CHAPTER II

IDEALS AND REES QUOTIENT SEMIGROUPS

It is shownin this chapter that any ideal of a fundamental
inverse semigroup S is a fundamental inverse subsemigroup of S. Properties of
Rees quotient inverse semigroups relating to being fundamental are
studied. A Rees quotient semigroup of a fundamental inverse semi-
group is not necessarily fundamental. It is proved that if an ideal A of an
inverse semigroup S and the Rees quotient semigroup S/A are funda-

mental, then S is fundamental.

First, we recall that in any inverse semigroup S, the maxi-
mum idempotent-separating congruence of S, u(S) or u,always exists
and

u = {(a,b)€ SR Sd-aea l = bet fh for all e € E(S)} ;

equivalently,

p = {(a,)€8L2I | G heai=-lbnleBREsEYal11 ¢ € E(S)}
and it is contained in the Green's relation }{ of S. An inverse
semigroup S is fundamental if and only if u(S) is the identity con-

gruence on S, if and only if E(S) = C(E(S)), the centralizer of E(S)

in S.

It was shown in the first chapter that an inverse subsemi-
group of a fundamental inverse semigroup is not necessarily funda-

mental.
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An ideal A of an inverse semigroup S is an inverse subsemi-
group of S. To see this, let a € A. Then a le S, so at = a~laale .
It is clear that A is a subsemigroup of S. Hence A is an inverse

subsemigroup of S.

The first theorem showsthat an ideal of a fundamental inverse

semigroup is fundamental. The two following lemmas are required :

2.1 Lemma. Let T be an inverse subsemigroup of an inverse semi-

group S. Then u(S) N (T xT) & u(T).

Proof : Let (a,b) € u(S)N (T x T). Then a,b€ T and
(a,b) € u(S), so iod = Kol P eGonrall e E(S). Since E(T)EE(S),
afa_1 = bfb " For all £ € 'E(T). Then (a,b) € u(T). Hence

SN (Tx T € u(m. *#

2.2 Lemma. Let A be an.ideal of an inverse semigroup S. Then A is

an inverse subsemigroup-of S and- u(A) = u(S) N (A-x A).

Proof : We haw shown that an ideal of an inverse semigroup

S is an inverse subsemigroup of S.
Next, we show that wp(A) = u(S) N (A x A). By Lemma 2.1,
u(s)N (A x A) € u(A). It remains to show that u(A)S u(S) N (A xA).

Let a,b € A and (a,b) € u(A). Then

asa s = ‘beb
for all e € E(A); equivalently,
a_lea = b_leb

for all e€ E(A). To show (a,b) € u(S), let £ € E(S). Then
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afa = a(a_lafa_la) o

1

= b(a_lafa—la)b— (because a_lafa-la€E(A))

% bb Yba lafs Lab ‘bb
e Ba Sa(h BEb 16} tan
= ba bbb Ib)btab ! (because b beb IbEE(A))
' ba “(BEH Man

I I T | -1
= bb “(bfb ")bb (because bfb "€ E(A))
= BERT
Therefore (a,b) € u(S);

Hence, we have u(A)/# u(S) OV (A x A) as required. #

2.3 Theorem. An ideal of a fundamental inverse semigroup is funda-

mental.

Proof : Let A be an ideal of a fundamental inverse semi-

group S. By Lemma 2.2, A is an inverse subsemigroup of S and

u(A) = u(S) N (A x A). Because S is fundamental, u(S) is the iden-
tity congruence on S, so u(S) N (A x A) is the identity congruence
on A. Therefore u(A) is the identity congruence on the ideal A.

This shows that A is fundamental. #

If S is a semigroup and a € S, it is clear that SaS is an
ideal of S. Let A be an ideal of a semigroup S. Then A is called

a principal ideal if and only if A can be generated by an element of

S; equivalently, A = SlaS1 for some a € S. If S is an inverse semi-
group and a € S, then Slas1 = SaS. To show this, let xayeslasl,

X,y € s'. since x,y€Sl, xaa 1€ S and a_layE S. Then
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xay = xaa_lay = xaa_laa_lay = (xaa_l)a(a-lay)GlSaS.
Hence, A is a principal ideal of an inverse semigroup S if

and only if A = SaS for some a € S.
By Theorem 2.3, the following corollary follows :

2.4 Corollary. Let S be a fundamental inverse semigroup. Then for each atS,

the principal ideal SaS is fundamental.

The next proposition shows that the converse of Corollary 2.4

is true.

2.5 Proposition. Let S be an inverse semigroup. If every princi-
pal ideal of S is fundamental, then S is fundamental.

Proof : Let (a,b) € u(S).~—Since u ¢ )—( c é, 5 (a,b)eé .

1 !

Thus Slas! = slbs!, saSas—=—stasl—=—slysl’Z) sbs. Then a,b € Sas.

Since (a,b) € u(S),
AGAURNY
for all e € E(S). But E(SaS) € E(S), then
a”lfa = b lm
for all £ € E(SaS). Hence (a,b) € u(SaS). By assumption, SaS is
fundamental, so u(SaS) is the identity congruence on SaS. Hence
a = b.
This proves that u(S) is the identity congruence on S, hence

S is fundamental. #

Let S be a semigroup and A be an ideal of S. Let Pa be the
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Rees congruence on S induced by the ideal A, that is,

{a} if a ¢ A,

ap =
A A if a € A.

Then the quotient semigroup S/pA is a semigroup with zero, and ap is
the zero of S/pA if and only if a € A. Recall that the semigroup S/pA
is called the Rees quotient semigroup of S induced by the ideal A, and
denoted by S/A. Because a homomorphic image of an inverse semigroup
is an inverse semigroup, if S is an inverse semigroup, then S/A is an
inverse semigroup. . By Intrdduction, page 5, if S is an inverse

semigroup, then

ECS/0 ) = Ajep, | e €E(S) T,
SO

E(S/A)

{ep, | e € E(S) N A} U {ap,}

if a € A.

Theorem 2.3 shows that an ideal A of a fundamental inverse

semigroup S is fundamental, but the following example shows that the

1 0]
Example. Let S = { I,K,E1 ,E12,521,E22,0 } where I = |0 1),
P A o
k=110], ;=00 B, =100}, B,y = 110}, E,, =101,

00
[0 0]. Then under the usual matrix multiplication, we have the

Rees quotient semigroup S/A need not be fundamental.

o
I

following table :
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11y 11| 12] “11| 12

12 12 11 , 11 12

21| T214NR24 /2 22

2222270721 21 22

Thus, S is a semigroup and E(S) = {I, 0}. From the table,

Eypa Eppo

we can see that any two idempotents of S commute. Moreover,

KKK = K, EpB5qEyp = Eyp o EosEnEry = Eyp

Then every element of $ is regular. By Introduction, page 2 , S is

E

an inverse semigroup, and

-1 S

-k £ = -1 -1

WERSITYE B, B> =B

B k 11 ~ “11° "22 T 722

tHULALDNGKORN, 55
To show that S is fundamental, it is equivalent to show
C(E(S)) = E(S). Since E(S) € C(E(S)), it suffices to show that for
each x € S, x ¢ E(S), there exists e € E(S) such that ex#xe, which
implies x € C(E(S)).
A1l the nonidempotents of S are K, E E,,. From the table,

12° —21

we have
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KE,, = Ejp # By = Epk,
EjpBpp = Epp # 0. = EjpBip s
EyiBpp = 0 # Ejpy- = EpBEyy .

Therefore C(E(S)) = E(S), so S is fundamental.

Let A = { E 0} . From the table, A is an

E110 EFiz0 Bape Bppo
ideal of S. Let Pa be the congruence on S induced by the ideal A.

Then
S/A — {IpA ) KpA ) OOA} i)
and E(S/A) = {IpA . OpA} - (KQA)_I = K-lpA = Ko, -
Because
_1 y
(Koy) (I (RO VEL R TD
(o) (0p ) (To It alon,
_ L4 .
and (KDA)(OOA)(KDA) = 0y

it follows that (Ip,, Kp,) € u(S/A). But(ip, # Ko,. Then u(S/A)
is not the identity congruence on S/A. Hence S/A is not fundamental.

Since E = 11E B 3 YE,,  E

11 HILUBGRURR, (B {01 B35 p17 1E,) | £

115» Eyp = ExjB1E10s

0O = OE,,O0, we have A = SE

1 hence A is a principal ideal of S.

lls’
This also shows that the Rees quotient of a fundamental inverse
semigroup S induced by a principal ideal of S is not necessarily funda-

mental.

Let S be a semigroup. An ideal A of S is called a completely

prime ideal of S if for a,b € S, ab€& A imply a € A or b € A.
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The ideal A from the above example is completely prime by
checking from the table of multiplication.

Hence, we have a remark that a Rees quotient of a fundamental
inverse semigroup S induced by a completely prime principal ideal of

S is still not necessarily fundamental.

It is obviously seen that if the Rees quotient semigroup of
an inverse semigroup S is fundamental, the inverse semigroup S need
not be fundamental. However, we have that if the Rees quotient semigroup of

an inverse semigroup S induced by an ideal A is fundamental and the

ideal A is fundamental, then /so isS.

2.6 Theorem. Let A be an ideal of an inverse semigroup S. If A
and the Rees quotient semigroup S/A are fundamental, then S is funda-

mental.

Proof : Assume that A and S/A are both fundamentai inverse
semigroups. To show S is fundamental, let a,b € S such that
(a,b) € u (S). Then

gea " = 'beb L

for all e € E(S). deéhow that a = b, first we show that the case
a€ A, b€ S\A and the case b € A, a € S\A cannot occur.

Suppose a € A, b€ S\A. Since (a,b) € 1 € H QR. , we
have a’{tn so aS = bS. Then b = ax for some x € S. Because A is
an ideal of S and a € A, it follows that b = ax € A which is a con-

tradiction. Therefore, it is impossible that a € A and b € S\A.

Similarly, the case b € A, a € S\ A cannot occur.



Herice, we have either a,b € Aor a,b€ S™\ A ,

Assume a,b € A. Since A is an ideal of S,
u(A) = uS)N (A xA) [ Lemma 2.2 ]. Because (a,b) € u(S),
(a,b) € u(A). The ideal A is fundamental by assumption, so  u(A)
is the identity congruence on A. Hence a = b.

Assume a,b € S\A. Let Pa be the Rees congruence on S in-
duced by the ideal A. Then S/A =S/p,. Because aea”! = beb™! for

all e € E(S), we have, for each e € E(S),

(apA)(eol,‘)(aoA)_1 = (aoA)(eoA)(a_loA)

g
(aea )pA

(beb™ 1o,
-1

= (bey) (ep,) (bey)
But E(S/A) = E(S/p,) = { en, | e € E(S) } [Introduction, page 5 ]
Then (apA, pr) € u(S/pA) = U(S/A). Because S/A is fundamental,
u(S/A) is the identity congruence on S/A, S0 aea=pr . Since
a,b € S\ A, we have ap, = {a} and bp, = {b} , hence a = b.

This proves that wu(S) is the identity congruence on S, and

hence S is fundamental as required. #
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