CHAPTER 5

THE DEVIATIONS OF THE IMPULSE RESPONSE

5«1 Introduction

For a perfect binary m-sequence signal, its autocorrelatiom
function is of triangular shape (see figure 2.1) with the base
width 2At and the bandwidth is of the order °f4%E e This autocor-
relation function may be approximated to those of white noise
depending on the value of “te If the value of At is very small,
then the autocorrelation functicn of a perfect binary m-sequence
signal is closely to a delta function. When the input signal is an
imperfect m-sequence, the autocorrelation function can not be appro=

ximated to those of white noises. The effects of these input signals

are derived in the following sections,

502 The Effect of Perfect M~-sequence Input Signal

Uhen the perfect binary m-sequence is used as an the input
signal of the linear system shown in the figure 5.7. The crosscor-
relation between the input signal x(t) and the output signal y(t)

in eqne (145) can be rewritten as
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Let V= T =u, eqne (5¢1) becomes
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Since the values of the autocorrelation function of the input

signal x(t) obtained from the property (h) in chapter 2 are
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From eqnsae (5¢2), (5¢3), (5.4), and (5.5), we have
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It is not necessary to expand the impulse response h(u) in
the third integral term in the right-hand side of eqn..(B.h),
because the value of this third integral term is constant and can
be measured easily at the time shift 7 = T. It is assumed that the
period T of the m=sequence is greater than the settling time of the

linear system, and h(u) = O for u <0O. Thus, eqn. (5.6) becomes
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where A = 'E'l-r-l-—'—\h(u)du « It is convenient to considered three
W
separate cases: T =0, 04T {At, DY
(a) For the case T =0,

The first term in the right<hand side of eqne (5.7) is zero

because h(u) = 0 in the range 0<y £ At, then eqn. (5.7) becomes
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The value of h(u) =0 in the range T 4V< At. Thus, we have
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(¢) For the case T2 it,

411 of the integral terms in eqn. (5.7) is used, we have
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By the first approximation, the egns. (5.8), (5.9), and (5.10)
reduce to
s=olt . at
g_(0)+a = h(o)( ) g forC =0 (5.11)
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The error terms which give an indication of the accuracy for
the impulse response obtained are those of the derivatives of h(7 )

in eqnse (5.8), (5.9), (5.70)s These errors are approximately to
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For examples of the linear system has its impulse response

h(¢) = Be~ /Ty where B and T, are constants, It can be shown that

the error terms are of magnitude;
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The percentage errors may be expressed as the fractions of
the error and the estimate value of h(T ) obtained from egns. (5.11),

(5.12), and (5¢13)e They are
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It can be seen that the error due to the small value of At

will be less than the error due to the large value of At

563 The Effect of Transition Error Signal

The error is increased in evaluation of the impulse response,
when the transition error signal is comeidered. The crosscorrelatiom
function ﬁxy(’f) is given by eqne (3.5), on the right-hand side of

e

which is the second convolution integral term, and let
T
|
(t) = {n(wg (T -uddu (5¢14)
o

The error terms in eqne (5.14) are the additional error terms
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of the errors discussed in the section 5.2. These errors may be
determined by the Taylor series expansion of h(u) about h(T ).

Thus, we have

I(T) = Goa(2 )40, b T J+C,H(T 4. (5.15)
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where Cr 2( 1 [ﬁ (V)Vrdv g T= 0,1 |2'..l (5.16)
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Substituting for ﬁxe(v) obtained from the table 3.2, eqne £5.16)

becomes
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and B = &C‘}\l ",Md/%

It is convenient to evaluate the coefficient Cr in different
cases of the time shift T as follows:

(a) for the case T > k At+ e,

There is no value of the time V to give the value of time
u{ 0, Thus, every term in eqne. (5.18) can be determined directlye.
Since the valuesof ¥ and A are constants with respect to time, and
the values e(‘{/) and /U-(‘l/; depend om overlapping time ¥ o Therefore,

eqn. (5.18) becomes
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Because each value of B and B varies only in the range of
time interval e,', Thus, the values of integral terms which conclude
B and B are zero for time variabis V less than the lower limit of
the integral, Hence, let dV = dt where t is a new time variable‘,t‘*d
that varies from the lower limit to the upper limit of each integral

term, eqne (5.19) becomes
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(b) for the case k at+3, >T)> k_at
s + 5 .
It can be seen that h(u) = O in the range kBAt+Q+> V>T, thus

the upper limit of the first integral in eqn. (5.17) will be T .,

Therefore, we have
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(¢) for the case T = k At

In the range ksatsv\{ksﬁt-i-e_i_ , the value of u is less than
zero. Thus the first integral term in eqn., (5.17) will be omitted
and replaced by the same integral term when the limit of the inte-
gral will be in the new range of k _At-T Lvg k At+8,=T, If the set-
tling time of the impulse response is assumed to be greater than

T-ksbt -9+ s we have
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() for the case k At >T > (k_-1)at+8
Applying the similar techniques described in the sectios
5.3(a) and 5.3(b) to simplify the second integral. term and the

* first integral term in eqne (5.17) respectively. Thus, we have
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(e) for the case T = (ks-‘l )ét+8+
Lpplying the similar technique described in the section
5.3(b) to simplify the first two integral terms in egqne (5.17).

Therefore, we obtain
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Applying the similar techniques described in the sections

5.3(a) and 5.3(b) to simplify the third integral term and the

first two integral terms in egne (5.17) respectively. Thus, we have
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where 2 -(k =1)pt .5_9
(g) for the case (k 1At 2T 2 At+6,

Applying the similar technique described in the section
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5.3(b) to simplify the first three integral terms in eqn. 617).

Therefore, we obtain
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(h) for the case At+e+>7.‘ S At
Applying the similar techniques described in the sections
5.3(a) and 5.3(b) to. simplify the fourth integral term and the

first three integral terms in eqn. (5.17) respectively. Thus, we

have
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(i) for the case T = At
Applying the similar technique described in the section
5.3(b) to simplify the first four integral terms in eqn. (5.17).

Therefore, we obtain
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(j) for the case At > >6&,
Applying the similar techniques described in the sections
5.3(a) and 5.3(b) to simplify the fifth integral term and the first

four integral terms in eqn. (5.17) respectively. Thus, we have
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(k) for the case T = 6
Applying the similar technique described in the section
5.3(b) to simplify the first five integral terms in egn. (5.17).

Therefore, we obtain
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(1) for the case Q+>'C> 0
Applying the similar techniques described in the sections
5.3(a) and 5.3(b) to simplify the sixth integral term and the first

five integral terms in eqn. (5.17) respectively. Thus, we have
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(m) for the case T =0
Applying the similar technique described in the section
5.3(b) to simplify the first six integral terms in eqn. (5.17).

Therefore, we obtain
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It is very complicated to evaluate the value of I(T ) when
the transition error is non-reversible, It can be seen that the
value of I(T ) obtained is directly proportional to the " degree
of non-reversibility ", (¥ = A) and (é(t)-ﬂ(t))B. The value of
I(T) for non-reversible transition error depends on the value of
ks in each m=-sequence used as an input signal.

WWhen the reversible transition error is considered in eva-

luation for I(T ), the values of D, -ﬁ, B, and B are replaced by

R

D = 20¢6C
D = 0
¢ (5.46)
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If the settling time of the impulse response is than T-2At. From

eqns. (5¢21) to (5433), all the values of C are the same as

e = K Z (28 o atS - o)™

= L N N
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The value of Cr in eqn. (5.35) becomes
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& = K {"-’“ 29 L2 L Ce-st) J+2(pc{c)<a‘c+t,>dt

r Y+1

,for At+8 > ©at
(5.48)

.2 ﬁa&)[(’r— At >~ 2t" | d{}

The value of C_ in eqn. (5.37) becomes
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The value of C. in eqn, (5.39) becomes
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value of C in egqna. (5.41) becomes
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The value of Cr in eqne (5.43) becomes
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r{ Ysa 4
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= T
+£Sp&)(’t-a’t)d’t-4]pdﬂd‘c for 83T 0 (5.52)
o o
The value of Cr in eqne (5.45) becomes

c_ =K, { 29 [—(e—af.}vﬂw
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It seen that the value of the coefficient Cr does not
depend on the value of ks for all m-sequences. The results of HT)
in eqne (5415) are rewritten as the function of T in four different

forms.

I

" =
I(T ) % {~ %O(A‘tln’("t.) + %(e(ea’r_ —gt[gzd&dt) h'er)
s } ” ,for "C_?.'&-'t;'e (5e54)
o eat-at’) - | gcor dpant)dt
Weat) « o«(E / L?L i Weat)
2at 2 At

e
-
4AL
< } yfor T = At (5.55)
UHULS At} @

a2 Lotabe YPEE x<eat- ;:;)——g ) (k+at> dt

Hg) eSS {— = " h@+ = S
2at T 2t

L xcdutye = 4 - pcbcattatat -t dt
ast

I(At) :?;,5 i
L

+.

1

= Wee)

h'ce)

T igigen ]] for =0  (5.56)

6
~L(at-ed>- Yﬁﬁ(bdf
b
24t -

- Liatrey + L pebt-atydt

+ | = W (o)
ot B %A‘f 2

—5 (At-e)- (g (h<h-athdt
4nt

(0)

221

1(0) = 32“)

+

(ﬂyCO'JA-”,},for T= © (5573 -



It is seen that eqn. (5.47) to eqn. (5.53) depend on the

waveform and the area of the non zero parts of the transition error,

These will be discussed in three particular types as followse
53«71 Reversible transition error of the exponential form

This type of transition error is defined as a transducer
having the time constant Te for both positive- and negative- going
transitionsa. Following each transition of the input signal x(t)

from the +a to the -a state, the error signal e(t) becomes

il = el B (5.58)
It may be shown that
2]
o -8/
ol = ]e(t)dt = 2aTe(1—e <) (5¢59)
o
and p(t) = Je(t)dt = EaTe(‘l—-e ) (5.60)

-]
Theoretically, this type of error signal e(t) will return
to zero after an infinite time, but, provided that e(t) is close *
to zero when t=Q¢ At. Choosing this small value of the error e(t)

to be 1% of e(0), from eqn. (5.58) we have

-9 ’
0e02a = 2ae /Te (5.61)
& (5.62)
e 4.6
and o = EaTe (5463)

Substituting for the values of ¢ and |3(t) into eqn. (5.54) to

eqn. (5.57), we obtain
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I(T) = z a2 aTtth)a-adc‘(j‘h(r)t.. } Ffor T3 At+6 (5,64)

21

M _
« af [ -ate -rz_a At +aroy |
I(At) = 2._1{ 2! hiat) +<aT.-3a71, = ) hiaty

+(3TEA{‘ aT_.-?-Ze )\A’mtn ? yfor T=At (5.65)
A i

I(6) _ﬁ._ ;(aT?-Q 2le_at)hce) +G@t> fe_dn® 3Tebt>h(e)
11 A At 2zZm
z
aTel _%1’«2_‘*.*-%_ for =@  (5.66)
<é,«t S e e >L(g)+"'}‘ = s
3
1(0) & —“2‘.<“‘E—GT P hio# (are-2Te_ ‘"’r""‘tﬂ"fo)
> Zt‘] ,.:}rt
L . 1 4 ¥
+ (leAt_stat ~ar;+£e>tnm_,} for T=0  (5.67)
& at Y
Since we assumed that T 1—-2—- y thus we obtain
2 aent ag Al Fat
I(z) =:éa_—1‘ i 5 L\(T‘ 25 o) % for T2 At+€ (5.68)
a. -t'—a.- 863
I(bt) ;.%,,z_—{ _ad sty = (32 -g“- ,ﬁt> Weats
z-1 Zsat

3 = .
(é‘eﬁt_i@,_é‘_@ \\nmth \] 4for T = At (5469)

2
n z . . . BQA't
i = a2 438°_ a8 V(o) + é_%._?fig_ W
(8) {(2‘3_& 20> ey + (22— 2238 <5 B lce)

waaet agat?._ >\,,<e)* '} for p = © (5.70)
3750 At 30 rzs
" 3 -{: i
1(0) =32 )(a9" _a8)lhw+ A e
) §<2’5A-l: 5 >L’ 5) 25 1zsat 0 > ’

aest aea{ ae EY:) p yfor =0  (5.71)
+<cjo’ 2o 12‘3 4_2%»&{-5 i

-L
If the first order linear system (h( T )=Be /T‘l) is consi=-
dered , the approximate error terms have the magnitudes when

(i) 8= At

2, :
e a2 o A‘L K , for T>At+8
EA| 5"'!’




4 :
£ a2 3 Bthat) Jfor 2 =At
=4 ‘15T,
.0 Z
3”)38 Ay(e) JTOor ¢ =gy
221 J 2507,
a*2V s 17 AtS
and (- ) h(0) hiop =0
221 7 2507,
: _ At
(ii) 8 = 70
. z
az At
82 Vst i
C 2..,,_1) Sor, h(Z) JTor 2 > At+6
Ny z
2z 2449 Aty (as =
(_2“_1 ) ’12'50601'1( ) ofor 2 = At
Z_wn 2
Ca\,.,z )2423 '&th(g) Jfor 2=0©
Z-1 ZEOOQO'[:‘
2 v )
az ) 1201 At (0) ,for T =0

Zz-1 1250060T,

5¢3.2 Reversible transition error of the constant-acceleratiom form

This type of transition error e(t) may be expressed by

_t?.
e(t) = 2a(1S3x) (5472)
ei.
It can be shown that
S]
of = xe(t)dt & %ae (5.73)
T o
ana pt) = je(t)at = BRlkus) (5.74)
ey 36"

Substituting for the values of o and IS(t) into eqne (5.54) to

eqn. (5.57), we obtain
2% ‘ (3
HEy = 2-':- E ~Za0t heoy +fzae’2=“ﬂ€'c)+_,_},for IALHE  (5.75)

-1
I(At) =_ﬁ£‘{ -367aty - (a0’ 28" 22eaty |ieat>
z%1 | ast 158t 4 3
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4
+< ‘5‘48 aeA )b\ -ﬁt)-}- __]I ofor T = At (5.?6)

] ! 3
(e) = 1(—--«3@ sae* )HG) + (330~ zaeat - f,i—%)h’ce)

Z a0°
4_(3_9_1&_*:_.22 aeA't ?SEI")\H(A{Z}*;for"C e (5.77)

il

: az #ae aa _aeat _ac’ !
160) = 1{( ag )k(a)+( =L ‘15‘#1:\) oD

2. -t Q }
4 (2eat ?f ¥eop * 2 >l‘(°>+ +afor T= 0 (5.78)

If the same first order linear system as in the section 5e3.71
is considered, the error terms have the magnitudes when

(1) 6= At

Cz*‘ i_f_th(t) yfor 2> At+8
1
2
(22 2"\ 22 _&n(at) ,for 2 =at
201 LOT
:
= %MB) Jfor .=68
21
3 b{h(o) for =0
ok '
-1
(i1) & = ’%-‘3
a2ty 2 It*t!’i.('t) | £ > at+8
(%) 307, | sSIRIe
2
a’2™ \ 2423 b‘th(bt) ,for T =At
2714 3ODODT1
z
(azz )foléogih(e) Jfor 2=8
|

(3’—2“ );ﬂﬁh(o) ,for T= 0
10006T, :
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543+3 Reversible transition error of the constant-velocity form

This type of transition error e(t) can be expressed by

e(t) = 2a(1- %) (5479)
Thus we have
&
gL = J[e(t)ou: = aB (5480)
et 5
and ﬁ(t) = Je(t)dt = Ea(t-ga) (5.81)

o

Substituting for o and ‘b(t) into eqns (5.54) to eqne (5417), gives

z”f\

() ..ﬁ_‘-_{-~aeatlﬂ @+ z Zaesth f"')"-a],for T2 At+6 (5.82)

az ag® ,52_@_ é_l__e_ __aa.m
I(At) = { M_th(,ﬂ-_\ N ) haty

z i 5 3
R N jfort=&t (5.83)

Y o)

e ke
1(0) =;—{<aﬁ+—QJVC9)+(a = - 54&1

+<ae2A‘C ae aea’c*aae >k(e}+},for’(’: & (5.84)

24 |2
e 2 ae%* aest ge’
I(O) :%}i{—%-&&)h(b)"r(%‘u T 2%)lfi(0)

.{.
+<a?;-\'t 23 BTG: ae )h(o)«-..},forr: 0 (5.85)

When the same first order linear system as in the section

5:3«71 is considered, the error terms have the magnitudes when

1) 8= At

Jfor T 2> At+©
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2
2.2._2: ?_..é.t:h(bt) for 2= At
(
217 247,
2 Z
(afﬂ)" sth(e) ,fortT =0
221 /zaT,
2
(81?«’: )_é_‘_'-%h(o) ,for? = 0
2

(ii) @ = z:_g

2 2
(a 2"y __Aty(g) yfor T> At+6
21’ 20Ty

B %
/ a—z )ll'i?jb h(At) yJforT=At
— oA 24000"["1

27-1 7/ 2400CT,

2,
637'2“> 5614t 1 (o) ,fort= 0
221724007,

The percentage errors of the error terms due to three types

of the reversible transition error are illustrated in table 5.1.

S5e¢4 The Effect of the External Noise

The errors in evaluation of the impulse response may be
increased when the external noise is considered. The second convo=-
lution integral in the right-hand side of eqn. (4.5) is the effect
of this noise signal to the value of crosseorrelation function

,ﬁxy(T )e Let the second convolution integral be
1

.
P(T) = |ng (T -waw (5.86)
o i

If the impulse response h(u) is expanded by Taylor series

about u= T s Wwe have



Table 5.1

71

The approxima‘l'e percentage evror caused by non-vevevsible
transition evror i First ovder linear system with h@)=gavT

Tpes of 0= at e=4at/10

Cvror. | YA of 2 o TaE S T, | Atwio] AtaT, Note-
E tgA‘l‘. + 08 2?/0 20% 0.-2% 2 /0 a
# e =at 54% | 15.4% | O1%% | /%y b
:E; 2=qQ | /-5+% | 154% | 0-/639, | (-63% e
§ |

g- =0 7-36% | 13.62% | omen | 7-92% d
fud

: [/

2 T2 At+o 6.67% | 66.67% | 067% | 6.67% a
m

>
K z=at [ 35% | 36% |080%% | 9.08% b
U

_:_? ,f,’ =86 3.5% 35% |0.523% | 5-23% e
s &

“g &0 7o Fo% | 0b8% | ¢.18%

> 22at+0 5% 50% | 06% | 5% a
_3_ 2= at 2.917% | 29.17% | 0-483% | 4.83% b
v

> £ -

_‘_; |l o=0 27% | 2007% | 0:376% | 3-9%6 % e

3% ;

< 2=0 2-5% 75% | 0-468% | 4-63%9, a
s

0

S

Note: The wagnitude of First ovder devivative tarms is compared fo
a2” by hee)

{3)
by

{21)

2,m

%" ath

@*1)

2n
(e) Az
@*1)

a2

dy a2 ,at
()%1;_<52_)h(0)

h(e)
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{)(t) = Koh('t) + K,lh'('c) ¥ ses (5.87)
P '
where Kr = :"_"!k (t-t)rﬁxui‘t ~t)dt (5.88)
o

]

The value of Kr depends on the waveform of the external noise
which may be taken as

(i) The time polynomial function signal

The crosscorrelation between the input signal x(t) and the

time polynomial function signal ni(t) can be obtained from eqne

(4e12)

Bn(T == g (Bt & oo s A(T-O"  (5.89)
From eqne (5.88) and eqns (5489), we have (see Appendix G)
Bh(t)+B}f(‘t)+ (5490)

r ri Z r+1+1 {(T'T' )r+i+1_ (-z )r+i+1}

(ii) The white noise signal

>
~
i

where B

The crosscorrelation between the input signal x(t) and the

white noise signal ni(t) is obtained from egn. (4.22), thus we have
gxni’t"t)= a‘\jk (5691)

From eqne (5.88) and egne (5.91), we have (see Appendix G)

p(T) =Dg(2) + D) + ... (5.92)
1 :
where D = -g:'l—)::-aﬁ (T--T)r+1-’tr+1]
r (r+1)! s

It can be seen that the values of e'(f_) alsc depend on the



value of At as the values of I(T ) do.
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