Chapter II

¥-RAY DIFFRACTION METHODS

2.1 The Reciprocal Lat;gcel

The concept of the reciprocal lattice was first de
veloped by Ewsld. Refereaces to reciprocel -lattlce theory
are common in discussions of x-ray diffraction from crystals,
The definition of the reciprocal lattice may be expressed

*

as da = K
hkl .

hkl
+* :
where dhkl is the distance frqm the origin to the reciproceal
point corresponding to the family of planes’having the spacing

picy 0
represents a family of planes in the direct lattice.

K is an arbitrary’constant. Each reciprocal point

From Bregg law :
A
sin © = —
hEL 2q i1
we can construct the reflecting sphere with unit radiusg
this sphere passes through the origin of the reciprocal
lattice, 0. The diameter XO. is the direction of the x~-Tray

besm through the origin. If a reciprocal point, P, lies “on

the surface of this sphere, then IP is the direction of the

1N.F.M Henry, H.Lipson, @#nd W.A.Wooster, The Intexr-

pretation of X-Ray Diffraction Photographs (New York :

Mecmillan and Co., Ltd. 1961) pkO,
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reflected beam and PX is parellel to the planes correspon-
ding to P end hence PXO = © . Since sin © = & = A Bress
law is thus obeyed and these planes corresponding to P_can
reflect x~rays (Fig 1).

The relation between the space or direect lattiece
and the reciprocal lattice is shown in Fig.2. The direct
lattice, identified by solid circles, is oriented in this
disgrem with the C-axis normsl to the page; hence all ( hko)
planes are also normel to the page. Each plane of the direct
lattice is represented by a point (open circles) that lies
on the normel to the plane at a distance of-é%kl from the
origin., These points constitute the reciprocal lattice.

It follows from the concept of the reciprocal lattlce
that reciprocal rows are normel to plancs of the direct

lattice. The reciprocal lattice vector, Fhkl’ can be expre-

ssed in terms of the direct lattice asz

g ghicxofv Uik
D »
] hkl! ‘a;kl
and i - 3* -t
g R = ha + kb + 1c .
hkl 3
Three special cases of this relatlion are
a 1 :
a - s
di00
* 1
b = & 5 H
; 010

2
M.J. Buerger, X-Ray Crystallogrephy (New York

John Wiley #nd Sons, 1953) pp 119-121



o' i = 2
001

%* 3% % : '
where a , b , and ¢ are the unit translations of the

reciprocal lattice.

Formation of e Lattice Array by Reciprocal Points

It can be shown that reciprocal points form a three
dimensional lattice array. The trace of an (hkl) plane of
the direct lattice intersects the c-sxis, OC, at P (Fig 3).

The intercept of the plene on the c-axis is OP = % s R 18
the corresponding reciprocal lattice point, and therefore
OR = é . OD equals the spacing, dhkl , of the planes. BN

hkl
is constructed normal to QC. From3 the triangle ODP :

a 1
~cos /9 = gg. = _.ﬂ%l_
From the triangle ORN A
ON-° = ORcosp = g °%°P

hkl
and therefore ON = (%)1. Because the value of % is a con-
stant for a particular lcttice, reciprocal points with
jdentical 1 indices have the same value of ON. In other
words, the points lie in planes that are normal to the
c-oxis and are spaced ot intervel of é . The value of ON
is zero when 1 = o , hence the plene that contains the hko

points - the hko level - pessSes through the origin of the

~ .

3E.W. Nuffield, X-Rey Diffraction Methods (New York:

John Wiley and Sons, 1966) pp 239-248



direct leattice (Fig 4). The hkl level of points is situsted
aﬁ a distance % from the origin, measured slong the ¢ axis,
the hk2 level 1is at g end so on,
It can be similerly shown that the h0l, hll, and
h21 levels are normel to the b axis and speced at interval
of %,also that the Okl, 1kl =2nd 2kl :levels are normal to
the a axis and spaced ‘at- intervels of %
The reciprocal point 123 occurs in three levels:
1kl , h21 , @nd hk3. Consequently, 1t occurs at the inter-
section of these levels, Similarly, each reciprocal point
is common to three levels. Thefefore reciprocal points occur
only at the level interseption @nd, becsuse the levels are
regularly spaced, the points form o three-dimensional lat-

tice arxay.

Diffrections from Planes of Reciprocal Points

Figure 5 shows the sphere of reflection with OC,
representing the ¢ axis 6r [001] row of a crystal, oriented
et an angle @ to the beam, The bk0, hkl, hk1, etc, levels
of reciprocal point are normal to this row. They lntersect
the sphere in circles with diameters PQ, AB, DE, €tc, The
hk0 level includes the origin P of the reciprocal 1atticé.
The Bragg condition is satisfied for any hkO point, for
example, which happens to be on the surface of the sphere,
more perticulerly in this caese on the circumference of the

circle PQ. (The corresponding circles for the hkl end hkl



levels are AB end DE.) Because the reflections emenate from
0 and pass through these points, the reflections lie on &
cone of which PQ is & right circuler section. The cone 1s
coaxisl with OC. Reflections corresponding to bkl end hkl
noints lie on coexial cones with different half @pex angles.
The half apex angle of the zone level is equal to/a, but the
angle for an n level depends on both/a and the spacing of

the reciprocal planes. Thus for the hkl levels

cos ¥ 7 8‘%’ = oc + %

R 7 OP cosp = 005211 |
Oh end O P="1.. Consequently N/

cos ¥ = c.os/'_Li +>..c‘:. '

It cen be shown thet for the hk1l level

—

> 5
cos ¥ = cos M - %—

When rearranged into the form
C(cosi—/-cos/_i) = 1N
-1

the expression for diffraction from the two first-level

C(aos ¥’ - co‘s/.—L)

reciprocal planes can be recognized as the Laue equations
for first-order diffraction cones associated with the c axis

of a crystal,
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2.2 The Powder Method

The essential features of the pnowder diffraction
technique 1nclude'a nexrrow beam of monochromatic X-rays
impinging upon a crystalline powder composed of fine, random-
ly oriented perticles., Ideslly, all possible orientations of
all possible lattice planes are present in & powder sample,
and reflect x-rays when they axe in position to satisfy
Bragg reflection condition for x-rays of wavelenzgth ™ ¢

nA =_~278 sin@=

Each diffraction line is made up of a large number of
smell spots, the spots lying so close together that they appear
as & continuous line. The 1lines are gencrally curved,; unless
they occur exactly ot 20 = 900 when they will be straight.

Consider’*just one reciprocal lattice vector, B—hklg
if the number of crystallites present in the powder is very
large 2nd the crystzllites are randomly oriented, such
reciprocal lattice vectors in each crystallitc noint in all
posgible directions, so thst the corresponding reciprocol-
lattice points lie on the surface of & gphere of radius'ﬁ%kllo
Obviously, & separate sphere exists for each conceivable ﬁmlue
ofcfhkl, $0 that the reciprocal lattice ofge powder is, simply,
& set of concentric spheres, Since the orizin of the reciprocsl

lattice of each crystallite must lie et the point of emergence

4L,V,Azeroff? Elemcnts of X-Ray Crystallosraphy (New

York: Mc Grow-Hill, 1968) pp 152-153,
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of the incident x-ray beam, each reciprocal-lsttice sphere
cm?s the sphere of reflectlon, provided that U"hkl( %(Fig.ﬁ).
Since the distribution of reciprocal-lattice points along
the surfsce of the sphere is uniform for & truly rendou
polycrystalline aggregate, the distribution of the X-rays
along the diffraction cone is also uniform, so thet it is
sufficient to intercept a representative portion of eech
cone.,

The Debye-Scherrer Method

A ﬁumber of methods are c¢mployed teo record powder
x-rey reflections on film. Esch is designed to exploit
psrticular epnlications. The so called Debyve-Scherrer
technique has proved to be the most useful for the routine
identificetion of unknown compounds. Furthermore, it is
capable of yielding lattice spacings of high precision, The
Debye-Scherrer method makes use of & cylindrical film,
whose axis coincides with the rotation axis of the sample
and is normel to the Sram. Each reflection cone intersects
the film in & pair of arcs, and 21ll the cones genexated by
the specimen are represented on the film. The distence S
(Fig.7) between =« pair of arcs on the film hears a simple
relation to the apex szngle 4 © of the corresponding reflec-
tion cone.

L e
(1/4R)S radian

S/R

©
i
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o] = (180/4%g)S degreec

- i

where R is the radius of the film,

Pocusing Camers

The moin disadvantsage with Debye-Scherrer comeras 1is
that the absorption of x-rays by the specimen causes ;
the lines to be displazced from the true positions in a direcw
tion of incresesing Bragg angle. This effect is lergest and
therefore most serious &at the low sngle e¢nd of the pattern,
which incidentally is the e#ll-importent rezion for indexing
nowder data, Absorption effects can be partially overcome by
incorporating & standerd substsnce with the material underx
examination and so be able to draw up a correction curve.
Focusing cameras fall into two categorics,

1) Those which use the x-ray besam direct from the tube.
2) Those which use from a focusinz monochromator,

Focusing Camera Used Without & Focusing Monochromstor

The principle of the focusing camers is illustrated
in Fig.®. The specimen is in the form of a thin layer of
powder, MM Three or four centimeters long, lying on the
circumference of a2 circle, and the x-ray film, CD, =l1lso lies
on this circle. The slit, S, allows a2 divergent besm of X-rays
to fall onto the powder specimenc P is the focus of 2 typiceal

reflected ray. The conditions for focusing 2nd reflecting
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depend solely on the geometry of the cemera. Thus let N be
the mid-point of the a2rec SP. Then SﬁN = Sﬁﬁ = NﬁP = Nﬁb

(angles subtended by cgual arcs)., Any lines which bisect the
angles subtended by the exrc SP will therefore 1ntefsectaat

the point N. Let the incideant ray SM make an angle'ﬂ/z - ©

with the 1line NM. This would be the condition for reflection
for = crystel plane normal to the line NM. The reflected rays
will be genersted and come to & focus on the szme circumference
as the slit, S, provided the lattice plenes are tangentiel to
the circumference of & cylinder of radius NM and touch the
circumference »f the comera cylinder of radius r.

Focusing Cemeres Used with a Focusing Monochromator

The chief adventages of these cameras are that
photogrephs taken with them have 1little background fog, owing
to the almost complete e€limination of white radietion, and
the lines are not displaced by sbsorption of the x-rays in
the specimen., Their chief disadvantage, os with 211 focusing
types, is that a number of cemeras are nceded to cover the
range of O to 900 of Bragg «ngle, but experience haes shown
thot & comers covering the range of 0 - 40° of Bragg angle
will serve most purposes. The exception is when orders of

accuracy higher than % 0.02 percent are required.

The Guinier~-typc focusing camera
It is well known th=t the Guinier Method of obtaining

monochromatic x-ray powder diffraction photograph has the



Fig. 9 Diagrem: - ehowing the principle of the

.

GCuinier method,
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advantege of giving o very high resolution and an extremly
low background, the exposure time 1s very short and the
amount of specimen required is extremely small,

The” principle of Guinier method is illustrated in
the schemetic drewing in Fig. 9. The cemere uses monochrometors
of Johansson type with & cylindricslly ground =nd bent quartz
crytal reflecting from the plane (10I1). The choice of the
radius of curvature is gzoverncd by thg €lastic properties of
quartz and the distance needed between the monochrometor and
the focal line of the radistion. When possible, the radius of
curvature should vary with the wavelength so that this distance
remains nesrly constant. This cen be achieved for Cuk«, FeK«,
_and CrKke radiation but not for MoKe ., The first three require
raddiof the order 600 &nd 300 mm, whereas the last needs 600
and 1200 mm, Quartz has been chosen as crystsl materisl because
of its excellent focussing properties together with its relaive-
ly low price. The camera is normally intend to work in vacuum
with Cr-radiation, this is necessary in order to rcduce air
absorption. Evacuation also reduces scattering from the air in
the path of the primary beam. The vacuum chamber encloses the
monochromstor., The exposure time is =21so reduce becsuse of the
shorter path of the x-rays in air, which is especially importsnt

when Cr-radiation is used.

005872

1 17998067
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From Fiz.9 , & converging x-ray bcaz, produccd by reflecting
the incident beam from & curved crystel monochrometor, 1s
tronsmitted through the specimen, the devietion sngle 20 =t

the monochromator has & definite and sccurately known value

for a given wavelength, The centreal primery besm ¥ C is teken
out ot an sngle of 4,5%°to the target plenc of the x-ray tube.
According to the rediation to be used the combined specimen
holder, film holder system is sct at the corresponding 20 anzle
and is then translseated =slong the direction‘bF g0 that the line
focus F falls on the film.

Pilm measurement end caleulation of Bragz-Angles

The usual way of deriving € is to meassure the distance
between the primery #nd diffraction lines, 8S_(F1z10 ). The
distence SSO of each diffraction line on the film besrs &
simple relation to the apex angle L @ of the corresponding

reflection cone.,

L 0 (rsdian) = (S-S&/B
o . 180 S-8 - _a
0 (degree) 7 T 7O K:S 50)
where K =  180/4TR and K = G/S-S0 .

R is the radius of the film.
When & camers whose radius is o multiple of 180/70
= 57,3, it is possible to mecasure the diffraction angle directly

with a millimeter scale, =nd lead to & solution of Bragg's

‘ : bt A
cquation for the value of the spacing d (dhkl T .. 28108 ).

hkl



Several precautions are necessary in detcrmining
the line position. The film should be 2#djusted so that its
length is parallel to the direction of travel of the microscope.
The position of the linc should be read by plecing the diagonal
cross wire on the middle¢ of the axe 3§ two or
three readings should be teken., The visibility of wesk lines
is also iumproved by putting oraque scraéns over that part of
the film which has not received any radistion, so thst only
the exposed part is visible., The an hag then to sccommodate
itsclf to only o smell range of brightness.,

Mnolyticel Methods for Indexing

Following the de¢termination of the 4 value from a
powder photogrenh, it is frequcntly desired to identify the
corresponding crystallozraphic planes(hkl). Ito’s method is
one proccdure for indexing the reflections of o powder pattern
regardless of symmetry. This method is bescd on the fact thet
coch reflection of 2 powder photograph corresponds to a vector
in reciprocal spoce. If three nouncoplenar vectors sre selected,
the edges of & unit cell are defined, and if three more are
selected, their interexial sangles sre fixed. This corresponds
to the selection of six sppropriaste lines on the powder photo-
graph. Oncc an appropriate unit cell is sclected, it becomes

nossible to index all the lines on the powder photograph. The
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—d
€xpression relating the reciprocal-lattice Vfctorsifhklo to

the reciprocal-cell dimensions of 2 triclinic cell is
2 g *#2
Or = %

% 3% 3% 3% 3 *% : P 3 3
= . 1ERT Wt 1% Peonka b cos¥ SEkabio  so0k

3

<.

% %
+21hc. a cospg

e
let Yl = Ty

If the first three lines at the low sngle ©
pettcern are taken to have indices 100, 010 and 001 then ajb

*
and ¢ cen be derived from the following equations:

- #2 > #2
900 2 » g v 9001 = ©

+* +*
The values for the reciprocal cell angles o ' P and

Z/B

¥*
D have now to be found. Fig.1l shows the planes of the reci-

% 3*
procal lattice containing the vectors b snd ¢ . The length
of the vector cgkl is given by

E: 3 b S 3 3*
k%" 24l 20 o rE o Al o

q-okl
Similarly
¥* 3* #* 3 &
Lkt = kzb 24 120 ak 2klb ¢ cosos
If these two ¢quations ere added and subtracted, there

results adding :

: *2 202
Y1 + Ut = 2D+ 2%
subtracted :
i i 14 % 3 %*
qokl - quT = k1 bc cos=

#
The last reletion can be solved for cosaoc
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i Qo™ 4
SRR okl C?I
b x1 b oc
3 *
The other two anglesp and ¥ are derived in the same
® #*
vey., To solvex , onc must first search among the Qs to find

20*2

*
tvio whose average value is kzb 24 1 . For exemple, if the

reflecctions 011 and 011 sre not absent, then the aversge velue

* %
of these q's 18 b 2g c 2

. if symmetrically placed quantities
cannot be found, it mey mea: that one of the pair, for examplc
the 011 line is wmissing. Ib this cose the next step is to look
for symmetrically placed quantities sbout the quentity Uzb*2+c%2
or b*2+ucﬁ2, which 1f successful would 1loc.te the pauirs of plones
021, 021, or 012, 012. On “he other hand it mey meen that the
first three reflections on the pattern sre not all first order
reflections., In this case, other indices hoo, oko, ool should

be assigned to them and th: search for pairs of lines repeated,
If 2goia no peirs of lines cen be found, assizn the indices

hoo, oko &nd onl to another group of three lines. When symme-
trical peirs of lines have been located snd the anglestik,p B
and‘F* czlculoted, 211 possible q values are calculated ond
compared with the observed values. If the comparison is accep-
table this test is sufficient to prove the correctness of the

assigned reciprocal lattice.

The derivative of zccurate unit ccll dimensions.

The accuracy of the unit cell dimensions determined by
the method discusscd sbove is seldom better thon + 0.1 percent.

Unfortunately vaerious systematic and subjective errors which
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occur in the process of obtaining snd measuring an x-ray powder
diffraction photograph often make these high orders of accuracy
difficult to attain. Errors in the velue escribed to © s the
Bragg sngle, affect that of the oell constent derived from it.
These errors ond methods by which they con be rcduced can be
discussed under the two heading subjective and systematic,

Subjective errors

All measuremcnts of the films should be checked so
that errors arising from @n incorrect vernier reading or a
mis-set cross hair ere avoided. This is so importsznt as to
make it well worth while to teke & number of independent
measuremente on each line, preferebly allowing the cross hair
to approach the line alternatively from either side.

Systcmatic errors

The data from which cell constants are derived depend
upon the recognition of peak position of ares on o diffraction
photograph., Since these peak positions dependon. the oxperimental
conditions discusesecd helow Yoo, 1t 18 casy for éystematic
errors to appeer in the values °f the cell constants.

The curves of Fig.12 indicate that for s given precision
in measuring © the error in d, hence in the cell edge a,
decreases as @ increases. This cen 2lso be shown snalytically
by differentisting the Bragg equation with respect to e .

24 sin@

i

na

0 = 2 %% sin@ + 2d cos@



Ad _  =C0s@ - ;o
3 = mb@ = - cote &6

Ag © increzses to 9009 cot@ =pprosches zexro end the crrorbH O
produces ever smeller errorsfH d in measured d., Hence the
desirability where possible of using = camere which sllows
the recording of reflections =t hizh values of ©.

The experimental conditinn which will affect the
position of an arc on & diffraction photogreph when this type
of cemera is exmployed is film shrinkosge. There sre three genéral
methods for overcowming this dlfficulty:

a) to prirt fiducisl murks on the film before processing,
b) to print a complete scale on the film before processing,
c) to mix the unknown substance with » standerd substance
which then gives diffraction ar@s‘at accuraetely known engles,

To eliminate»Ai" systenetic errors by the use of sn
internal calibration étandard, é@ étandard cubic substance, in
the form of & powder, is mixed with the moterisl under inves-
tigetion, and in this way diffraction pattérn of both are
obtained on the seme film under identicel experimentsl condi-
tions. The standard materisl should be chosen so that its
-diffrvctions pattern does not mask sny of the lincs of the
specimen iteself,. Then provided the refraction correctionn is
taken into account and the specimen gnd standard sre of
comparsble crystoallite 8ize, preferably between 1 snd O.l/A,
then the effect of systematic errors will be the s&me‘for

both substences, The cell persmeter of the stundard being
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known, thc Q/S-SD values is plotted agaihst the corresponding
value of the S"So . From measuring .€11 diffraction

line positionsS, the S_Sovalues are obtained. Interpolating and
exbrapslating from the graph-ﬁﬁeg/s“so ore determined, and

then @, The graph gives the correction factor to be applied

2

for any value of Sin gob The sin‘@obsvalues for the materinl

S°
under investigotion are now corrceted, using the graph to obtain
the correct fraction: for each reflection.From the corrcctcd

velues of sinzg the true value of the cell constunt is obtained,

2.3 Intensity Messurcment

The Hotetion ond Weissenberg photograph are taken by
the methods discussed elsewhereé The Weissenberg arranzement
is the commonly used method. for recording diffroctinn inten-
sities photographically. Assuming that the crystal being
photographcd ig smaller then the incident besam'’s cross-section,
the size ;nd shape of each r¢flection are proportional to that
of the orystal,r -Becouse the finel film is viewed with visi-
ble light, i1t is convenient to define densitvy D or blackening
B in terms of this light. This is defined as

B = D = log IO/I
where ID and I are, respectively, the intensities of light

incident upon gnd transnitted through the film.

£

“ We Chaipayungpun, Prcliminery X-ray Crystallographiec
Study of Certein Chemicol Constituents of Stemons Roots,
(Thesis Graduate School, Chulalonzkorn University, 1970)
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Intensity measurement may be carried out by c€ither of
two different kinds of instrumentation, the photozrephic
film o¥ the quantum counteri With either of these devices it
is PPB8ible to measure the intensity.

Fig.13 1s .a _graph of thc blackening eurvce, vcrsus the
pember ofstines through the- reflection anglegn, I is the
dezree of bléckening of & reflection spot end IO 1s the
backzround blacknesé surroundinz the spnt, The srzoh is
derived as follows: /n épproximation scele, obteined by
pessing a erystel on o Weiscenberg camera an increasing number
(n) of times throuzh a given reflection sngle, 18 uscd to
determine the Io/In etin of all reflection spots, end D,
the decimally based lozarithm of this ratio (1051010/IN) is
then »lotted azainst the aumber (n) of crystal reflection
cycles, The intensities of ezch reflechinn were measured by
using a microdensitometer, The degres of bleckcning, I, of
& reflectinon spot 1s measured end immedietely oftcrwards the
beckzround blackness (IO) surrnunding the spot. From the
value of the ratio IO/I the decrece of intensity can be
deterrined by using the Iroph.

Multiple-film tcchniqgug . .

To the eye, a blackeninz of two ((B= 2) apnecars very
dark &nd constitutes an upprecr linit of observation.. The

doubly coatéd film normelly used, hbowevectr 1s cepable of
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recording blackening up to B =3, To overcome this limitation,
the camera is loaded with seversl superposed films., Hence the
x=-rays that strike the second film heve gone through the first
film and ¢re thereby reduced in intensity. In like wanner, the
X-rays striking the third film have possed through the firss
and second films. Yn this way the weaker moxima mey give

the correct exposure to the first film while the strongest
maxime may be reduced by the time they get to the third film
to give it about the correct exposure. While the multiple-film
technigue 1is ordinsrily used for mcasuring peak intensities,
it mey olso be used for measuring integrzted intensities by
various methods.,

Integroted-intensity methods

Integrated intensities are more difficult to determine
then pesk intensities because the x-ray spot 1s blacker in the
central reglion and lighter toward the edge. Each region of the
spot has thus received differcnt intensities. Esch of these 1hh-
tenstties must be addgd to make up the total integr-ted inten-
sity. The chief difficulty in déing this is thoet inteunsity
cannot be measured dircctly but is ordinaerily orrived =t by
measuring the light transmission of the blackencd photographic
film. Unfortunately this is not & linear function of the inten-
sity rcceived by the region. Thus it is not possible to simply
add together the light transmitted through the seversl regions
of the spot. One of the methods to circumvent this difficulty
is the pleteau method, 4 Weiséenber; apparstus in which the

oy3indrical canmers undergoes o slight.rdtation about the exis.of
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the cylinder and also;a sﬁall‘aUxiliary trenslation paralledl to'the

axts of the. cylinder was .used, The rotation ¥s -eaused by the sla-
ting level, which pushes on the horizontsl lug attached to the
camers ., The ratchet is about to be roteted as the lower-left -
pin engeges the stetionary pin. The spring snd the ball-besring
disk at the left of the ratchet fix the position of the ratchet
in one of 14 positions. Fig. 1% shows how the position of the
X-Yay 8pot migrates over & small aree of the film with this
errangement, The plateau region is the shaded portion in the
center of the migretion area. Within this region the film has
receceived contritutions from £11 parts of the migraeting spot.
Since the cptical density of the multiply exposed region is
directlv proportional to the integrated intensity, a microdenu
sitometer can be used to measure the intensity of esch refleé
tion. The chief limitation of this arrangement 1is the accumu-~
lation of background intensity during the necesssarily prolonged
EXPOSUYE,

2.4 Befinement of Unit Cell Dimensions

The lMethod of Least Squares

A anelyticel method of refinement of great power and
generality is that bosed on the principle of least squares.
Consider o linear function with n variables x19X2°°°°’ Xpo
Thegse variables can be thought of 28 defianing @ space Whose
value ot «ny point is determined both by the location Xl,Xés‘

ceos¥ and by iandependent parsmeters P19P2’°'°’Pn which define

the function.
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Thus

1
TR AN Bt Lok - 3 3 T TP & 3

If the values of the function sre measured ¢t m different
points with w?n, the principle of least squares states that

the best values for the parsmeters Pl,PZ,...,Pn are those
which minimize the sums of the squares of the properly weighed
difference between the observed and caelculated values of the
functicn for all the observational points. Thus the quantity
to be minimized is given by |

m .

o ;2: uplfo - To )2 ii e td)

T
r=1 r

where wpis the weight to bc assigned an observation, fo is
r 4

one of the m observed vealues of the function, and fc is the
corresponding calculated value. To obtain the best f{t, it
will be necessary to consider the parameters P as variebles
which may be adjusted to minimize D. This is aAStraightforward.
minimization problem which is treated by differentisting
équmﬁion. (2) with respect to esnch of the parsmeters in turn
and setting the derivative equal to zero.
This zives s : ' ae
jz; wr(for'fcr) ’3Pjr = 0 5,205 s ll)
s5 s calB)

set of n equations in n unknowns called the normal equations.

r=1

In practice, there are m obhscrvational equations of the form
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of eq(l), one for each obscrvation, Since we £hall be treating
eachﬂpafametcr E a8 o ‘gquantity to be zdjustcd, @nd the x°'s haove
different fixed v:lues for each of the m ubservetions, it is

customary to reverse their order. Taking the pertial derivetives
ot
P

L for cach of the m observationsl equations and substituting

J

in €q.(3) gives the n normel equations.

i} .
( = - N = =
:E:Wr fo. = XpqP = B2pPrd A xran)x 1 0
i T
r=1
m
Zwr(f%- X PA AL o =B PR, = 0 (W)
r=1 2
B : :
Zvrr(fo i XrlPl_ X ?PZ o e e XrnPn)xrn = 0
r=1 7
Rearrsnging =2nd writing morc fully,
m sl 1}
; 2 .
Zwrxr1P1+ "rXr1Xrofay * +Z r*r1¥rnfn” Z” fo
r=1 r=1 . Y=1
u m
ZE: "PXr2¥r11 jE:wierPZ +"'+$~wr fhﬁn=§Z;ero Xy2
r 1 - . r— - > r=1 .r
m = m
Zwrxrnxrlpl Zwr Xrn r2 2 Z x"i P Zwrfo Xrn
r=1 r=1 r

Solutiov of these n equations gives directly the best veolues

of the paremeters PJ in the least-squareé sense,
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2.5:Phe. Crystal StructurE:Fabfor:

The crystsl structure could be found from diffraction
spectre, The structure cen be determined from a knowledge
of the intensities and opheses of the diffraction spectre,
The experimental part of a crystal-structure analysis consists
in the sothering of ccemrate Wwolues of the intensities of the..
many spectra which is discussed in 2.3, It is most convenient

to work with & set of amplitudcs,i P , Of thc spectra

hkl'
ether than the intensities theaselves,  This requires the

conversion of intensitics to @mplitudes for =11 spcctra,
Unfortunately the ®intecgratcd intensities™ d:rived from the
exorriment a2r¢ not merely the scuereg of the correspnonding
anplitudes. They contain scvemal factors which must be

allowed for, The transformed ecustion is

’2

RTSUR R w—"

: hil
Lok1 Paxl

The scele fector, K, mey be neglected since Ihkl is
ordinerily not measured in absolute units enyway. The Lorentz

factor, L snd the polerizetion factor, differ from

hk1? Frx1e
reflection to reflcctina., Thus €ach relative intensitices,

v £y g ]
I s TuSt be multiplied by 1/LP to obtuin & set of }Fhkl| s.

Polerizetion Fector

The charsacteristic rediastion obteined from o Aiffraction
tube is gencrelly considercd to be unpolirized, However, the
- process 0of scattering ceuses the diffrocted beams to be

pertinlly pol-rized, the cmount of pnlcorization depend on the
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sngle of scotterinz. The Dolvrizﬁtion factor is & simple

functinn »of 20, ~nd is z2iven by
SR it 2
P = 2(1 + ¢cos 29).

Lorentz Fector

The Lorentz foctor is concerned with the specific
motion of the cryst:l. In most single-crystol x-rey mé thods
the specimen s given o contrnlled motion in thce path of the
Xx-ray beam, Various pl:nes n the crystel are thereby
succesively presented to the besm ot thelr respective Brezz
#ngles «nd ore ziven an optortunity to reflect, The rate =t
which the pl:ines pass through the Bragz condition varics with
the diffroction =nzle, snd therefore each intensity
mensure nent must be sepsretely corrected for the time thet
o porticmler plone depends in roteting through the Brazg
angle.. The form of hhis correctiony which is known &s the
Lorentz f.ctor, denends on the method of Pecording the
reflections.

s8sume that the crystal is rotﬁtin; with & constant
anzulsr velocity w about ¢n oxis normel to the poze at R

k. 4 = 2-3-7&\51-‘2 (Fi3.15). The Brezg condition

"

Fiz. 15 The Lorentz depends on the velocity of F
ector for reflection in

for the plsnes is satisfied,

@ - apd the nlenes rcflect during

J the time th+t it tekes P to
crnss the circumfercnce of the

circle. The time involved

the plene of the pagé.
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and the 2nzle at which the point &nterseccts the circle on the
velncity component VN normal to the circumfercnce of the
circle., PFoints for from R move morc ®Bopidly éhan those necearx
R, but p=8a through the circle st more obliquc vngleé. The
velocity V of the noint is REFw = (1/d)w = (2 sin /A )w
oend ot P is directed =2lonz PX., The velocity comnonént

noremel to the circle has the directinn FO, ¢t &n anzle © to

PX, Therefome

= = (2.820 8 - 8in 20
VN = V ecns © ( = w) cos © -y w.

AN

If E is the totsl energy of r=distion reflcdted by a
set of plines in the time that it takes T to cross the

circumference of the circle

sin 29)
N A C
where IC is the intensity of scattering by the cryst:l,

EV EW( Erooof
The product Ew(sin 26/ ) 1s constant for & ziven beam
intensity. Thc relotion can usefully be rec=st to glve

enerzy in terms of the enzular vclocity of the crystal,

Bw = I, (A/sin 20) ,
Becaugc enerzy is intensity nulﬁiplied by &ime, the quentity
(A/sin 20) express the time thot the ploncs snend in feflecting
enerzy E. Hen06(1/sin 29)<xnrcss the relotive tive that ony
crystel plene snends in rotating through the small snguler
renge of @ over which rcflection ogeurs. This quentity 1is
known 2s the Lorentz factor, The factof evidently has o

different form for reflectinn plenes which £re not porallel



to the rotation
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The Lorentz Factor for the zero level

of & rotetion crystel photograph and for the upper level is

©
I

1/2((1-sin29)(sin29-sinﬁx$)%

equi-inclination #ngle

(ve)

833 anzgle

(Vi)

LA IVE]

r
2

o]
¥

.

the length of rotetionel exis

and

the number of layer

2

Y. %
b

interplansr spacing.

For triclinic systenm

—

2

d

L2
E— sinzct ==
'.I2
2hk
1 ab
2kl
+ 23
be
+ 21h
ca

k2

b2

sin%@ + ==

Cc

(ensxX cosp - cosy )
(cos j3 cos ¥ - cosol )

(cos 7oos»o( - cosfp)

=0

in

sinzf

1, cos%x - cos%B - coszf +2 cosc(cosp>aosﬁ

From the sbove equetion, 1t is obvious thet the
L ]

Lorentz f:ctors for the npper levels &re

lerger than thet

for the lower level, #nd the Lorentz fecctois forthe Zero

level is(l/sin 20}

p—
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