CHAPTER IV

MEAN VALUE ITERATIONS OF NONEXPANSIVE
MAPPIEGS IN A BANACH SPACE
4ol Introduction., In this chapter we apply a mean value iterative
method to obtain a theorem on the determination of a fixed point of

1)/
a nonexpansive mepping of a Banach gp,aee.
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< We first give the

4s2 Definition, 4 suﬁée"o\ £ of é. vector space X is said to be
convex if whenever X5 xz € E, theq
x(t) =, # (l—t)xli By 0£¢41,

4«3 Definition, Aﬁ.@mm@js@ce;@‘@s said to be uniformly
{ gonvex provided for e;iﬁ?\i)rﬁ -there-"ﬁaﬁ-éé;onds a &(€)> 0
such that if Hxlf £ 1, Hyll £1, and Hx—yﬂ\ét , then
N3Gl € 1= 862) .

This definition is a geometric property of the unit sphere of
the space: if the midpoint of a line segment with the end points on
the surface of the sphere approaches the surface, then the end points

must come closer together,

We remark that Euclidean spaces of 21l dimensions and
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Hilberti spaces are all uniformly convex, This i‘olloﬁs , Tor example,
from the identity

besstl® et = 2004 #1502 )
which is known to be characteristic of such spaces. In fact, for
each &€, 0<§ £ 2, =l 4 1, Ml £1 and ux:-y" é_i , we see that

el = 2091 + JAP ) - Jerll®
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Thus ,, / 77
or "/ ;

il £a-8 0t

Let 8(6) =1~ (1 -£9%, . Then
3Gl 1 -8, :

———

F.E, Browder has proved that each nonexpansive mapping which
maps a closed bounded convex subset E of a uniformly convex Banach

space into itself hes a fixed point in E,

If such a mapping satisfies one additional requirement, we
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may approximate one of its fixed points using the mean value iterations,

bes  Definition. A mapping T:E — X of a subset E of a Banach space X

is said to be demicompact provided whenever {x,}CE is bounded

and {xn-Txn} converges then there is a subsequence {xnl) which converges.
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4e5 Theoren. Let X be a uniformly convex Banach space, & be a

closed bounded convex subset of X. If T is a nonexpansive mepping

of B into itself and if T is demicompact, then the iterative scheuc

(1) el = TVpos
(2) v, = =(xtex), n=1,2,300,
(3) vw = x€E
converges to a fixed point of T'
/ ///

To prove this theemm e ﬁﬁﬂ lemma,

Lo6 Lemma. Let X ﬁformly cemrex Banach space and let

%, v % X, Ifuxgéj,, élmux—yﬂ3t>o,then
I!tx+(1-t.)yll é 1 A zt(l-t)ﬁ(s

for 0 £t £ 1,

Ne—m—m—m—

(1 %) 2 0, Ve thexgﬁwe_“‘__--“ f71
o+ (1=t)y - = l2ted(xey) + (1-2t)y }i
£ 2t 3G+ (1-26) iyl
26(1 - $(£)) + (1-2t)
1 -2t §(8)
1 = 2t(1-t) & ()

Proof. We fi):siﬁ.&auma thet Q 1“ £ 4, But this mpllaﬂ

I~

It~ 1

since t+ 2 t(1-t)..

Next suppose that 12 t %, Then 2t-1 2 0,




Henece
Boxt(-t)yl] = N2(-t)ed(xty) + (2t-1)xH
£ 201-t) || 3yl (26-1)lxll
£ 21-t)(1- §(€)) + (2t-1)
= 1 - 2(1-t) 5(€)
£ 1 - 26(1-) S (€)
since (1-t) 2 t(1-t)., Therefore 7 3
llw(l-t)yﬂhé 1 42(1—1:)5(5)
tor04té1, _;/7/ ) ( N
N Q.E.D,

U

For each n, we have ,"'ji : 7'

L e

Vn+l @;—"ﬁfi’f’ ’
M ne -'l-’ml
n+l

Ve set ¢, = E%:I , n=1,2,3,4s0 o Then
(4) Vil = (1“"-"11)"11 *epglvy 5 0 =1,2,35000

If for some n, v, = Tv,, then clearly {v,} converges to vy.

Hence we may suppose that T‘vn # v, for each n.

From Browder's fixed point theorem, F(T), the set of fixed

point of T, is not empty. Let q denote any point of F(T).
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For any v, € E, we have

(5) I} e qu = “(J-"‘cn)vn * chvll o q“
! = (1-ep) (v -q) + en(Tvy-a)l}
& (l-cpllvy=all + c liTv ~ll .

~Since T is nonexpansive and ¢ is a fixed point of T, therefore
lTog-all = Novg-tall € fvg=all .
Substituting this last expressiom /i}/xto (5), we obtain

(6) Hvpsa - -»%*t £ llf”f —all.
//// | B\ &

¢ © Thos s’i«r -ql]} is nomnma k —
/ / \

7, i’ // AR 4 -
Furthermore, the ,B/eq‘u;an"ce iﬂv ~Tv "} is also noninerensing

// / |
ﬂ.-.'fl"'c, QV (4)’ /,/ / ‘;;. f-:'-,- ‘;}( Py
Y 4 X g

v, Vnﬁl s Gn' n~Vn

and since T is nonexpanisj;vE{ atflefeferﬂe

v, q-Tv +I]IT\ NGep)v, + ?% - Tyl
“(l-cn)(v ~Tv,) + (Tvy = Ty i
e llv-tv Ml +)iTv, - Tyl
(l"cax'vn"Tvn" *llvn = n+l"
cl"cn)”vn". n” + °r“'-h’n‘vn"
v, - Tv |} «

il | N |

We want to show that ii.gl!}jl‘vn-vnﬂ =.0. Suppose {an-Tvnll} :

does not converge to O. _‘I‘hari, by Theorem 1,5, there is an £>0 such

that |lv,-Tv_ || ® € for all n,

b
e




,ﬁ'"i': 4 = pdu g N T A = b lome < .
" e 4 = v] s - 'I:.‘ l‘_‘ »» F -'\-l—:_-—l V(ST e Ay #
Also siace

Nvy-Tv Il = =)= (Tvp=alll £ 2lv=all
we may assumc that there is an a> 0 such that |Jv,-all ® a for all n,

Since
Il(l"'cn)'vn * GnTVn- 5, ':1"

an+1'qH =
' |I(1-en)(vn—q) + e (Tv-a)ll

1l

‘tm | /% : T"n"q ']

(7) _aall = @ hag)) S o,
fv 1"‘1| ” // ”tﬁ_{cmv ||vn-q||
/

Now

(v,-a) AJEETv -q) t}
IRt N e vl ‘
Tvn-q - S S ool A _,___§_____ N 3 T £ S o,
Nvp=all  fvg=allli " Wva=alt 2 [[Vaa-all llvy=all
e b,;__;g
Let b = 28 ( —&— )./ The Lemma 4.6 and (7), gives
lvl-q"

Wvgay=atl £ llvg=all cmnu-cn)n)
“‘" v=alf = lJvy-all e (1-cp)b
N “vn—l-q" e “ -l"'q“ n—l(l"cn-l)b
~ v =al} e, (=c, )b _

£ vy gl = 1wl [ 053 @-opp) + 02-s)] »

since 1A -q“ 'vn!_l—q]f.
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By induction we have

2 ” +3_'q" = lvy=ql) - ||vn-<1II o Z“k(l""k) .

Therefore

a(l #'Y ick(l-ck)) Ifoy=all .

This gives a contradiction since the series on the left diverges.
Therefore N /// 7

/// T
By the hypothesiml‘? mcmpao‘b, ‘then there exists a
subsequence {vn } of {ﬁ- } wlﬁ,qh"i’s convargent.

Suppose that 1lim ﬁk ? "~,v‘*!
k3> R
Since T is a nonexpans‘ﬁ\eﬁﬁa”ﬁffng, T is continuous and (I-T)
D/ \Z)
is also continuous, Them— —  — — %f/

140 (f%\—'rm)p °]

But lim (I—T)v = 0. Therefore
n —>eo
(I-T)p =0

i.Cey p is a fixed point of T,
It follows from (5) and (6) that {ﬂvn—p“} is nonincreasing,
The conditions lim v, ny = P and {[[wn-pﬂ}wlrin n yield lia v,

koo n-ye

Q.E.D.
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We note that BN is a uniformly convex Banach space and svery
closed and bounded subset I of RN is compact. The following corollary,
which the demicompactness of T is relaxed, is a consequcnce of the G

Theorem 4.5 »

4«7 Corollary, Let E be a compact convex subsct of 'IRN, and let T
be a nonexpansive mapping which maps E into itself. Then the

iterative scheme (1)=(3) of Theorém/g /5 converges to a fixed point

\f', //
Of T- s )

o T
)
m + Ve can sce in /'thé m.ffzof of 'I'heorem 4e5 that

(1) 1h /(Iv -Tv []" =0
n"am B

N
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and, for any q€ F(1), /- '
(ii) {”v -q]l}ia mixm’reasing.

Since E is compae'b\and {v—ﬁ E, pqnee there is a subsequence

of {vn} { nl} SaYs wh:.ch is convergent. Suppose that lim v, = p.
koo K

Since T is a nonexpansive napping, T is continuous and (I-T)
is also continuous, Therefore

lim (I-T = (I-T)p.
- é )vnk (I-T)p

This last expression, along with (i), gives
(I-T)p = 0, or Tp = p.
It follows -:E‘rom (ii) that {nvn-pu}ia nonincreasing.
The conditions lim vnk= p and {"vn-p||}¢ in n yield lim v, = p,
no® :

kaw :
Q.EUDC
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