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CHAPTER III

SEMILATTICES OF INVERSE SEMIGROUPS

Let S = U Sy be a semilattice Y of inverse semigroups Sa'
oeY
In this chapter, the properties of being fundamental of S, Sa's,
some kinds of ideals and some kinds of Rees quotient semigroups of S

are studied, and many relations among them are given.

The first proposition of this chapter shows that a semilat-
tice Y of inverse semigroups S, is fundamental if S is fundamental

for all a €Y. The following lemma is required :

3.1 Lemma. LetS = \J Sa be a semilattice Y of inverse semi-
aE XN,
groups S . For each a€Y, let ){a denote the Green's relation

){ on Sa . Then for a,b& S, if aH b, then a,b € Sa for some

o €Y andAa.«Ha b .

Proof : Let a,b € S such that a)‘(b. Then a L b and aRb.

Since a,be S = U Sa , a € Sa and b € SB for some a,B €Y.
a€Y
Since aib, Sa = Sb, so a = xb and b = ya for some x,y € S, say

x€_SY,y€SY,. Thena=xb€.SYS Cs andb=ya€SY,Sg_S,.

B YB Y o
But a € Su’ b € SB’ we have o = YB and B = y“a. Hence o < 8 and

B < o [Introduction, page 3 ], it then follows that o = B .
Therefore a,b € Sa. Next we show that a)‘(ab. From o = yB and
B =Y'a, we have o <y and a = BiY’,so xbb-le Syoc = Sa and

yaa_lé_ SY'OL =S, . Then a=xb = (xbb_l)b and b = (yaa_l)a. This
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proves atﬁéb where :ﬁxdenotes thé Green's relation L on Sa . Dually,
aRb implies aRab where ROL denotes the Green's relation R on Sa 2
Hence a}{ab. #

3.2 Proposition. Let S = U Sa be a semilattice Y of inverse semi-

a€Y
groups Sa' If Sa is fundamental fer all o € Y, then S is fundamental.

Proof : By Introduction,page 8 , S is an inverse semigroup.
To show S is fundamental, let (a,b) € w(S). By Lemma 3.1, there
exists o € Y such that a,b € Sa and a.}(ab. From Lemma 2.1, we have
u(s) N (Sa X Sa) c u(Sa). Then (a,b) € u(Su). Since S, is funda-
mental, a = b.

Hence u(S) is the/identity congruence, so S is fundamental

as desired. #

The converse of Proposition 3.2 is 'not true in general as

shown in the following example :

10
0} where I = [0 1)

Example. Let S = {I’K’Ell’EIZ’EZI’EZZ’
[o 1] [1 0} {o 1] [o o] 0 o]
K = % 8 » E;p =00 0J, E;, =10 0), B,y = (10}, E,, = 10 1),
0= LO'O]°A5 shown in theexample of Chapter II, under the usual matrix

multiplication, S is a fundamental inverse semigroup. Let Y = {o,B}

be a semilattice with its Hasse diagram :

o

™O

Let S, = {I,K} and S5, = {O’Ell’EIZ’EZI’EZZ} . Then S and S

B B
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are inverse subsemigroups of S and S = Sa\d SB is a disjoint union.

Moreover, from the table of multiplication, SaSB = SB . Hence S is

a semilattice Y of inverse semigroups Sa and S We can easily see

8"

that Su is a nontrivial subgroup of S. Hence, Sa is not fundamental.

Let s = \U Sa be a semilattice Y of inverse semigroups
oeY
Sa' For each o € Y, let
N
_ B<a B
equivalently,
A= U S
7 Beay

Then for every a €Y, Aa is/ an ideal of S. To prove this, let
a€ A and x €S. Then a/'€ Sg for .some 8 < a and x € SY for some
Y& Y. Since B < a , B =Bo, and so By = Bay = (By)a . Then
BY < o . Hence SBYQ A, . ~Because ax, xa € SBY = SYB’ ax and XaeAa.

Hence Aa is an ideal of S. Since aY is a semilattice, Aa is a semi-

lattice aY of inverse semigroups SB .

From the above proof and Theorem 2.3, we have the following :
3.3 Proposition. Let S = U Sa be a semilattice Y of inverse
' o &Y
semigroups Sa. Then for each o € Y, Au is an ideal of S, and it is

fundamental if S is fundamental.

Since A, 1s a semilattice oY of inverse semigroups SB .

the following proposition follows from Proposition 3.2

3.4 Proposition. Let S = | S, be a semilattice Y of inverse
akY
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semigroups S, Leta€Y. If for each B <o , %3 is fundamental,

then Aa is fundamental.
The following corollary follows directly from Proposition 3.4:

3.5 Corollary. LetS = \J S be a semilattice Y of invérse semi-
aEeyY
groups Sa. If Sa is fundamental for all a €Y, then Aa is fundamental

for all a€Y.

The next example shows that the converse of Corollary 3.5 is

not true in general.

11’E12’E21’E22’0}

(as in the first example of this chapter) adjoined the new element O

Example. Let § be/the semigroup S = {I,K,E

and define the operation * on S by
xy ifx,y €S,
X * )y = 0 Hix =y =0,
0] otherwise .

Let Y be a semilattice with the Hasse diagram

\/

and let Sa = {I,K} , SB = {O’Ell’Elz’EZI’EZZ} and SY = {0}, Then
S ,S, and S_ are inverse subsemigroups of S and S =6 U S U S is
o” B Y a B Y

@& ~ disjoint union. Moreover, SS C S. =S , S =8, ,

a B~ B aB B Ba
SS ={0)gsS =S =5 .
Y o B oy Yo

N

5. S
B o

n
(IJI
1]

S§ =8§S ={0y€S =S =S5 ,
Y B By % B By YB™ oy
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Hence S is a semilattice Y of inverse semigroups Sa’ SB and S;Y . We
have A, = SuU SB =S, AY = SYU SB and AB = SB' We have shown that
Aa = S is fundamental. AB is an ideal of 'S, so it is fundamental.
Since SY and SB are fundamental and AY = SYU SB is a semilattice yY
of 'inverse semigroups SY and SB , it follows from Proposition 3.2,
AY is fundamental.

Hence Aa, 'AB and AY are fundamental. But Sa which is a
nontrivial subgroup of S is not fundamental.

Let S = U Sa be a semilattice Y of inverse semigtroups Sa‘

R §
The following proposition shows’ that a sufficient condition for S to be
fundamental is that Aa is /fundamental for all o€ Y.
3.6 Proposition. Let S = U S(’Jt be a semilattice Y of inverse
i

semigroups Sa' Then Aa is fundamental for,all a€Y if and only if

S is fundamental.

Proof : For each o €Y, Aoz is an ideal of S. Then, if S
is fundamental, then Aa is fundamental for all o €Y.[Theorem 2.3].

Conversely, assume Aa is fundamental for all a € Y. To show
S is fundamental, let (a,b) € u(S). Then by Lemma 3.1, a,b € S)\ for
some A € Y. Then a,b € A)\ since A)\ = 8L())‘SB. Since A, is an ideal
of S, by Lemma 2.2, we have w(A,) = u(S)_n(AA x A)). Then
(a,b) € u(AA) . Since A)\ is fundamental by assumption, ”(AA) is the
identity congruence on AA’ so a = b. Hence u(S) is the identity

congruence on S, which implies S is fundamental. #
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Let S = U S, be a semilattice Y of inverse semigroups Sa
a €Y
and A be an.ideal of S. Let Pa be the Rees congruence on S induced

by A. Then we have

3.7 Lemma. Let a,b€ S. If (apA,pr) € u(S/A), then either

a,b € A ora,b € Sd‘\ A for some. a.€ Y.

Proof : ASsume (apA,pr) € u(S/A). Since

E(S/A) = B(S/p))/# A en, le € E(S) },
it follows that (apA)(epA)(apA)_1 = (pr)(epA)(pr)_1 for all
e € E(S), so
(aea-l)pA 7 (beb_l)pA for all e € E(S).
Suppose that a € A and'b € /SN A. Then b-lb € E(S) and so
(ab~Yba1yp, /= (6B Tbb o, = (b7 'bIp,
Because A is an ideal of S and a € A, ab 'ba ! € A which implies b BEA.
Hence b = bb lb € A, ‘4 contradiction. Similarly, the case b € A
and a € S\A cannot occur. Hence we have either a,b € A or
a,b € S\A.
Assume a,b € S\A. Then there exist o,B € Y such that
a€s  andb € Sg- Then a ta € S\A, Y s, and 2 ta € E(9),
(aa_l)ﬁA = (—«':l(at'la)a'])pA_= (b(a'»la)b'l)o'A
Hence b(a_la)b-1 = aa—le s, - But ba_lab_le Syg» SO o = aB .
Because b€ S\A, b lb € S\A. Since b b € E(S) and b™'b € S\A,
(ad 'ya Mo, = o B e, = b 'b)e, = b},
and hence a(b_lb)a_1 = b b € SB' But ab_lba-le Syg? SO B = aB .

Therefore o = B and then a,b € Sa i #
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Let S = \U Sa be a semilattice Y of inverse semigroups
o€y
S . Let I be an ideal of Y. Then A, = \J S_ is an ideal of S
o I €1 o.
because for a € I,B €Y, a € Sa, be SB’ we have aB = Ba € I and ab,

C & ¢ . . ) . . ; '
ba € SaSB < SaB C AI. Since I is a semilattice, AI is a semilattice

I of inverse semigroups S .
From Lemma 3.7, we have the following proposition:

3.8 ProEosition. Let S =) Sa "be a semilattice Y of inverse
o€ Y
semigroups Sa , and let I be an ideal of Y. If a,b € S and

(ap,,bp,) € u(S/A;), then either a,b € A, or a,b € S, and
A1 A1 I I B
(a,b) € u(SB) for some” B € Y NI,

Prbof : Let a,b € S'such that (ap, , bp, ) € u(S/A). By
AI AI I

Lemma 3.7, we have either a,b € AI or'a,b € SB\AI for some B € Y.

Assume a,b € Sg\ A;. Since A, = aLeJ 1 s, and sB¢AI, it
follows that B¢ I, so SB‘m AI = ¢ . -Because (apA ) pr )E.u(S/AI)
1 I
and E(S/AI) = {epA | e € E(S)} , we have
I
; -1 -1
(ap, )(ep, )(ap, ) = (bo, )(ep, )(bp, )
AI AI AI AI AI AI
for all e € E(S) and hence
(aeafl)p . (beb?%)p
AI AI

for all e € E(S). Let £ € E(S,). Then (afa p, = (bfb'lij .

P
-1 -1 i -1 -1 ! N |
But afa = and bfb "€ SB’ so afa ~ and bfb ¢ AI Thus afa ~ "= bfb "
This proves afa " = bEbt for all £ € E(SB). Therefore .
(a,b)e u(Sg). #

Because for each ¢« €Y, A = U s, = \U S,, we have
4 o . B
BeaY
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3.9 Corollary. Let S = \U Su be a semilattice Y of inverse semi-
oeyY
groups Sa. Assume oo € Y, a,b €& S. If (apA( ; pr ) € u(S/Aa), then
o a

either a,b € Aa or a,b € S, and (a,b) € u(SB) for some BEY, B ’ﬁ a.

B

Proposition 3.8 gives the following proposition :

3.10 Proposition. Let S = U Su be a semilattice Y of inverse
o€eY
semigroups Sa and I be an ideal of Y. If S, is fundamental for all

o €Y, then A_. and the Rees quotient semigroup S/AI are fundamental..

1
Proof : Assume Sa'is fundamental for all o« € Y. Let I be an
ideal of Y. Since AI is a /semilattice I of inverse semigroups Sa’ by

Proposition 3.2, AI is fimdamental. Next, let a,b € S such that

(apA 5 pr ) € u(S/AI). From Proposition 3.8, we have either a,b€ A
I I

or (a,b) € u(SB) for some BEYNI., If a,b€ Ai’ then ap

I

= bp, .
AI AI

Assume (a,b) € u(SB) . ~Since S —is fundamental by assumption, u (SB)

B

is the identity congruence on SB’ so a ='b and hence apg. = pr ;
I I

Hence u(S/AI) is the identity congruence on S/AI which im-

- plies S/AI is fundamental. #
Hence the following corollary follows clearly :

3.11" Corbllary. Let S = {J S, be a semilattice Y of inverse
atyY
semigroups'Sa. If S, is fundamental for all o € Y, then the Rees quo-

tient semigroup S/Aa is fundamental for all o €Y.

Finally, a conclusion about semilattices of inverse semigroups

relating. the property of being fundanental shau:ici'" bezgivén as follows:
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3.12 Theorem. Let S = U Sa be a semilattice of inverse semi-
groups SOL., 1 Su is fmZéIGh'e'rYltal for all o € Y, then we have

(1) S is fundamental,

(2) A& is fundamental for all o € Y,

and (3) S/Aa is fundamental for all o € Y.
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