CHAPTER IT
ANALYTICAL CALCULATION

The magnetic field

The first of the calculations presented in this chapter
is an attempt to calculate the magnetic field (1l.3.2) at a fixed
point due to a moving charge in the neighbourhood of the paint
by assuming Feynman's formula for the electric field (le.3.1)
and the Lorentz transformation as axioms.

The work is divided into steps as follows
Step 1. Let the motion of the source be given in S, Let there
be a test particle at P at t = O moving with velocity v in the

/ ¢
x-direction. Then the tcst particle is at rest in § at P at
!

t = Oa
The motion of the source is given in S as x = ‘g(t),
/
y =‘fl(t), z = LS(t)

(‘f,ql,‘f’ are given, hence the position, the velocity and the

acceleration are given)
{
Step 2 Calculate the motion of the source in S using the

Lorentz transformation.

Step 3 Calculate the electric field on the test particle in
] * /
S , using Feynman'!s law in S .

/

Step 4 Calculate the acceleration of the test particle in S

by using Newton's Law of motion.
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Step 5 Calculate Lheacceleratlon of the test partlcle in S,
by the Lorentz transformation.
Step 6 Calculate the force on the test particle in S, using

the relativistic law of motion. This is the Lorentz force in S.
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Step 7 Calculate the electric field on the test particle in
S, using Feynman's formula in S,

Step 8 Substract the electric field in S from the Lorentz's
force in S, The difference is the force due to the magnetic
field alone in S.

Step 9 Calculate the magnetic field at the origin in S.

Analytical Treatment

Let us consider a test particle and a charge q, both
moving with arbitrary velocity in space.

Let S be a frame of reference such that the test
particle moves along the x-axis, and at t = O the test particle
has velocity v at the origin.

Let 5 be the frame of reference in which the test
particle is at rest at the origin at time f =« t=0 (at time

/

t =t =0 the two origins concide)

f 3
That is § has velocity v relative to S.
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Figure 2.1 A charge q moving Figure 2.2 The charge q moving

!
in the S frame, in the S frame

Step 1 Let the motion of the source q be given in S, as

x = %(t), ¥ = M8y = o= \j'(t),

where ff, Yl ; :f are given.  Hence the position, velocity

and acceleration of the source are known :

SO, e, T

—

the position r

1}

(XQY!Z)

(x5 ¥°y 273+ .
(_;)(t), 1?_(*5), 5 (t))
(u%; u;: u;)z(its i.l é.)
(% (¢ ; '.(t 5 '.t

‘5( ) ”l ) :j( ))

/
Step 2 To calculate the motion of the source in S, using the

the velocity u = (ux,uy,uz)

i

the acceleration a = (ax,ay,az)

Lorentz's transformation.

..A’ I !
Let the charge q have velocity u = (u,, L

d -.3.; Fi i ! 'Y o / . i
acceleration a’ = (ax, ay, az) = (ux, Gy ﬁz) relative to S.

The Lorentz's transformation is

'l
s uz) and
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' / /
x = T(x-=-vt),y = y, 2 = z,
1
where T =
v
1= =
c

By differentiating the first three equations

/

=T (t -

at

respect to t and substituting the value of —,

']
the velocity of the source in S as

VZ
u 1 - =
J B R~ ¥ u, 3 ¥y CZ
= ' = ]
* uxv J uxv
1 - —> 1 /= '*E
c c
- dx ’ - !
where u = X & == 4 =) X
dt X
. dy 4 - /
u = = —_— u —
v J - 1 ¥ J
P dz ' r
u — A — —_ y 1 . A
Z at Z

The reciprocal equations corresponding

7 2
’ v
u+ v uo ¥y = -2
x J c
P '
Sl

-

u = 1 u =
;
+* uxv M u v
1
L+ 75 1 + >
c o]

dt

to (2.2)

—_

u =
2

LN

(2.1)

of (2,1) with

y we obtain

are

vee(2e2)

Cl.(2.3)

F
Then by differentiating (2.2) with respect to t, we obtain the

'
acceleration in S :
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. 1 at 0.8 +-2 x
dt dt 1 . X c
2
c
uv u v
1- E)Su-v-@-via.=x)
X X 2
c at dt c v ¢/
i 3“(1+—2u )
uv o =
(1 % ) :
= 2
c
u_v
(1~ ‘*—a)ax (u_=- v) o { u - v
c c Tl o ¥ x
P 2 2 u_v
Wy | R c X
(1- X ) L =i =2
c2 c
LT Y SR
a 1 = o/ Al = N ¢ .
x[ CE 02 c} X nluuxv+xu_22|
S T T e
(*-Emmm " - 2
> 2
" c
v
ax(l = ;2) =
o ?(1"“2)
u_ v\ c
(1_ x_)
2
C
u_v -3 V2 ‘3/2
(l - _‘) (l - '—2) ax .o.o.-ol(z.q')
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d . v
y."', = = lf(l"""‘ u)
dt dt dt eV c"2
L& =3
c
u v 2 i 2 u v
du ¥ od
(1 - =) — 1l g U ]l = (1 = =)
2" at S c® dt o
w7
(1- =)
c
u - v
e "2 u v
¢ .
2
c
u.v [ 2 v-év v2
(1 - )Vl-—-.a+u L = = w8 Bl = =)
02 cZ 02 ch 02
u v u v
(l-“zsé)z (.‘L--**"'—2
c : ¢
| D = = WY 2 2
(1 - IR = )t 5. (1 - —£) & WA, I
02 02 N yCE 02 c2 Pt
2 aoo-(205)
1 u TP /
“GHULALONGKGRN BNIVERSAY { | #1 + I, e
at  at at | 1-u e
uxv 2 72 -
(L = =3) 1l = =, e a+u [l-=, =&, v
- 2 z 2 x T -y
UV2 uv
(1~ (1 s ~25)
c c
UV, =2 W v FaeT = v
(1 - *-:2—) (1--2) a + u, -2(1- 2) (1--2) a,
c c c c

siswn el 2e)
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The reciprocal equation corresponding to (2.,4), (2.5) and (2.6)

are
'
RV o3 2 3/2
X v
ax =3 (l + “c_a) (l - ;‘2) a.x fosceen (2.7)
! / 5
u v @D / 3 u.v .-3 ¥
X v v X v
ay = (1 + :‘2) (1 - ;2) a.y - lly "c"‘,(l + ca) (1 - ;2) ax.-.(Z.B)
’ /
u_v o 2 u v 2
X =8 v / Y4 X =3 v /
a-z - (l + 2) (l 5 "‘2) a-z"" uz "'2(1 + 2) (1 - "2) ax 0-00(2.9)
C c c Cc c

Which are obtained by differentiating equation (2.3) with
respect to t.

Step 3 To calculate the electric field on the test particle

r

{
in 8 using Feynman's formula in S

4
Figure 2,3 Retarded position of source in § frame.

F
The Feynman equation for the electric field at the origin in S

is given by

- ‘
== e T e 2
d —_
E = = q [ Tg -+ —-R —y ( '-R ) ok -1-0 -d— (e’ 9 00.969(2.10)
r
R
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where e% = the unit vector from the position F where E is
measured,
/ the distance from P to the retarded position in

o
=}
e
3
)

s P2 12 i 2
the 8 frame = VxR + ¥y * ZR .

We may write equation (2.10) as

= ’ y i
o~ rn r a r d2 r
E = =q -. 3 -+ --R =Y ( _"RB) + EZ —'",2 ( "}2 ) ....(2-11)
T c dt r c dt r
R R R
The equations for the components are : 005 17
[ F £ 5 !
o Xp % /3 At S KR)
Eema e TR S, ( 2 e
r c dt r "o il & - r
R R R
~ 4 I ! 2 !
‘ Y. X - N
Bosea oy SRR L (B 23
r C. . d+t T c dt
. R R R
m oz If Z’ 2’-,
y R R d R s R
By = ™G f ™ B = =3 ( _’3) A s L ) ssrab2elt)
r <, adE et r
L R R R

Step. 4 To calculate the acceleration of the test particle

/
in 8 by Newton's law of motion
/
At time t = t = 0 the test particle is at the origin

~

of both systems 3 and Sf

117b7b2©
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Since at time t = t = 0, the test particle has zero

/
velocity in S.

By the relativistic form of Newton second law of motion

7
in S frame we have

ey e =3 =
F = . 7 2 ™) ap = mo &p
%._ (velocity of the particle in S )
2
c
e e
But by Coulomb's law F = dq E
= ql -3
Therefore a = — E , and together with equation
p m &
0
(2.11), we get
2 4 - 2 i
- =98  *n 'R a ( ) )+ L & rR) )
ap - = .-.” 3 + ; —-‘ ---"3 “+ -—2 —;2 ;f ...9(2-15
o | re dt “rp e dt R
Written in component form this is
= t x! 2 /
/ 0 ] 2y 'R a R 1 d 0
ap = I-l"l'_ -"’3 - ; 'gt‘ ( -"3) i —2 Et.r 2 ( - ) ,000(2.16)
o4 o {7rp ro c R
- J / / 2 / ~
/ "R . e %R 1 4 R
& = E&z i S - ;tf( --'3)+ 2 dt"a ( / ) »++(2.17)
N | Tp ro c ra [
’ I fl 2 / -
- q.Q z T z
; 1 d d
ap = E_- -J'R.B + ...R T ( ‘—..'RB ) -+ Ea =y 2 ( -‘? ) no.(eolg)
z o | r ¢ 4% " »r ¢~ dt r ‘
R R R
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Step 5 To calculate the acceleration of the test particle in

Sy by the Lorentz transformation.

/
/
Since at t = t = 0, the test particle is at rest in S,

and has velocity v along x~axis in S, we have

v = V.4 V = 0, v 0,

X

/ / /
Ve = 0, v = 0 , Y

]

0.

We may use the transformation equations (2,7), (2.8)

and (2,9) for the acceleration to obtain

TV 2/ 3/2
a = (L4 =) 3(1 L/ ) al
p 2 2 p
b G c v

!

= L o o
2
) (xR - §;2+ 5;2 3/2
2 ' =
(xR + yR / a E *R l-.
- ! / 12.3/2
. dt 1(xR2+ 72 a2 5
2 d xi
§ @:= 0 8 l
-+ --2 _._"‘2 ¢ .,2 !2 !2 1/2; 1 ...e--.(2-19)
c” 4t l (xR * To B )
;xv v2 , J v;v 2
a = (1 =+ =% MY - -5) B =¥ = (1a .- (1 = - ) a
py c c Yy y c c c
i
IR

2 [=q.q
v L
it Ll oy nevs ey £
ﬁ+yR+zR
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‘ / ;
(x_“+ yR2+ z 2)1’/2 d [ IR ’
PR B = 1B, 22 )2)3/2
" Xp + ¥p + Zp
) / 1
2 [ Y ¢
i d. ! R 1
+ —2 “_.fa ] ;2 }2 fz 1/21 ----.(2.20)
¢ at (xR + Tp + Zp )
vy 2 P / f i 2,
a = (1 # "}E‘a) 3'(1 - 32) ap - Vz 22(1 + Y'_; ) 3(1 - Ea)a
Py c c 7, a c c x
v 1
= (1 - "'2)( m ){' / 2 IND '.2 3/2
c o (xR | Fp )
(££2+ j£2+ 552)1/2 d J “R L
+ Bl |\ L2, s2 2,372
, o5, | B2 52, £ B/2)
2 /
+ 1 4.8 f —Z2p ] o ssni§2 I
¢~ dat l( L2, f2+ E. 2)1/2)
e i

The Relation between 4 and 4
dtp dt

Consider a light signal from g, emitted at retarded

time ¢t reaching P at time t in S.

R‘
The motion of the charge q is specified by -?R and tR.
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Figure 2.4 TRetarded Position of source in § frame,

-—

Suppose ro is given as a function of tp thus

-;R & /%(tR) \

and Xp = ' W?(tn) '

=
¥r £ ‘f’t(tR) ’
ZR - \j'(tR) 7
Ve have
*f; X 2
P 5(tR) o :[(tR) 4 f(tR) = e(t - tple.i(2.22)

This is the equation for calculating t for given value of Xps

Ips Zp and tR'

Squaring equation (2.22) we have
i ) -+ 2 )2
k§(1:R) + -z(tR + }‘(tR) = (s by
)

and by differentiating we obtain
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2§ (tp) € (k) atp aQ(tR) V) (tg) dtg+ 2f(tR)f’(tR) dty
J 5 -
= 267 (£ - tp)(at - atp)

which gives

5 eg) ¥lh) + (k) g+ fep) S

dt = 1 + 2(t t ) dtR--Q(E-ZB)
¢ = g
where \%(t ) = D (t) =
¢ R - ? R - R y
J at X
R
Y'L(tR) = -(-3- ’q(tR) = Up s
5 AN v
R
o) - /8 Le NN
Tyl - @ g R,
: at Z
R
We may write equation (2.23) in short notation as
- —
re
at = { 14 R } dty ewasamsns o (Raal)
cry
or, in another form
g.'_. -— "._11 ..s.".-c}- —_ l i
at TR* YR Gt *R'r_* YRUYR_* ZRYR_ at
1l 4+ R X y % R
°rp k® T o
c L Xp*+ ¥p + 2

d
We also obtain in a similar fashion the relation between Sy
' dt

and ‘i, as follows :

dtR
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c(£22+ f LA 2)1/2
_g = R X _d'.“; --.....(2.25)
' F 2 fo raufe i t s F 1 at
dt c(xR + IR + Zp XpUp + Ypup + Zpup R
x y z

Since Xpy Ypi Zp and tR are the coordinates and time in the S
frame, we obtain by the Lorentz transformation the corresponding

quanlities in S as

! d / \

- fe (xp= vtp) 4 ¥p = ¥pv Zp = Zp : |
®oeoceo e 0 o oe 2.26
/ g v - 1
tR = -(tR- ;2 xR) where 1 = F‘===::2
U B =5
c

Substituting (2.25) into (2.19), (2.20) and (2.21) respectively

we have
f
- 2 X
a. = b s (1 - T y3/2 "R
P i = c2 (r 5 ) A J 2)3/2
: o s Wit/ gl
{2 2 /2 ’ 2
ol el
+ =
at /
: WANNIUIPUN 1AM VAY -+ . 2 12 12.%02
(%, ° vz
S R T M xRuR;yRuR;zRuRz Xp ¥, *Zp )
4 2 Vd I / 7
(XR_ + yR2 + sz) 2 5 xR
® ] (2 + a2 r b r:2—’2‘¢ : 7
’ at 2.2 2. v 2.3/ |
Hc(xR +¥p +2p ) g xRuR;yRuR;zRuRj} R [(xR +¥g tZg ) )
! l\-ul.°(2.27)
- a59 2 YR
a = i (T .= 32} R =
y @ ¢ (xR + yR * ZR ) 3/2



! 2 / 2 d 2 P y
(xR £ 7n * zR ) i/ ! R 1
&
N2 p a8 ph Lot e g AR i / /
c(x +¥p +Zp ) / +3,:'Rv.1R+zR R, R (,CRZ.,.yRa.,.z’ 2)3/2J
Y

£g AP ‘ "’
xn ¥tz ) a* 5 Ir ]
T 2D 2, »a 1/2 2 at? fed 2.0 2 72 1/2il
\c(xR +¥p + Y xRu +3rRuR+zRuR H R (x.R +¥n +zR
X

s v K2 2B )

’

zZ

a = s l - = , /
P 2 2.3/2
z m c (x_R =Y + % )
/
12/ Y 2HhIRg |
(xp 7+ yR + zp) .‘l Zp )
* ( P D 2 ‘ L ¥ ( ’ xg 3/2‘
e XR +yR tog ¢ KR“R+VR“R;“R“R “R *yn
1 2 _ABINRD ;
(xR Y ey ) a2 .
+ . = R
¢ t ‘.
[ ( (a3 ¥a 32)1/2 N | 12 dt, ( r3 r2 ;2)1/2
f Xp +¥p *Zp + Xpup +yRu +zRuR H Xp +¥p *2g
F 4 _Gepoanncatag)
Consider the expremsion < xR and
P I dt; (i 2 32+ 212)3/2 J
, R TR %R
a "R

; in equation (2,27), and put r for
at_ 2 L2, g2, tasi/e
R R T ,

18 Jeae
xR % Ty Sy .

Then
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a | R

dtR[(xR *VR

g f[*r 13 ts r3 3rs
N 2 3/2} " %xR(xR + ¥p + %p )

=

fotp 13 ra-se
RixR +¥p *+2Zp )

7 AC ¢ P 12-5/2 (I

3 /! rd
z XR(xR +¥p +Zp ) CBKRUP; 2yRuRy

| 2

(AR [

| d il / [ 1
= 2 2 t2.-1/2
! ' ; 2.1/2 i : :
dtR (xR +¥p +z£ )1/ } R { *r (XR t Ig T8y ) J

I
e
o+

+ f2 I
uR (XR +yR2+£Ra)
%

RN o

3
REORN ra;z"é F £ ik T
- sXplxg +yp +2p") “(2xqup+2ypup+2zoug )
x R z
1

Ll et I 42D
= qu(xR +¥p +2p )

,2"'"2'{; ¥ ¢ '
xR(x. +YR +2p ) (xRuR+yRuR+zRuP )
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2
dtR

{(£R2

X

1

Y

)
+¥

R

R

R %f
+£ 2)1/

2l

a !
o ! 2 r 2 fF2.=1/2
d{ { (x + YR % z ) /
R
la s T3 Y L ]
--x (x.R +¥p +zR) (xRuR+yRuR +zuz)}}
SRS TN N
(xR ¥ Ty ¥ Gy )
x
NP - T2 P
-Equ(xR +¥p +z (ZxRuR+2yRu ;ZzRuR )
_5/ P 1 7 £ 2
-3x (xR +3R +2 ) ( +:rRuR+zR R, )
fo(f ! "'-(!.f 12+ 2+u12
RIVXR *Vp *+ % aR+uR YR%R R
y J
& f ,‘2)
+ 2 -
RaRz “Rz
;2;2511 rE oy A |
(xR +¥p +2p ) (xRuR+yRuR;zRuR )
/ )_l 4 4 A ro?
ap Ty - up Tp (xRuR+yRuR+ZR R, )
4 X Y

/ A 2

-5
+ Bx o (x u + yR r * 7RV )

¥
& &)
- Xpro (uR +uR +u
X g

’

! _3( £/
- qurR x_R‘I.I +YR

y Z

7 I R (- L

2+xRa +yRaR+zRaR )
3

/ /

R +zRuR )
i



Substitute these expressions into (2.27)

2 /
-q, 4 v° x
1 R
a, s —@-8)° | F
m, e rp }
! 2 ( y
h i By 3xR(x
* [ r ! f g PR -}_3- 7-5
cr +xRuR +¥ Ry RuRz er 5

I
L2
X 5 | R,
v T e ¢ ’ = ;3
(ch+xRuR +yguny+zRuRz) l T ro
’ 2 F 177 ¢/ Ir 2 ( &Y 12
BxR(xRuR +Y ¥ Hoplp ) xR qu+u Y+u +xRaR+yRaR +zRaR
+ —
/5 ’3
R TR
) (; 1/ . ! )
) R *YR R *ZR“R *
- y .--(2-27)
4 3
R
" / ‘ ’ a 7 / a ¢
where a_ = =~ u By i o 1o 1R . & .0
R YN Y R 1R er R R
X dtR X Yy dtR v Z dtR z
!
Consider the expressions 9, 'R \ and
gt lie 2:d 2 2)3/2}
!2 R ( x +yR +ZR
2 'R (2.28)
3.2 in ti 262
at. 2 1 ( 4y 2+£ 2)1/2 S e |
R *r IR
We have
a g 12 1 2,73/2 )

d I ’

} & = y (xR + Fu + Zn )
13,59 e e 3/2\ / { R R R

atp {(xp "4y +2°) dty |
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f /!
R2+Y92*532 1/2)

n

!
|
YR(XR g *+

!

IR
2 12 12 I/ZT
xR +¥p +2p )

!
X

(x Sry_ 24
R Un Top

ry
yR("R YR *2R

Lg fd™

)
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YA | 1 9 £
ZxRuRtZyRuRy+2zRuRz)

y
3
R

d ra

e xR+yR+zR

/

F2 ;2
(xR ¥R +2g

2 ’2

! bg—b
)

R (xR +¥g +2

{2

I ! 2
- up (xR +yR +Zp

b

2

) T2

R

) ‘l !
+ 3 yR(xR2+yR2

P g ra
- Vpxg +yp T+

! g

1

) a

[ 2y72

*2)-1/2

¢ ! i i [

(xRuR +pup +Zplp )

~1/2

’ £ !

p 1]
(x +Y U +Z )
Rqu R'Ry RuRz

e _3/2 l 4o

+Z

f;?_)

R

(xRuR+yRuR;zRuR

3
fa." !2
(xRa +uR +yRaR+uR
y ¥

/

; : 0 N Nt A ’ & 7
uRy(xR +Yr *2p ) (xRqu+yRuRy+zRuRz)

)2
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I }'_1 / ! f

B -3 / [ toy
= ap rp T-up ro “(xpUp +ypup +zpup )
¥ y X y z

31_5.«: ro 31)2
+ 3¥pTR (xRqu+yRuRy+zRuRz

¥ ’ / P L]

CRPHCN B )
.- erR R -|-'l.LR +uR +xRa_R+yRaR +ZRE.R
y z 2 1 z

~

t !

-3( y L F F )
= YuFp ) Y Y *YpYR *ZpY%:
y x ¥y z

Substitute these expressions into (2.28) : o ,J\\<'?%
-4, q 2 Y,
Y mo c rR
2
r
+ / . /! :R.r ! r *
CTp+Xpup +¥puy +zoU,
x v z
i ’ f 7 A A
4 & [ uy (xpupy +ply, +apun )
R R e A M X ¥ z
( ! I § % U )2 / /3
ch+xRqu+yRuRy+zRuRZ Py re

[ £ / /

/ / 2 4 2 2 &
ByR(xRuR +¥pug *+Zpln ) yR(uR Hup HUL HNpaAn FYp8p +zpln
_ x y x Z x y z

il % ¥
35 rJB
rR R
! L 4 ; f PRl .
up (xgup +ypip + zpup ) *
= y X y z TSP RIS - P8 . |
“3

TR



28

i - ~

z
Consider the expressions Q7 1 % EWE 3/2} and
(" YR *ER
/
2 “R
a - in equation (2.29)
LR f2l/2

P2 ]
dtR (xg +yR +2p

We have
/
7
a R 4 2 g fa-3/21
"2 5 12 )/2‘ —&-—g 3R(xR }'R + ZR ) }
xR +¥p *+2p R
5 BRI 2 =3/2
= uRz Xp +¥p *2Zp )
i ,
/ 12 ;2 ‘r2 2 i I f ‘ i
- EzR(xR +¥p ¥Zp ) (xRuR ¥ty +Euto ) %
x y z
3 _
d R d 2 2 /7 2.=1/2
At VLo 2, :2 L@] %0 tzcxn+ +zp )
dty (xR +yg + ) dt,
T oWl 3. o1 /2
= up (xR2+ ) 1/
i -
- z ( +y 2( +y +2. )
xn R R xq“R R'Ry R“R ’
2
2 z
R { / / o
Eq 5 ap (xR2+ yR2+ QRE) 1/2
at / 12 12 1/2 %
(
R ((xp +yR Zp
R, g ‘2) 2
xR x uR *YR“R +z “Rz

3
ol B 18 g a( / 2
+ Szp(xp +yp +zp ) "(xpup +yRuR +z u z)
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3
! - R ;2 il LA |
_zR(xR ¥R +zR (xR q +up +yRaRy

¥ RRZ Rz
' 25:3 i 1.
'“R (xR Wy 8o (xRqu+yRuRy+zRuRz)
’ ‘.-1; 1“3(1;‘ [ ff)
= WU TIRSR  ‘*R%r_*Ta"r *ERYy
Z % % ¥y z
_5 £y I 2
+3erR (x u +yR Ry RuRz)
1;_3( 4 fa,)
“R *“ +“R +xRaR +YR R, *o5 R,
7 FSBIST, i ! 4 )
"“Rzrn {xRqu+yRu +ZRuR
Substitute the expressions into (2.29) :
5 i
-q,9 Z
a = i (1 - 32 7~R +#
Yy L c r >
o R
i 7 rF F Y Y |
i
rR2 uRz BZR(xRuR +yRuRy+zRuR )
i ( Fad dw aad il % /5
CTp+Xpuy +yRuRy+zRuR \ o
: F ;(;; £ ‘r)
R2 aRz nRa xRqu+yRuR +zRuRz
+( [ 1 ' )2 i ik /% =
Crp+X U +yRuR +7 uR o T

Z
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/ 7 ] = r ! 2
. %i (x_Ru +3"R“R +zRuR ) _13 (“R +ni y+u -1-:1;RaR +yR Ry+z &RZ)
> r 2
R R
!
u
- _Eg (£ L g £ B %
.’3 Rqu yRuR‘l‘ZRILR )} -eqoteo.-oeulcalag)
R o z
The acceleration of the test particle in S is
2 2 2
= e e % a
N “y &
* ¥ *

where apx, apy and apz are given in (2.27), (2.28) and (2.29)

respectively. This quantity ap is required for substitution

into the equation.

m

- 6] <5 — -; i
¥ = Py @ =q1(E+-XB)
1 e & i ¢
A= =

c

for the Lorentz force on the test charge, but at this point the
calculation was abandoned because the expressions have become too
difficult and step 6 to step 9 were not completed.

Instead we studied a special case and compared the
electric field which obtained from Feynman's formula with that

obtained from Berkeley Physics Course formula.
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Field of a stationary source

in
Consider a system{which the observer is at the origin
and the charge is at rest at a distance r from the origin

(Figure 2.5).

Berkeley Physics Course formula

The source is stationary, it has no velocity, therefore

! /
from (1.3.3) and (1.3.4), we have ¥ =1, x=x, ¥y = y, and

B, = -€%£E257§72 y Ey = ; y2 3/2 o
(x"+ 3°) (x"+ )
p—
2 -qr =
E = VEx+E2 4 % N 8
¥
r »°

Feynman's formula

The source is stationary, it has no velocity and no
acceleration. Therefore the second and the third terms of the

right hand side of equation (1l.3.l1l) disappear .

(Since e, = e = constant, r. = r = constant)
R R
i e -
Hence E & -q e = = q 22 .
2
r r

R
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3

» Y-
L LN
[
i
Figure 2.5 The sourse at rest in S.

Field of a uniformuly moving charge

a) Consider a system in which the observer is at rest
at the origin and a constant moyving charge is at x at time ¢t

in the rest frame of the observer.

Berkeley Physics Course formula

v,

¥ ?EQL
b=

P e > X
at xusd ¥

Figure 2.6 A charge q moving along x-axis in S frame.
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In S, the observer is at rest at the origin, and the

charge moves with constant velocity u along the x-axis.

Yy g

M-

\4
x

ol
P 4

/
Figure 2.7 The charge q is stationary in S frame.

!
S is the frame of reference with q is at rest. Suppose

! ‘
at time t =t = 0y, P is at the origin in S.

Then the electric field at P due to q is

/ - q
b
2

The relation between the two coordinates are given by

the Lorentz transformation

x = T (x - ut)

/

y = R f

/

zZ = z

1 1

t = Vit EEX) where T = /===

c i ua
c
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But from the Berkeley Physics Course Volume 2 page 158, we have
/ /
E = ©E (since in this case E and E are parallel to u).

Therefore, in S, we have

2 2 2
E = 3 s = o T - N 22) o EEE_:_E_E sens2s30)
(Px) <2 c 22

Feynman's formula

Provided the source remains on the same side of the

origin,'gR is constant for a small interval of time, and the

third term of Feynman's equation (l.3.1l) disappears, Therefore
we have
R e r e,
E = =-gq -—R - = C_]'. ( g )
- c gk £
R R
- — 1 R d /’ T
= =4 %g [ P2alingalaj 101 )
TR R
The magnitude of B is
r
E = - q - + .-R 9 } oocnc-o.ﬂl.(2.31)
2 c dt r €
R R
But we have from (2.24)
a "“*:‘1"——_: d
= e r = u s ]
dt 1+ R R dtR

cr
R



where rp = (xR, R zR)
a, = ( v My 3 Y Jé
R "R "R e
In this case, we have
g _ E cI'R _‘_i_
dt 1ch+ X Up + YpUp + zpUp dtR
RS v z
( "R Y o
= —_— ' - ’
1 Oxpt E bR
Since we are concerned only with the x-direction and
u 2 U, = U= & u == = 0 X, = r
- - S 1 > AN 1 -
R, ~ 'R dat Ry R, R R

Hence from (2.31) we may write.

E = =iq 1 ER - 4 ( : )
xg B oxg Xph [t XE
= = g %2 ~ ; u s Since ng

R (¢ + Q;igg

4 ( c - u )

cC + 1u

™

n

i

R

b

35

ooeeva.no.na...--o.(2.32)
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Now, we shall find Xp in term of x

e

Figure 2.8 Source moving along the x-axis.

Since the field has speed c, the field travels a

distance ¢ in a unit time and a distance Xp in a time xR/ c

Therefore the time that the field takes to travel from
X

q to P is o ¥ which is equal to the time the charge q takes
c

to go for a distance x from P.

Therefore K - xR = F4..s ’
xc
or x = = s S -
R u+ c

Substituting this expression for Xp in (2.32), we get

* % =@ (¢ = u) . (c + 2)2
(c + u) x2c2
2 2
= -.q____(_c_l_l_) oooauoana-c-aoncl-.(2.33)
2 2 )
x“¢

This agrees with (2,30).
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b) Consider a system in which the observer is at rest

at the origin and a constant moving charge is on the xy plane
at (x,y) at time t. The velocity of the ¢harge is a constant

u parrallel to the x=-axis.

Berkeley Physics formula

/
Let S be the frame of reference in which the charge q
e ’
is at rest. Suppose at time t = t = O, P is at the origin P

in S.

YA

d:.

P e

Figure 2.9 Source moving on the xy plane parrallel to

the x=axis.

We have from the Berkeley formula that the electric field

at P is
- qi"x
E = 1 3 BQQQOAQOGBGOOOGOUG'.(Z.Eh)
= {(T‘x)2+ y2}3/2
-q¥y
E = . ~ ) on-noo.no-o-a..e-oot(2.35)
y e 5722

n

i X
where f« ' = ?;“ .
u
Vr -T2

c
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The relation of x and y interms of Xp & NS

(% Ye) (%,4)
4 ok

P 2

Figure 2.10 Retarded position of the source in S.

Since we have x = xp * (Y /- tR) u

R
and t - tR = ; ]
it follows that
X = Xp o+ rR u
L e 1
c
y = yR'

Substituting these expressions for x and y in (2.34) and (2.35),

we get
TR
- q 1‘(xR+ -~ )
E = c @aes0cweo0oasao0o0 L]
x K . 2 2 )3/2 ’ s
D (xR+ = a) g }
= a7 ¥y
Ey - 3 3/2 3 feo 0o ecuowOe e --.(2-3?)
iﬁx(x b u)a + ya
R c R
1
where o= u2
T e 6
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Feynman's formula

Y

i

P

Figure 2.11 Retarded position of the source in S.

The Electric field at P is

r E r e 2
e (s A d —
E = - "g + -R Aeas k "‘122) + %q —2 eR ooo-o(2|38)
r b s, 1 o c© dt
R R
= a
From (2.24), & ST I, - s+ Sinece u is constant,
at fpe B _at
1l + R
ch
u = -G.Ro
That is
£ erp g
L =2 B "
dt Cro+ XpU + yRuy dtR
ery, a . y
£ | Emmeesenl | e y 8since u = U, u. = &
%
Crp+ Xpu dtR y

Therefore from (2.38) we may write



4o

=5 rR R ( R) “ R)
o= = o3 T oerr xou (orp+ xpu) 2 ;
R R "R R R R -
The correspondihg components are
- 2 2 o
X r X r X
R d d
N YU SPRE YO S A
LrR Crpt X, R ry (ch+ X u) R R
¥ rZ b r2 J:
d d
E = - q_ ﬂR + — R o ( _R)'i' R e [ -R)OHQ(ZQLFO)
¥ > cr.+X_u dtR r3 ( )2 dt2 Tr
s ¥R R ero+xpl R
2 p 2
: d [ *Ry 4 d AN a
Consider — ( -3 ), —~2(.;R), T ( ~3 )s -2 (
W TR Ky TR W e
Ve
(2.39) and (2.40) . :;1},;__‘ 7
L
L £ 2. P v }
-1 = — ¥
dt r3 dt \ & XR &
R R R
5
~-= dx dy
B 5 Ty R R
= XR(-E)( R+yR) (ExR RN 2¥g P) + (xR+yR
o 2 =5 -3
= = 3u Xp Tp + urp
dax dy.
(8ince ezt = 1u = W —R = 0).
dtR R dtR
i 9
2 X -=
a (-R) = g_ { — x (xg - ya) 2
at> TR dt_ | at. R K
R i 1. s 3
1 b
i ¥ 5 5 2.5 S e, 2 2,73 ¥p |

- s i e 2 a— s
= } - xp(xp+yp) “(2xp 327 + 2y, % )+ (xp+yp) Tt
R \ R R R
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n

i

d 2 2 2
th['— Xp u (xR+ yR)

PO

R

-

+u (x2+ yg)

e R

|

LAl

5 3
- dx dy -=
2 2 B 2 R R 2
g xpu (xR+ yR) (ZxR 5; +2¥y a;")“BXR“ (x§+ y;) -
R R
2 -2
3xg = (xg bt ys) 2 . 3xpu (xg + "E) .
- _5 3
3xP u rR - 3xR u rp7e
a |, (XE 2 -3/2 )
= 1% TR
dtR L j
5
“ dx A d
3 22 . LS 3 g
5 Vg (p#yp) (@%p s 2¥g Jp. ) +xgHyg) at
-5
= 3 Fp*p™ B
1
d a -
W J-v D e 2}
d R[ dtR R
53
- dx dy
d i 2 2 16 R
o {' 5 ¥ (xpiyp) “(2xp G+ 2y at. )
R R
-~ dy
o5 2 R
+ (x_+ yo) 1
R R
dtR )
3

2.2 3
) - éxR(X

2+
TR

—

2) 22x )

}
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2 =3 2 2 =5
= = ypu T4 ] Xp ypu T
d
(Since u = up = constant. —EB = 0)
dtR

Substituting all these values in (2.39) and (2.40) we obtain

-1 -3 _ 32 <3 2 wiy
¥ oaad [ fR " ur, - 3ux rR 3xpurp” - 3xRu Ty ’
= i_rg (orp+ XRU) (ch + xRu) i
-3 2 2.=3 2.-1 ]
5 Wi RS 3*1%5'3“ TR = Yp" 'R
Y 5 W/ :
R (cr r x?u) (ch + xRu)2 b

Note that when u = O these formulas are the same as (2.36) and
(2.37) with u = 0, however it is very difficult to compare the
formulas for the general case so a new approach to this problem

is given below. First we discuss a simpler special case.

A Special case

J 2

Figure 2.12 Source moving parallel to the x=-axis with y = a.
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At the moment the charge is at (xo{ yo) we require the

light signal originating fro

(0,0), The light signal takes a time 2.

va

Therefore X = — =
Q c

and we have Yy =

The electric field a

at time to' according to the

B =
X 2 2 13/2
{( "fxo) + ¥, k
= Javy
E ey
y 3/2
{(3\xo)2+ yi \
it
where T = v2
L =
c

m the charge at (0, a) to reach

c

vt
o

t (0,0) due to the charge at (xo,yo)

Berkeley Physics Course formula is

- T qva/c
{( Fva/c)za- ¢ ] 3/2

_\a\qa
&(3\va/c)2+ 55 \3/2

1l

]

(*,4)

el el s id

T

Figure 2.13 Retarded

—> X

position in S.
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At the moment the charge is at (x,y) we require the

light signal originating from the charge at (xR, yR) to reach

R ]

‘ F 2
(040), The light signal takes time pra y2 ’
e
Y .2 2
Therefore x = Xp+3 xR + a = vt,

Berkeley Physics Course formula

The electric field at (0,0) due to charge at (x,y) at

time t is

B = = dak 3 = pavt veeeo(2401)
* {F‘ﬁx)a + y2 53/2 &(ﬁ‘vt)2+ aa }3/2
B = = Tq\y = = ?qa e,.uu..a(E.Ll-Z)
¥ {(U“x)2+ 32 13/2 {( ?Vt)2+ a2‘}3/2

Retarded Position as a function of time

Since X + z & + a2 = t
R il =
it follows that
2
vt + E/vzt+a2(1-‘:_2)
= c
Xp =
2
v
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Since x_ < vt, we need the negative sign. Therefore

R
if 2
}E p—t 1 fvt - E Mvata ‘+’ 3.2( 1 e 22) ‘1o¢aoatu.(2.1“3)
R v2 l c " ,
(1 - -2) !
L}
c i
= a |
I 2 2
and rp = be + ¥p
a2 e vz D2 2 VZ
g S Y £t + =54V ey - -2)
(1-4,) > g
2
¢
1 i 4
2 2 2
2
. &vztz JfaS + LA a? (1 =« L) ] 2 o2
c G c

Feynman's formula

The electric field at (0,0) due to the charge at (x,y)

at time t is

- r_;‘ : ¢ _I" 2 ;
oS (.*1; 2 ER %t ( "1; U :‘Lz £i'”?-’ ( _R)J
r ro c dt r.,

The corresponding components are

5e r R 2 X
R R 4 = 1 4 R
BE = - q - + - = ( 3) + = feec ( - ) .-o-a(aoh‘s)
x 3 8 dt T o 2 :
L TR R c dt rR |
—y r d £ d2 J ]
E = -q |5+ 0 = ()3 S0 ) e @0
Y *h c at o c dt .
L :
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5 2 v 2 ¥
d R d *r d ¢ "r d R )
c a 8 £ w ’ d. 7% - Y
onsider at ( rg ) ] dta( rR ) ] dt( rg ) dtZ[ rR
1
2 2 2 2
(
Let A = P {v2t2+ a“ (1 - 22)1- ok ivztzd- a (1 - - )}
c 5 c c
2
+ (1 - L )2 aoao-oo-:ono(z 47)
C
3
x 2 2 2 2 3 -3
L {2)e & ja - W i« L)) }(1--2) L2
dt rg dt & = J B
1 3
2 22) =5
= (1 = 32)2 ¥ { vt - % (v2t2+ aa(l - 32 } A
c at % c
3 1
2 A2 g, 2
_(1-32),&2{1;;-- (vt2+a(l--—))§}
e C c
2 ) 5 & 2
+ (1 - 22)2{\11 - g (vat‘ & a2(1 - 22))2(-§ A 28))
c c
csccoesl(2s48)
A
Iy 2 2 2
whereB:%=2v2t+21-—t-~——(vt+a(l-—))
dt 2 c c
5 1
bk 2 2 ==
- 2_.‘-{_._t_.. (vata + a2(1 = 22)) 2 In-unboaa(zoq'g)
c c
1 11
X 2 2 2 ==
(P & [(l T vl % ata s 103 }(1-1’2);1 2J
at Ty dat c @ c c
5 & 3
= a4 (vt-z' (v2t2+a2 (1-!2))2\ A§
at ( c ° )
1 \ 3 1,
ik y- w2, 7 2
= A 2{v = NP vt an 100 %gn . it——(vztz +a%(1-5,)) }
c c c
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2 i 55 2 .2
L) mu? {EEE (vVPt%+a’(1- 1)) 2}-—
c

; :
= 3 2
- % L EB vV - v-*i; (Vata'l' 3.2(1 - Ea)) }
c ¢ 1

c c

3 —-—
- 3 2 &
- :EL i 2 B {v s LY (v2t2+ a2(1 o= 22)) }

[¢]

.,g i3 p 2%
5 7] 2.2 g, e 2 v
(@) M--a-nB){vt—s(vt+a(l--2))} ]

1
2
1 3
- [ 5.2 s 2
= A 2fv——~ (v2t2+ aa(l R 22)) 2}
| © o
5 : 1
Fry . 3 2 P
- A*B { v/ </ TRHe5 e a1 - 2)) © }
c c

2 12 5 &
- 2M {vt o (vat + a2(1 - 22))2}
2 c c

1
= 2 P
+ g L 232 {vt = (v2t2+ a2(1 - ‘-’2)) } ..... (2.50)
o C
dB 2 2er’L 6vt+t 2,2 2 v ‘%
where M = -= =2v+—2--—-—(vt+a(l-——2))
dt c c c
6.3 2 2
2r T (PR & [ - L)) 2 (2.51)
C C
vy 2 3 =
E ("; ) = E_ a (1 - Ee) i 2]
dt »r d ¢
R
3 v 3 =5

- E a (l - —2) L B . s smieee ».(2-52)



¥ ( 2 —}“1
(TR L fn .t 2
at Ty at 1 e |
>
2 =
_ 1 v i
e gE (1 - ;2) LB
3 5
2 N 2 - -
By 1 o )y = - L a (i %) { AeM.2a2 g }
dt rR 2 c 2
1 “g 3 2 -3
; v v p L
el 1 £ - ;2) A M+ ;@ (1 - ;2) A
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2

B uus « (245%)

Substituting (2.43), (2.44), (2.48), (2.50), (2.52), (2.53) into

(2.45) and (2.46) respectively we obtain

_g v2 2 v, 2.2 2 v2 2
Ex ==-q]A (1 - -2) {vt - E(v t +a (1 - —2))
c c
8t o Ze2'2 2 E “é
E: o (1 = —2) { Vot £ 4 2" (1 - 32)) }
c
c c c
3 A-aB & 2487 2 & %
e (1 = 22){ vt = % b G+ a“(1 - XZ))
. c
> c c
s 3 2 i
s A { A AL % (v2t2+ a2(1 o)) e
2 2
(4] c c
,g 1
2 2
1 A ™ v 2. 2 2 v
Ll é --—-2—c {Vt - E (V t + a (1 - ;2)) }
5
TR 5 %
A B
+ E ca { vt - g (v2t2+ a2(1 - EZ))E }
1 -
. 5.2 2 w2
+ A 2 v—E (v2t2 + 3.2(1 - E.2)) 2 D-Oooneoaa(205"+)

3 c
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—g vo 3 3 =2 Ba v2,2
E ==-q|A a(l-=)-354" = (Q-~-=5)
y c 2 c c
. 2 2 2
-92 A M (1-‘-’2)+§2aA232 (1-32):, cesenccel(2.55)
2¢c c be c

where A, B and M are given by (2.47), (2.49) and (2.51). The
expressions on the right hand sides of (2.54) and (2.55) should
equal the expression on the right hand sides of (2.41) and (2.#%2
respectively. The comparison was not completed because the
expressions are so complicated and instead a simpler case was

investigated as explained below.

For a special case t = O

The Berkeley Physics dourse formula equations (2.41) and

(2.42) gives

Ex = O, -.noueeooo(2a56)
E = - Tq ) . e-nenuonuo(2.57)
¥ 2 |
a
1 .
where T 2 ==
VZ
S s

From the Feynman formula equations (2.54) and (2.55) we have t+.

value of A,B, M from (2.47), (2.49) and (2.51)
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2
A = aa(l - 32)
c
3
2 2
i o o (1-‘12)2
c c
> 2
c
Therefore from (2.54)
1
2 = -2 2
E = - q [5-3(1 - ) 2(1 - - ) (— -a)(l o 32)2“' E (1""“‘ )-1(1—'2)
X c c c c

3 2 v
- E (1 - —2 (-2) S a (1 & ) (1~ ;2){- aa(l - -2) }

o

[ c c

o=

-3 2 - 2 v
a v 2
—;2 (1--=,) (-2)—(;(1--)v
c c

1
3 2 = 2 2
T = 2 2 v v o ve
- % 2(1--2).2v(1+-2){-5a(1--2)}
c c c
-5 2 - 2"4 2
+2 8 Q- Era ot -
c ¢ 2 c
which gives
2 >
-1 =2 v
E = »q (1~ 4 ) a ( =)
% e’ e

which is not the some ns (2.56)

From (2.55) when t = O
— 3
2
? -3 3
Ey = ~-q la (1 - -2) (1 - ; )

2 2 2
3 a k4 Vo =2 v v\ 2

va)a
il

c
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>
; O i 2 2
1a _=3 ¥y & 2 v v
-5 -5a (1 ==5) % 2v7(1 + =501 - =)
c c c c
5
2. =g 2 4 2
¢+2 & #Fl-Ly% BE ael)®
b e c c c
3 1
2 = -2 2 2 = -2 2 2 2
=2 N2 3a v v s2 a_x v v
=-qfaa- % s 2 a -t asya -5
C c c e c c
a—th e _é
c o
which gives
= 1
E_= 74a where Fﬂ’\ NS
¥ > 2
a 1= =
c
which is the same as (2.57)
For a special case when a = 0
The Berkeley Physics Course formula, equations (2.41),
(2,42) give
Ex = -M = 2—2q2 ] .neuuodooouvu(a.sg)
(Tv t)’ -
1
where Y = > 8
v
how s
¢
E —— 0 .0.6'&...0055.(2.59)

1
"2
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From the Feynman formula equation (2.54) and (2.55) we have the

value of A, B, M from (2.47), (2.49), (2.51)

2
.lns = Vet (l - E)a
c
B = 2'9‘211 {1 \_i")a
c
2
N = 2 (L - 5

Therefore from (2.54)

2

2
3 -3 -3 2 v
E . =-4 [; (1= (1 - ;2) vt (1 - 3
-2 =2 2
v t V=2 v v
+ 1 - =)/ 7 Chyep=s) v 1 - =)
{ o c
b ol
2 v t vy=d 2 v\ 2 v v
-3 , (1 < E) 2v t (1 - é) (1 -=5) vt (1 - 3)
-3,=3 2
-~ L= R -) e = v (1~ D)
2 c (o}
c
-3,=3
_} v =k Vy=3 2 vy2
5 02 (1 < 3) 2vatl = E) vt (1 -
-5,.=5
aa Y S (1 -)-5 4 v t (2 - —) vt (1 = 2)
L 5 c
c
2, =1
B oAt Le Dt T8
03
which gives
- q V3
E = - p—— - 3 where
% 1942 (1 = -) t%v 2" o2
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which is not equal to (2,58)
From (2,55) where a = 0, gives

E = 0
¥

which is equal to (2,59)

Thus, the Berkeley Physics Course formula disagrees with the
Feynman formula for the above special cases., The reason for
this may be that the Feynman formula is not exact, but is
correct up to second order in the speed of light., From such
text as "Klassische Feldtheorie" by D. Iwanenko and A,Sokolow,
one can show that by using retarded potentials the expression
for the potentials ean be exprndad into a powex peries of highexr

time derivatives to infinite order,



	Chapter II Analytical Calculation

