CHAPTER VI

RELATTON BETWEEN Wc AND W

In this chapter we will consider & certain behaviour of the
transformation of the Wiener integral, under the scalar multiplication

¥ +~ y/I€,vhich leads to the relation between ¥ _ and W.

Definition 6.1. Let A be a subset of C. We define

M = {xeCc:ix=y/&& , y € A}
Theorem £.2. If A EB(C) then A/ eB(c).
Proof. We divide the proof into 3 steps :

/ : /
Step 1. We show that (A/E) = A//JB' , where (A/J&) =C <A/

/
and A = C < A.
/ /
If x & (A/{T) , then x ¢ A/J& , sothat & x ¢ A. Therefore {& x € A
/
and hence x € A /J€. Conversely, if x € A!/Ic' , then € x € A’ s SO

- /
that J& x ¢ A. Therefore x ¢ A/JT and hence x € (A/ ().

o0 [s'2)
Step 2. We show that J (A,/{®) = [ 4, /5.
i=1 i=1

00 . oo
I =€ LJ (Ai/m') , then x € Ai/m' for some i, so that J€ x € [_Jni.
i=1 i=1

oo 0
Therefore x € [J Ay /i&. Conversely, if x € UJ Ai/ & , then
i=1l i=1

00 0
W x € l___JAi , SO that x € Ai/.ﬂ." for some i. Therefore x € U(Ai/{f}.
i=1l i=1l
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Step 3. Let A={aecB): alweBc)}. Then

(i). Since y +—— y/IT is a homeomorphism on C, it follows that
if A € C is open then A/J& is open and hence r/vE € B(C).

Therefore .754' contains all open sets in C.

(11). Let A € A, then A ana A/t € B(C). Since B(C) is a

/ /
&£ -slgebra, A eand (A/ ) € B(c). It follows from step 1 that
/
A e ‘A’I
(iii). Let A € J4’ for 1 =1,2,..., then A,

00
for all i. Since B(C) is a (-e.lgebra, L) A
i=1l

and Aifﬁ' € B(C)

ant’ 1) (n,/ ¥) € B (c).

i i=1

00 )¢
It follows from step 2 that L.J Ay € .
i=l

From (i), (ii) and (iii) we have that & 10 0 Cotlairit
containing all open sets in C and must therefore contain the collecticen
B(C) of all Borel sets, since 8(0) is the smallest {—alge'bre.

containing open sets. Hence 54’ =B (c).

Ei .E.D.
Theorem 6.3. Let T7 be & Wiener measurable subset of C. Then

WC(T') =W(T/{c). Moreover if F is any measurable functional defined
onT
Fly) av (y) = F(Je x)aw(x).
/&

in the sense that the existence of one side implies that of the other

and the validity of the equality.
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Proof. We first let F be a functional satisfying the conditions

in Theorem 5.5 and let n, M, C and CM be as in the proof of

M,n

Theorem 5.5. Then according to (5.8), we have

M M n 2
;( -%5)
I F(Ln(}'))dwc(Y) = 'xnj’ L j H(g,...,‘g)exp {" = é;é%?}dz,.-.d%.
M

cM,n -M

C e iai b son

i)
where ¥ = {Wncnt (t.= t.)esi(t =% )}- 2
n I*V2" T ) nT ol .

If x is the image of y under the transformation y —> y/[€ and
if Ln(x), Ln(y) are the polygonalized functions corresponding to x
and y respectively, then according to Definition 5.1
I x(,) = & x(t,)

Wi

Lny{t) = J‘é’x(t‘j) s vl = tJ)

=JFLnX(t). LU B ..l.l...l.‘l.l.l....-(a)
If we write

gj - Y(t“]) ] 7?"1 - x(tJ) ;] J T 0"",n!

then under (2) we have

]5 = [© 114 g § ® 03uess B | sonsenians cosl(3)
T TR 0
9(?1,0”sfn) ﬂ/2
sl Cyy 0 #F "Dagell p= ’

on applying the transformation (3) to the Lebesgue integral in (1)

we find that
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4 s M/ & /iT
n
fF(Ln(y))dwc(y) 54 7_!1 f "0 f’ H(‘E-'fllgalo’rqzn)
C M

M,n -M/ye

" 2
Z(E - Ty y)
5 exp{- d-‘ t‘j- tjﬁl } dnlccoacd”ln

L]

B(GEx(t)), . .. f€ x(6,))aW(x).
M,n/JE

L F(Ln( T x))aw(x).
M,n/ic

This gives us a transformation formula over CM ™ for the
]
polygonaiized functions under the transformation y+—— y/{€. If
we let n —> o (over the sequence {2°, 21,...]' ) and then M,

according to the properties of F we obtain

y g F(y)av_(y) =f F( @ x)aw(x).
C C

Thus, if T is any Wiener measurable set and F is a measurable
functional defined on T°, then as the same proof as in Theorem 5.10

we obtain the theorem,

| Q.E.D.
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