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ABSTRACT

Munn has characterized a fundamental inverse semigroup as a
certain semigroup of mappings. It has been shown by Chen and Hsieh
that every symmetric inverse semigroup on any set is always funda-
mental. Different studies relating to the property of being funda-
mental are obtained in ithis thesis.

It is shown that an inverse subsemigroup and a homomorphic
image of a fundamental inverse semigroup are not necessarily funda-
mental. A homomorphism from a fundamental inverse semigroup which
is one-to-one on the set of its idempotents is an isomorphism.

It is proved that any ideal of a fundamental inverse semi-
group is always fundamental. An inverse semigroup is fundamental
if and only if all of its principal ideals are fundamental. An
example to show that a Rees quotient semigroup of a fundamental in-
verse semigroup need not be fundamental is given. However, we have

the following : If an ideal A of an inverse semigroup S and its
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Rees quotient semigroup S/A are fundamental, then S is fundamental.

Semilattices of inverse semigroups are studies. Let

S = kJ Sa be a semilattice Y of inverse semigroups Sa, and for
a €y
each ideal I of Y, let A_ = kj S . Then A, is an ideal of S
. c€1 © !

for all ideals I of Y. The following are proved :
(1) 1f Sa is fundamental for all o € Y, then S is funda-
mental, but the converse is not true in general.

(2) A, is fundamental for. all’ a € Y if and only if S is

aY
(3) 1If S, is fundamental for all o € Y, then the ideal AI

fundamental, where Aa denotes thée 'ideal A, for all a €& Y.

and the Rees quotient semigroup S/AI are fundamental for all ideals

I of Y.
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INTRODUCTION

Let S be a semigroup. An element 0 of S is a zero of S if
x0 = 0x = 0 for all x€S. An element 1 of S is an identity of S
if for all x€8S, x1 = 1x = x.

A zero and an identity of a semigroup are unique.

Let S be a semigroup (with /‘or without identity) and 1 be a
symbol not representing any element in S. Define the multiplication e
on SU1 as follows : For a,b€/'SUl ,
(_ab’ /if a,b€S,
1/ iEEaEs b '=\1,

a if'a€ S .and b = 1,

( b if a=1and bES.

Under this multiplication, SU1 is a semigroup with the identity 1.

For a semigroup S, :'the notation S1 denotes the following semigroup :
1 S if S has 'its identity,

SU1 if S has no identity.

Let S be a semigroup. An element a of S is an idempotent
of S if a2 = a. We denote by E(S) the set of all idempotents of S,
that 1is,
E(S) = { e€Ss |e2 = e}

S is called a semilattice if for all a,b€S, a2 = a and ab = ba.

An element a of a semigroup S is regular if a = axa for some



Xx€S. A semigroup S is regular if every element of S is regular.

In any semigroup S, if a,x €S such that a = axa, then ax and
xa are idempotents of S. Hence if S is a regular semigroup, then
E(S) # ¢ .

Let a and x be elements of a semigroup S such that a = axa.
Then

(i)° 85 = aS! and §ta

Sa and

(i1) aS = axS and -Sxa Sa.

Let a be an element of a semigroup S. An element x of S is
an inverse of a if a = axa, X =5 xax. A semigroup S is an inverse
semigroup if every element of S;has a unique inverse, and the unique
inverse of the element a of S is denoted by a—l. Then for any element
a of the inverse semigroup’S, we have

a =.aa ¥ 5 peke o o1a,71

and aa—l, a_laE.E(S). A-semigroup S is an inverse semigroup if and
only if S is regular and any two idempotents of S commute [[2], Theorem
1.17] . Hence, if S is an inverse semigroup, then E(S) is a semilat-
tice. Every semilattice is obviouslyan inverse semigroup. For any
elements a,b of an inverse semigroup S and e € E(S), we have

1 -1 =1
a

et = b s (a_l)_1 = a and (ab) = = b

[[2], Lemma

1.18]
Let S be an inverse semigroup. For any a€S, e €E(S), we have

that aa_l, a-la, a “ea, aea” " ave all idempotents of S.
Every group is an inverse semigroup and the identity of the

group is its only idempotent.



Let P be a nonempty set and < be a relation on P. If the re-
lation < is reflexive, antisymmetric and transitive, then < is called

a partial order on P, and (P, f),or P)is called a partially ordered

set.

The relation < defined on an inverse semigroup S by

a_l' = ab_1

a < b & a

is a partial order on S [[3], Lémma 7.2] , and this partial order is

called the natural partial order on the inverse semigroup S. We note

that the restriction of -the natural partial order < on an inverse
semigroup S to E(S) is as follows :

e < f &= e = ef (= fe)
It then follows that if S is a semilattice, a < b in S if and only if
a=ab ( = ba)

If S is an inverse semigroup and a,b €S, then the following

hold :

(1) a <b _if and only if a = be for some e€ E(S).

(ii) a <b . if and only if a = fb for some fEE(S).
Let E be a semilattice. Then for any e,f €E, e < f if and

only if e = xf ( = £x) for some x € E.

Let S and T be semigroups and ¥ : S — T be a map. ¥ is a

homomorphism from S into T if and only if

(ab)y = (ay)(by)
for all a,b€ES. Y is called an isomorphism if ¥ is a homomorphism and

one-to-one.



A semigroup T is called a homomorphic image of a semigroup S

if there exists a homomorphism from S onto T.

Let a semigroup T be a homomorphic image of a semigroup S by
a homomorphism . If S is an inverse semigroup, then T = Sy is an in-
verse semigroup, for any a€ S, (alp)_1 = a_lw [[3], Theorem 7.36] ,
and moreover, for each f € E(T),there exists e € E(S) such that
ey = f [[3] , Lemma 7.34] , and hence

E(T) =1 ey | 2 €E(S) } .

A reflexive, symmetric and transitive relation on a nonempty

set X is an equivalence relation on X.

Let S be a semigroup. ‘A relation ¢ on S is called left com-
patible if for a,b,c€ S, ‘apb imply capcb. Right compatibility is
defined dually. An equivalence relation p on S is called a congruence
on S if it is both left compatible and right compatible.

Let p be a congruence on a semigroup S. Let S/p denote the
set of all p-classes on S, that is,

S/le ={a | a€ S }.

Define a multiplication on S/p by

(ap) (bp) (ab)p (a,b € 5)
Then, under this operation, S/p is a semigroup which is called the

quotient semigroup relative to the congruence p. If i = {(a,a) |a€sS},

then i is a congruence on S and we call it the identity congruence on

S.

Let p be a congruence on a semigroup S. Then the mapping

v : S— S/p defined by



ay = ap (a€ S)
is an onto homomorphism and ¥ will be denoted by ph , and call it the

natural homomorphism of S onto S/p . Therefore S/p is a homomorphic

image of S.
Conversely, if ¢ : S — T is a homomorphism from a semigroup
S into a semigroup T, then the relation p on S defined by
apb & ay = by (a,b € S)
is a congruence on S and S/p = Sy, and p is called the congruence on
S induced by ¥.
Let p be a congruence 'on an inverse'semigroup S. Then S/p

is an inverse semigroup, and for every ap €S/p , (alp)-1

=a p
Hence for all a,b € S.
=1 -1
apb &S a _pb " .
For any ap € E(S/p), rthere exists e € E(S) such that ap = ep

Hence

E(S/p) = { ep | e €E(S) }.

Let S be a semigroup. A npnempty subset A of S is a left

iﬂSﬂl of S if xa € A for all x €S, a€ A. A Eighﬁ.iéfél of S is
defined dually. A nonempty subset of S'is an ideal (or two-sided
ideal) of S if it is both a left ideal and a right ideal of S. An
arbitrary intersection of left ideals, of right ideals and of ideals
of a semigroup S if nonempty is a left ideal, a right ideal and an
ideal of S; respectively.

Let A be a nonempty subset of a semigroup S. The left ideal

1 177 86404



of S generated by A i$ the intersection-of-all left ideals of S con-
‘taining A. The right ideal of S generated by A is defined dually.

The ideal of S generated by A is the intersection of all ideals of S
containing A. If A contains only one element, say a, the left ideal

of S generated by A is called the principal left ideal of S generated

by a, the principal right ideal of S generated by a and the principal
ideal of S generated by a are defined similarly.

Let a be an element of a Semigroup S. Then we have Sla, aS1
and Slas1 are the principal left ideal of S generated by a, the prin-
cipal right ideal of S generated by a and the principal ideal of S
generated by a ; respectively.

If S is a regular semigroup,“ then sla = Sa, aS1 = aS and
Slasl= SaS for all a€ S. "If E is a semilattice, then an ideal I of

E is principal if ' and only if T = eE = Ee = EeE for some e € E.

Let S be a semigroup. The relationsi s R . H. . é on

S are defined as follow :

a{ b if and onlf if Sa =S,
af b if andonly if as! -= bs

H -¥nR .
a & b if and only if SlaS1 = Sle1 .

Note that % " R. . H and g are equivalence relations on S and
Hg\ée ,)—LQR, igg and «REQ . Moreover,:fis
right compatible on S and .R, is left compatible on S. These rela-

tions are called Green's relations on S. Equivalent definitions of




the Green's relations ;P and R, on a semigroup S can be given as

follow : For a,b €38,
:ﬂ 1
a b & a = xb, b = ya for some x,y€S
and
R - - 1
a b &< a = bx, b = ay for some x,y€S".
Let S be a regular semigroup and a,b € S. Then
ad b &= sal=,sb
&&—a 5 xiEb< ya for some x,y €85,
and

a F{ b &) /a8 3= bS
&) |/ ragaabx, \b =\ay for some x,y € S.

Any H -class of/S/ containing an idempotent e, He, is a sub-
group of S [l 2], Theorem 2,16 ], and ‘moreover, He is the greatest
subgroup of S having e as its identity.

Let S be an inverse semigroup. For a€ S, a = aa_la so that
Sa = Sa”la and as =7ma’ls and hence aw atta ‘and aR.a—la.

Every \i -class and every R. -class of an inverse semigroup

S contains exactly one idempotent [[2] , Theorem 1.17]

Let S be a semigroup and let A be an ideal of S. Then the
relation P defined by
aPb  if and only if either a,b€ A or a = b

is a congruence on S and it is called the Rees congruence induced

by A and the semigroup S/P is called the Rees quotient semigroup

induced by A and denoted by S/A. Hence



{a} ifa & A,
ap =
A if a € A.
and S/A is a semigroup with zero, which is a homomorphic image of S,
and for a € S, aPp is the zero of S/A if and only if a € A.
Let A be an ideal of a semigroup S. Then S is an inverse

semigroup if and only if A and the Rees quotient S/A are both inverse

semigroups [[3] , Corollary 7.37] .

Let S be a semigroup. The center of S, denoted by C(S), is

the set { a€ S | ax =-xa_for all x €S }.

Let Y be a semilattice and a semigroup S = U Sa be a dis-
o €Y
joint union of the subsemigroups Sa of S. The semigroup S is called

a semilattice Y of semigroups Sa.‘if 5.8 _C.Sa for all o ,BE€Y, or-

a B B
équivalently, if o,B € Y, a € Sa’ b€ SB imply ab € Saﬁ'

A semilattice of inverse semigroups is an inverse semigroup
[[3] , Theorem 7.5] .. Then a semilattice Y of groups is an inverse
semigroup.
| Let S = U Ga be a semilattice Y of groups Ga . To each
a €Y, let e, dezoiéythe identity of the group Ga' Then
E(S) = {ea|oc€_Y} s
and E(S) is contained in the cenfer of S [[2], Lemma 4.8] . Because

S is an inverse semigroup, e for all o,B€Y and hence E(S) =Y

B~ o8
by the isomorphism eat-—ﬂx(ae Y). Moreover, S has an identity if

and only if Y has an identity.



A semigroup S is called fundamental if the identity congruence
on S is the only congruence on S contained in the Green's relation }{

of S.

In the first chapter, we introduce a significant result rela-
ting to fundamental inverse semigroups which has been given by Munn.
He has charactorized a fundamental inverse semigroup as a certain
semigroup of mappings. Including in this chapter, an example to
show that an inverse subsemigroup and a homomorphic image of a funda-
mental inverse semigroup are not necessarily fundamental is given.

It is also shown that any hombmorphism from a fundamental inverse
semigroup which is one-to-one on the set of its idempotents is an
isomorphism.

Ideals and Rees quotient semigroups relating to the property
of being fundamental are studied in the second chapter. It is shown
that any ideal of a fundamental inverse semigroup is always fundamental.
Lef A be an ideal of an inverse semigroup S. It is proved éhat if A
and the Reeés quotient semigroup S/A are fundamental, then S is funda-
mental. An example to show that a Rees quotient semigroup of . a
fundamental inverse semigroup need not be fundamental is giveqp

In the last chapter, semilattices of inverse semigroups are
studied. It is proved that a semilattice of fundamental inverse
semigroups is fundamental. A weaker condition for a semilattice of
inverse semigroups to be fundamental in term of ideals is also given

in this chapter.
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