boundary Conditions:-

) T °
" 3 P_ cn-n.o‘ufooonocacooaooooooo(A‘-is)
V) = ™ '

Submtituting Eq. (4-12) into Bq. (A-15) yields

BD-pC = 0, C = D

3 3 P . P
2 fBD + 2 fsC = %i’ C/= D = ;i%?;;.

Substituting C & D into Eq. (A-10) yields

Yix) = %’é? x(co.st + sinpx) ceeeees(a-162)
y;x) = ;;2151 e P xsian .......('A-16b)
My = -ziiﬁe"ﬁ x(cos:F‘x- sinpx) koo sl Antlie)
Vix) = ~Re[ Yeosp x cosovas(a=16d)
2 %E—D- 3 veswesasecescscsscssasass(A=17)
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A Medium PFree Headed Pile

WENETEN| | WA SIS,

(a) A Medium Free-Headed Pile

- =

In the following analysis, the pile is treated as a
finite beam resting on the surface of a semi-infinite, ideal

elastic medium as shown in Figs. A-5b and A-5c.

(b) A Finite Beam Subjected to Concentrated Load on Elastic

P t
oundation o Die

Ye x)

(¢) A Finite Beam Subjected to Concentrated Moment on Elastic
Foundation

Figs A-=5 ~ Analysis of n Medium Free-Headed Pile



Using the following symbols:

A(x) = e'ﬁx(cos_’ax + sin}a:;)”'

e - B(-x) = eP xsinﬁ x
c(x) ; éﬂBx(cosjgx - Qinjax)
D(x) =

-Ejaxcos;ax

=
1 Qe P L

- h “ wy ol EI = g
o : sy 2(1 # DZ(L)}.. [1 + C(L)J{1 - A(L)] 2(SinhPL+sinPL)

= \
EII » \4 o ePL
2(1- Dz(L))-(i - )1 + a@)) 2(Sinh L-sin pL)
' N
L = L - x . A
The governing equation of the problem of bé;mi on
e elactic foundation is
4 P ;
d—x"‘M = _ii)- 0-0.-oaonotooooocooono(A"iB)
47| - EL °
dx
oo General solutioms of infinite beam subjected tc a concentrated
load (Fig. A=-6) are B «

1
~} > x

' 3
Y(x)

Fige A~6 -~ Infinite Beam Subjected to a Concentrated Load
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P A(x)
y = ooo-oao-nooooooo(A"iga)
(=) 8P3EI
' - P DB(x)
y(x) = 4F2E OOQOOCOOJCOUUOOQ(A-igb,

. B C(x) ' (

M{(x) = 4P .onooo.oo.ooloo.(A 19(:)
D(x) = -.-_ZE-D(X)' ooooooco-coocoo.(A"19d)

General solutions of infinite beam subjected to a

concentrated Moment (Fig, A-7) are

A 4

Fig. A-7 - Infinite Beam Subjected to a Concentrated Moment

w B(x)

2 ................(A—20a)
4/BEI

Y(x) =

M \
Yy = ——® cereseerianaenso(4-20D)

4PE’[ "

M
M(x) = '_zi_D(X) o.-cooooc-ooooc.(A"?OC)

- M
—-E?:E-A(x)' .....-.oo-oco--c([\t‘»‘ao‘i)

]

Vix)

From Fig, A-5b we get



Hisys Sy e R %{(1+c(L)]{1_A(L)) +2 [1+D(L§}(A(x)+£x(L—x)}

8 p Sex 16 F EI
EI]{{I-C(L)] 1+A(Lj+? [1-D(L)] }(A(x)-A(L—x)]

+

1655 EX
- P 1

E.I[ 1+C(L))[B(x)+B(L-x)] [1-c(L))(B(x)-B(L-xﬂ
4? W R el (A-21a)

| ”b(x) 41;0(x) PE {[1+C(L)XI~A(L))+2(1+D(L) ]2}( €(x)+C(L-x)}

- By (o) proois)

+ 58}21{[1-C(L)] (1ra)} 2 ‘1-D(L)T}C(x)-C(L-x)]

—5'%' FELTEA) (T E RGN R < e (2-21D)
Yics)" 8_}5 5 12} - (1+c(L)[1-.» (r)] +2[1+D(L)]?[1+A(L)]

% 1ZP - L.II{[I-C(L)][IHX(L)] +2[1-D(L)]2}(1-A(L)]

-4} ;(L) {EI{1+C(L)]- 311(1 - c(L)}}. ..... ‘-...(A-'21cf)‘

i i :
HETENYI (1946) simplified these equations into the forms:

Vo (x) = 2P}J{3 {S1nh$L cosﬁ x Cosh}.x -sinp L Cosh}B x cosF ']

2
S:mh L - sin L ’
P : P ........ (A‘-zza)

SlnhPL ..‘ian Six;hpx -uJ.nBL .unhFx sin? ]
"‘*1nh F L - sin }3 L

b (x) =:§{
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2Pp{ inhe L Costh - .JlnEL cos"-\L ]| ........ (4=-22¢)

yb(o) & L 7 "1nhf5L - 81n ,E«L

From Fig. A-5c, we get

- M B(x), M nIr )
Y (o= 1-A(L)[|A(x) + A(L-x)
c(x) 4j3 &I 4 -gfm [ ]

4

;;2EI‘EI{[‘1+C(L):\J[1-A(L)J+2 (I-D(L))z}(B(x).pB(L.x))
+ M2 E‘]:1[1+A(L)](A(x)--‘tx-(][,.x)]

4)331

|
Nz
J

EII{[1-C(L))(1+A(L)] 42 (1+D(L)f}(B(x)-B(L-x)) .

®
5
1=
.
L]
.
-
>
1
)
X
)
St

(D(x)-f-D(L-x)] +5 EI[ 1-A(L)XC(X)+C(L—-x)}
n,{[uc(m) (1-a(1)) +2[1-—D(L)]2}[D(x)+D(L-x))

~ ¥ pe-n(r-x) * ¥ E‘.II[1+A(L)][C(x)-C(Ipx)]

=2
2
i

!

.plz PN ,Ng

-8 EII{[1-0(L)] (1+a(0) +2[1+D(L)J1D(x)-D(L-x)] s ee.(A-23D)
—%——- (1-22w)) - Mﬂ{uc(m) (1-a(w)) +2(1-p(L)) }

Yo(o) ™ s
:iz_ By (1-42(1)) + MBL) hII{[ ~c(L))(1+A(L)) +2(1+D(L) }

EI o
I i s diee TR o) (a-23c)

/ ¥
HETENYI (1946) simplified thece equations into the forms:



2
y - =& B[ Sinh L(Coshp x' sing x-5inh x cos px)+sinp, L
c(x)” "X :: g s - F

Sinh EL-— sin JaL
(ulnth cos Ex -Coshex Slan )] enaesvises (AeB4a)

M(Slnh BL(olnhB x cos pX+Cosh Px sin E;x)-s:me L

M =
e(x) [ "1nh P L -J31n E, L

(Sinh'gx cosfx'+CoshFx sing;c)] ceseees(A=24b)
1=

7

ooan-.oo.ooooo(A‘-24C)

2 M pg>| Sinh?BL 4 sinZP L
Telo)” RS B - ¢ R
S1nhP L - suxﬁ L

Superpocitions:-

Ya(x) = Ip(x) * Ye(x)

Matx) Mox) * Yetx)

Tita) L, Rt

By superposition method, we get

Y

2P E Sinh BL cosgx Coshsx -s:.n@L Cosh px cosp x
a(x)” K { &4 F }

v SlnhPL-sinPL J

< ZMTCF[Sinh BL(Cosh P; ian}x-SinhF X cos ?x)+ sinﬁ_

S1nhPL- pinPL

(Slnh)gx cos@x -Coshjex s:.njax ) ) ..........(A-—25a)
M _ = P|Sinh BL sinpx S inh Bx -sin BL Slnhax s:tnax
a(x)” B 7 J 7

¥ “inhPL sin PL

Sinhg L(Sinh px cossx+Coshsx sinpx)-singL
B S ¥ ] J
Sinh PL - sin PL

N

(Sinth OOSBX -+ COSh_Bx sin%{ )} ........-.(A—25b)

) J 2
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o -
il

r ‘4
& | 8inh BL Cosh BL-sin BL cos BL| 2M p2| Sinh®p Lisin-BL |
7 SR B - g K-l 37 e A

L SJ.nhPL - 8in jBL Sinhﬁ L-s:.nJBL

oo-ccoooo(_A—25C)
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APPINDIX B

Ultimate Lateral Resistance of Cohesive Soils
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APPENDIX C

Displacement Influence Factor for Horizontal and lMoment Loads
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AFPENDIX D

Cracking Characteristic and Position of a Long File



(B~-1}) Cracking in the front of the Pile

(B-2) Cracking in the Side of the Pile

Fig. D - Showing Cracking of Pile Ne. 5
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