CHAPTER II
A THEOREM ON MEAN VALUE ITERATIONS

21; Introduction. In this chapter we consider a mapping T which
continuously.maps the closed interval E = [O,l} into itself, Ve
prove that a certain mean valué iterative scheme always converges
to a fixed point of T on E, This result was proved in {7:1, where
T was required to have a unique fixed point in the interval., In
this chapter we show that this restriction is unnecessary,

convergence is proved by considering only the‘continuity of

T: E —>E,

2e2 A convergent iterative scheme, A well-known theorem of
Brouwer asserts: Every continuous mapping T maps the closed N-cell
(= N-disk) into itself has at least one'fixed point, i.e., a point
p such that Tp = p,
Consider a mapping T with the following properties,
(1) T is continuous on E = [O,l} i
(ii) T maps E into itself,
From Brouwer's fixed point theorem, T has at least one fixed point
on this interval. We will now show that_the iterative scheme
(1) %= Ty (2) v= Z(@p*eeet®y)s 1 = 1,2,350005 (3) 1= %, € E = f0,1]

converges to a fixed point of T,.
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233 .. iheorem, Let T be the closed unit interval and let T:E—> 5

be continuous, Then the iterative scheme

(1) 4 xn+1 = Tvni
(2) v, = % (% +ebs * %))y n=1, 2y 35040y
(3) .- Y. 5 xl€ B

converges to a fixed point of T on E,

Before proving the cbove theorem, we establish the following
i L ]

1
theoren,

2¢4  Theorem, If either of the sequences {xn} and { Vn} converges,
then the other also converges to the same point, and their common

limit is a fixed point of T,

To prove this theorem we need a lemma,
2+5 Lemma, If %X, ~~3 p, and if
Vn = % (xl"'-a'a"'xn)g

then V=3 De

Proof, We have at once
= ok
B Nt {_(xl—p) + (Xp=p) *aeet (xn—p)) .
Since every convergent sequence is bounded, the sequence X,=p —~> 0,
and so, is bounded, Hence therc exists X such that Ixn—pi< K

for all n, and for any given £> C there exists N such that

]xn—-pI( ¢ when n 2N,

1
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faks & definite such value of ¥ (1) and Iet & = N, Then

fv~ pl(._@i_]:)-lg— + Jﬁ%ﬁi

C (N-1)K 4 1
i Pl

But N, K are fixed, and we can makeithe first term of the last
_‘expression less than ¢ by taking n> 2(N-1)Ke~L, Hence for any
given £>0, there exists N, Ny = max i N, [2(N"1)KE_1 +l]} ’
such that |v = p|<€ whenn 2 N+ Thercfore v, a—3> De

Q.E.D.

Proof. ( of Theorem 2.4) - Let lim x, = p. Then by Lemma 2.5,
: N-»00

lim v, = p. Since T is continuous, lim Tv, = Tps But Tv, = Xp.,
n-<0 n-=00

so that Tp = p.

If now we assume that 1lim v, = d, then 1lim x 49 = Tq and by

3% n—ng
Lemma 2.5, lim v, = Tqe. Hence, Tq = q.
n=»
Q-E.D.

Proof. ( of Theorem 2,3) We first show that vné. E by
induction on n,. Since v{= x; € E, we have finished the first step.

Assume the statement holds for lesser values of n, Then

Vn = (xl+x2+o . C+:le)

((n=1)(X3*eae*xp.q) + Tvp )

((n=1)v, 5 + Tv,_q )

S1E B Bl

il

(l—%)v +%Tvn«l€ B .
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by incl.lct;'l.on hypothesis, ( Recall that if x,, X, are points in R
then the point
x(t) = tx, + (1~t)x; , 0%+% £1,
lies on the straight line segment joining xy and x, with x(0) = X7
%(1) = xz.)
Hence by induction, v, € i for all positive integral values of n,
Moreover, for each n, we have

Tv -V

€ a [
(4) T A — oy —

Since both v, and Tvn are in £y we obtain

(5) Tvﬂ"'l = Vn’ é "1:‘]':1 VRN 1 ,2532a08 @

This means the step size becomes arbitrarily small as n increases,

The proof can now be accomplished in two steps.

. Ve first show that { vn} converges, The sequence {-vn' }
is contoined in E, a compact set, so it has at least one cluster
point, by Theorem 1.13. We will prove that {vn} converges

to & unique cluster point,

Assume, on the contrary, that p; and p, are two distinet

cluster points of {Vn} and pl< Poe

a) Ve will show that a consequence of this assumption is that

Tx = x for every X in (Pppz)'
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Suppose there exists x* € (pl,pz) such that Tx* # x¥*, Then -

elther Tx* > x* or Tx*< x¥,

We assert that if Tx* > x*, then therec is a § € (O,(}'c*—pl)/z)
such that Tx >x for all x satisfying | x-x%¥|< §.
T’p prove this assertion, consider the function
glx) = T - 2,
Since Tx* >>x*, therefore
glx*) = Ix¥=xt> 0,
Let 0 < E/< g(x*), Since x*>» Pys 2 n].unber E#can be chosen such that
¢/ min {(x*-pl)/2, E//Z} .
Since T is continuous, ‘there exists a §> 0, 54 E// say, such that
|Tx - Tx*|< ¢’ whenever |x=x¥{{ § o+ Now
lg(x) - g(x*)] = [ Tx = x - Tx* + x*‘i:‘
. é-iTX—.TX*"*"\X*—}:‘
e+ |
E fE s AR,
Consequently
g(x) > gx*) -£"> 0.
That is
Tx - x>0, or Tx> x,
vhenever | x - x*|< § and

8 E (O, (Xﬁ—Pl)/z) .



ThGh’ tr (4) 4

_ TR :
Vg Yy 1 5 - ¢

when |v - x*|L 8o i
I.e. 9 -
(6) _ Ivn - x*|< 8 iuplies Vsl > Vp 5
£ '."
Now (5) implies there is a number H}O such that e
(7) Vol ~ ggs F"'l’ ¢ 3 e
< Let 0<¢ < p, - /% te tha'b pz\;x* Since p, is a cluster
i ' ~S t s
point of {v'n} ! numper/ chosen such. that N » M <
Iy mles s
A "ty
(8) 3 N )‘ Pé("" ,f{} f:/ ' '
We now shov by inductinu: tm\n‘that if vN)-x*, then Vigsn > x¥
for all poai‘hi\?e inte@m e ’ :'/ 3
r SR e
& 155 F om (8), it follows that either v, <x*+6 or vy X x*+ 8§,
If vy € x*+6 , then |
Ly - 1< 6 S 8
and then, by (6), : :‘__.
Vg1 > Ty 2 e B -
vall"):x* +& , then _
e B N g g -
X 51 >y é 2 g
since |w . = vyl &5 by (7). : % “ 5!

Thus, we have finished the first stepe




Assume the statement holds for n = ky, k a positive integer,

i.e, assume that Viy+k > X*e We want to show that it is true for n = k+iq,. >

By assumption, we see that either x* VNI+k L x¥+ 8 or

Vig+k é x_*d-s.

If x*<& AL 6 , then

: | e =3 6
s SN
vN+lr+l +k %}S\t’
B N ¥
If v N+k.— N
> xi

since lVN+k+l = Vig+k K/g /, 5?‘ {Q) p

Hence by induction, ﬁ e 'a'; .

of n, Therefore W Ry 2
e

is0ey

- p1>& 3 n= -N+1,N‘+2',-t.’
which means P; is not a cluster point of { } » contrary to our
assumption,

If Tx* < x*, similar reasoning contradicts the assumption that
P2 is a cluster point. Therefore Tx* = x* for all x* € (p1spy).
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b) We will now show that p; and p, are not both cluster points,

Observe that
since if there exists Vno.ﬁ.(Pl:Pz) then by (a),we have just proved,
Tv = v,
bg Ho

and then, by (4),

n ng, 77
S ¥
LA ///

~

s - ¢ =
Now let € < T = pl\imji;E QP@“& then

Yy = Py or allm}mb y 1
/ //, // hac P <
~ ENQ1 %!

pz NV ?/S/ / fﬁf“"élﬂl o> noo

1-~L‘\>~/

our assunption, ‘*rzm::

NV &)
e

By assumption p%
a number M such that L(s. .

It follows from (9) that either Vi Pl or VM Poe

R -

We again prove by induction on n that if Vi 2 Py then

Veitn 3 Py for all positive integers n,

For n = l- we have, by (5),

29 -
|1~1+1""'Ml iy ;.5%5‘_‘<%&<E

i

thus b

Vi > i =€ TPy - #pp - py) = Hogtpy) » Fpyty) = g LA



Since v‘M.;.l ¢ (P13 p2) 3 by' (9) 3 ‘bheref ore

Yisg 2 Por
Hence, we have finished the first step.

Assume the statement holds for n = k, i,e., Viitke = Pye Ve
want to show that it is true for n = k+i,
By (5),

'VM+L;+1" -VH+k‘ é '

\\:>

and by induction hypo@s; w EEEI/
Vigricr1 > Vit /-// ﬁpg %(pz-pl) > ppe

‘ Since Vidtk+1 f (pl,p} s /byr ,gQJ‘Q ftherefore

Hence by induction, 'VM_'_n = p, ;nﬂl positive integral value$ of n,

Ioeo’ R 7 E vf

' ;@}\ﬁM

Therefore
v =Py dpy=p; =26 BE  for all n Xy,
and py is not a cluster point,

Similerly, if wy< p; then v, £ pj< p, for all n > ¥ and Py

is not a cluster point,

Either way, {v,} cannot have two distinct cluster points.

Therefore { } comrerges to its unique cluster po:n.n‘b Pe

T T s ) T o 25 N S, AT i L 4
. P r b " . - - el ~ A o _ 4




The point p is also a limit of { } by Theorem 1,14,
To finish the proof we have to show that p is a fixed point of T,

2. To show that p is a fixed point of T,i,e. to show Tp = p,

assume Tp > ps Let € = H(Tp - p) > 0. Consider the function

g(x) = Tx - x,
Since T is continuous, g is also continuous and

glp) =Tp é-//
Since v, 3 p, therefore, /y//he( coﬁi‘m‘? of g,

,9"9 g(p).
Then there is a number If ) 0 such /'bhat

I g(vﬁ) - g(pﬁ < &
when n= N, Consequently — ". g
8(vy) > e(p) 2 (Tp ) = #(Tp - p) =} - p) =&,

s : -u. 5./ N
ie00) vh> & ffj.ll/h .
By (4) %
-
L S R ¢ for all n > N,
® B n+l n+l :
Therefore
H4m-1
T ﬁ?s’n(vnﬂ
A Mm-l ¢ : :
= n§='; = PO 05 M ==y O

Therefore v, —> 09, contradicting the fact that v {[0,1] for all n,

Simjlarly,assuming Tp < p implies v, —> -¢0 , Therefore Tp = p.
Q.B.D,
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