CHAPTER I

PRELIMINARTES

In this thesis, we assume a basis knowledge of real analysis.
However, we will recall, without proof, some notions and facts from

measure and integration theory.

The materials of this chapter are drawn from references [2f,
[31,41,15),(6] ana (A .

A. General Measure and Integration Theory, The Lebesque Measure.

(1) A collection \f of subsets of a set X is called a semialgebra
of sets if,
i) the intersection of any two sets in :f is again in f ; and
ii) the complement of any set in :Jp is a finite disjoint union

of sets in :P .

(2) A non-empty collection .54’ of subsets of set X is called an

algebra of sets if,

i) E€J4'a.nd Fedq’ thenEUFEAa.nd

11) EE.v?q/,then fe A mere & =x~r.

It follows that an algebra A of sets is also closed under the

formation of intersections and differences, and @ € J(: Xe J4’

(3) 1f 30 is any semialgebra of sets, then the collection é‘f’ consisting

of the empty set and all finite disjoint union of sets in j is an

algebra of sets which is called the algebre generated by ,1 .



(4) 1Ir Jq’ is an algebra of subsets of a set X such that LJ A€ 54 ;
k=1

vhenever A, € jé’, then Jq’is called a {-alggbra of sets in X,

(5) Let 3!-’ be any collection of subsets of a set X and let &4’ be

a ( -algebra of subsets of X such that
i) 51‘{ o .54’ "
i1) & .54’ is any other £. -algebra containing 3{ then

e A

( -algebra J‘qf s the smallest { ~algebra containing ﬁ 5

is called the & -algebra generated by G st w50 b Aot

w (1A .

The collection B(X) of Borel sets of a topological space X

is the smallest Aalge'bra which contains all of the open sets in X,
It is also the smallest {-alge'bra which contains all closed sets

in X.

(6) A set function is a function whose domain of definition is a

collection of sets.

(7) An extended real-valued set function M defined on a collectionA
of subsets of a set X is additive if, for any E € j4’ F e A’,
B U FE..A/a.ndE N F=¢ we have /OL/(ELJF) -}JJ(E) +/L (F).
y 2 is countably additive if, for every disjoint sequence {Ak}

‘of sets in JQI whose union is also in .54' we have

/U«(kL_i - Z/uak)



(8) An extended real-valued set function Ju defined on an algebra

v
Q‘* of subsets of a set X is called e measure if it is non-negative,
countably additive and such that /.L» (g) = 0. /L is said to be finite

if }L(X) Z 0 and £«finite 1P there extits & sequence {An]-

et :
of sets in ,?4’ such that X = | | A and A(A ) < 0, n=1,2,... .
n=1 n n

A is called a probebility measure if AL (X) = 35 o is called

complete if the conditions E ¢ ,94*, FCE and /.b(E) = 0 imply that

re A,

(9) 1r S is a nén-negative set function defined on a semialgebra
of sets Uﬂ with (@) =0 (if ¢ € :]0 ).
Then )-L has a unique extension to a measure on the algebra J‘f’

generated by :f if the following conditions are satisfied :

i). If a set A in f is the union of a finite disjoint collection

{Ai} | of sets in ‘:f » then M (A) = Xp(Ai).

ii). If a set A in jy is the union of a countable disjoint

collection '{Ai} of sets m‘f, then /J-(A) £ Z«(Ai).

Condition 1) dimplies that, if A is the union of each of two

finite disjoint collection {Ai} and {Bi} of sets in :f , then

z /.L(Bi) = /MAi). Condition 1i) implies that 4 is countably

additive on .54’ .

%
(10) Let /Uz be an extended real-valued set function whose domain
is the class FX of all subsets of X. We say that /ui' is an

outer measure if it satisfies the following properties :



1) L =o,

ii) If A & B then /lL(A) é}}:(B).

141) }L'(Ejl A) < :%—1 ).

(11) Let & be a measure on an algebra e}é of sets. If we define

() = 1nfi/u,(ak) , E € Px

k=1
a0
where {Ak} ranges over all sequences from .;54’ such that E < [_| A .
k=1

Then /L,Lf is an outer measure induced by /u, , 1t is an extension of
/u, to Px 5 if/u,is (finite) {-finite, then so is )u: . Moreover,

if Ee .54’ then /u: (E) =}.L(E).

*
(12) A set E in X is said to be measurable with respect to /.& if

for every set A in X we have

* * *
SL(A) = LL(ANE) + (A~ E).
: #*

The collection (/% o‘ all /Lb-mea.:mra'ble sets is a { ~algebra
of sets.

While outer measure has the advantage that it is defined for
all sets, it is not countably additive. It becomes countably additive,
however,if we suitably reduce the family of sets on which it is defined.

Perhaps, the best way of doing this is due to Carathéodory :

(13) Ca.rathéodory‘s Theorem : Let /1. be a measure on an algebra J" s
* —
and /.L the outer measure induced by s Then the restriction fb

#* »
of )u. to the /Lb-measurable sets is an extension of /J, to a



i §

£ -algebra u'% containing ,54 If/w is finite (or J-finite) 1)
is }I If/u, is {—finite, then /ZI, is the only measure on the
smallest o/ -algebra containing 34 which is an extension of /J.« 5

Moreover, /u, is 2 complete measure on ,/l/é .

*

(14) 1 is a (—finite measure on an algebra .54’, and if /Ua

is the outer measure induced by },z., , then the collection /% of all
#* ;

Mo-measurable sets is identical with the collecticn of all sets of

the form E UM, where E € A/[J‘{ﬂ and M is a subset of a set of

measure zero in { [A] .

(15) By a measurasble space we mean a couple (x,/%) consisting of

a set X and a {-a.lge‘bra D/% of subsets of X.

By a measure space (X, a/%,/u,) we mean a measurable space

5 & a/‘é) together with a measure /Ub defined on f/% g

(16) If E., E. are measurable, E. & E_, and E. has finite measure,

12 e A 2 1
then E,— E, is measurable and /,L(E2 s El) = /u/(Ea) - /U:(El).

(17) A set E < R", the n-dimensional Fuclidean space, is called
a rectangle if there exist intervals (open, closed, half-open) Al’

vessh 1in R® such that E=A X ...XA where Ay Xooo X A
= {-(dlgato,dh,) : d,i EAi,:i.:l,..., n}.
For any rectangle E in Rn, we define
n
m(E) = I (b,-a,)
i=1 i i

where (bi- a.i) is the length of the interval A,.



(18) By the outer measure of a set A < R” is meant the number
* -
m (A) = inf E m(Ek) where {Elg' ranges over all sequences from the

o0
collection g of rectangles such that A C [} Ek. The restriction
. k=1

- # *
mof m to the m -measurable sets is an extension of m to a ( -algebra
;6 containing the collection g of rectangles in R". m is called the

Lebesgue measure on R" and the members of f are the Lehesgue measurable

sets which contain all Borel sets in R” (Note that by (5), we also

nave B(R") = éfg—‘ ) o

(19) If E < R" is a Lebesgue measurable set, then given & > O there

exists a closed set F < E such that m(E~F) < €.

M, ;
(20) Let (X, ,/u,) be a measure space, & function £ : X —>R (the
set of extended real numbers) is said to be measurable if the set

[a : fle) < }éﬂ,for each 4 € R, The proposition remains true

if < 1is replaced by = , > or >

(21) Let (X,«/Lé,/u_ ) be a measure space, with X a topological spece such
*
that each open set belongs to d% . Then f : X — R 1is measurable if

f is continuous.
(22) If f and g are measurable functions on X, then so is fg.

M 5
(23) Let (X, ,/cb) be & measure space and f : X — R ., We define
£*(a) = max{ £(a),0} and £7(a) = max 1 -£(a),0} , so that £ = £¥= £~,

Then f is measurable if and only if both £* and £~ are measurable,



(24) Let (X, ,,/ul,/.«b) and (Y, ﬂ » L) e measure spaces, &

transformation T from X into Y is said to be measurable if the inverse

image of every measurable set is measurable.

(25) The characteristic function % of a set A is defined by
A

'Zﬁ(a) - 1 if a€ A

0 1 a A %

Then 7% is measurable if and only if A is measurable.

(26) Teb B.weis E_ be any finite collection of disjoint measurable
sets ; and let a’l,... 4 o‘n be a set of finite real numbers.

A function f defined by

n
#(s) = Z o g, (@)

is called a simple function, i1.e. every simple function is a finite

linear combination of characteristic functions of disjoint measurable

sets and a simple function is bounded and measurable.

(27) Every extended real-valued measursble function f is the limit of
a sequence [fn} of gimple functions; if f is non-negative, then
each fn may be taken non-negative and the sequence {fn} may be

assumed non-decreasing.
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(28) Let (K,.A(,/ua) be a measure space. If s is a simple function

on X, of the form

n
T & c‘q‘%ﬂk' J

where ol o, ere the distinect velues of s, and if E EoJZ,

qiaLeime:y

we define

Ls ap = Zo{k/&(zkn E). Tl U

The convention 0, @ = 0 is used here ; it may happen that ai.= 0
for some k and thet [AL(E N E) = 0, If oLy # & for #k , then

any other description of s as & linear combination of characteristic
functions amounts to a partitioning of thc sets Ek' From this comment

and the additivity of‘fp , it follows at once that J; s Q}L is

independent of the description of s in terms of characteristic functions.

(29) Let f be a nonnegative extended real-valued measurable function

on the measure space (x,,A(,/u,) and E G.WJZ, we-define

j' £ap = aupj’ ‘s dw , P DRSS S AT

E E "
the supremum being teken over ell simple functions s such that
0<s < f.

Observe that we apparently have two definitions for j; £ Q}b

if f is simple, namely, (*) and (**)., However, these assign the same
value to the integral, since f is, in this case, the largest of the

functions s which occur on the right of (**),
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The left member of (**) is called the integral of f over E,

with respect to the measure‘/ua. Tt is a number in [0,*] . If in
(**), E <R® and /L is the Lebesgue measure then the integral is

called the Lebesgue integral of f over E which we will usually denote

b
by j f(t)at. If E = [a,bl, .we write f £(t)dt instead of
E a

5 f(t)dt.

E

(30) If f » 0, then Lfd/.b =j 7LEfa/u..
) 4 _

This result shows that we could have restricted our definition
of integration to integrals over all of X, without losing any
generality. If we wanted to integrate over subsets, we could then

use (30) as the definition,

(31) If/u, (E) =0, thenff d/.u = 0 even if f(a) = 0 for

=

every a € E.

(32) If 0€£ f< g, then 04_£ £ < j g du .

E

It follows that the definition of the integral of a non-negative
measurable function in (#*) is somewhat awkward to apply, since we
are taking a supremum over a large collection of simple functions.
Consequently, we begin our treatment of the integral by éstablishipg

the convergence theorem. This then enables us to determine the value

of‘f f §pb by taking the limit of J; Sh Q/L for any increasing
E
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sequence {s;} of simple functions which converges to f.

(33) Lebesgue's Monotone Convergence Theorem :

Let (X,&Aé,lﬁb) be a measure space and let {fﬁ} be a nondecreasing

sequence of nonnegative measurable functions which converges pointwise

4 ) . ig =
te a function f over X. Then 1im J; _n@}b Jo f @}L .
X

n-—-n

Note that according to Lebesgue's Monotone Convergence Theorem,
we alsoc have that if {fn} is 2 nonincreasing sequence of nonnegative

measurable functions which converges pointwise to a function f cn X

andv(‘fld}b < o , then lim fnd/J« =f fdjb.
X

X B

(34) A non-negative function f is called integrable (over a
measurable set E with respect to/bb) if it is measurable and
jj fdau £ 00,
E
If f is any measurable function and at least one of the

+ = :
functions f and f 1is inteprable on E, we define

[ Lorfor

We say that f is integrable on E if both f+ and f are integrable on E.

n
(35) Let E se++» E be disjoint measurable sets with B, = %;g E,

and let f be a function which is integrable on cach set Ek’ then f

is integrable on E0 end
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j;o faw = .22; J;k f Q}b .

(3€6) Lebesgue's Dominated Convergence Theorem :

Let (X,M,/bb) be a measure space and let g be integrable on X.

Let ffn} be a sequence of measurable functions such that |f | < g
on X and for almost everywhere on X we have 1lim fn(t ) = 2(£).

n—> o
Then

fd = 1lim f d .
Jv /—L > o0 “[C n/ul

X

(A property is said to hold almost everywhere abbreviated a.e., if

the set of points where it fails to hold is a set of measure zero.)

(37) If £ is bounded and measurable on F,then f is integrable on E,

provided}.b(E) <Lloo

(38) Let (X, -/% ,/1/) be a measure space. If £ is an integrable
function such that f £ yb =0 for every E € /% , then f =0

a.e. on X. E

B. BEKelation Between Riemann and Lebesgue Integrals

(3¢) If f is Ricmann integrable on [a,b], then it is also Lebesgue

integrable on [a,b] s8nd the two integrals are equal, i.e.,

b b
f(t) at = (R) f(t)dt
A .

a



1k

where the right hand side is the Riemann integral.

(40) A bounded function f is Riemann integrable on [a,b] if and
only if the set of points at which f is discontinuous has measure zerc.
Hence, if f is continucus a.e. on [a,b] then f is Lebesgue integreble

on [=2,b]

C. Integration on Product Spaces

(k1) Let (X, J“l) and (Y,y%z) are measurable spaces. A measurable .
rectangle is any set of the form A X B, vhere A € J@. and B €& ‘Jé.
'/Ml X ,,/{é is defined to be the smallest O/—algebra. in XX Y

which contains every measurable rectangle.

(k2) 1If EC X XY,/  mue ¥ wE&EY, wedefine
Eu='[v:(u,v)é E}, Ev=‘[u:(u,v)é.E}.

We call Eu end E' the u=-section and v-section, respectively, of E.

If E € J{é )Qu%?, then E € a/%a and E' & r/%l for every

ue€ X and v € Y,

(k3) Let f be a function on X X Y. With each u € X, we associate

a function f defined on Y by fu(v) = f(u, v). Similarly, if veY,
£’ is the function defined on X by fv(u.) = f(u,v). If £ is an

(/Ql X e/(la)-measurable function on X X Y. Then 'fu is a ./‘é—measurable

function on Y and f' is a o/zl-measura'ble function on X.
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(k) Let (X, ,/‘Ll,/.b) and (Y, - X 7. ) be & -finite measure spaces.

Suppose Q € ‘/le J%. If

) = Tle), W)= M@

for every u € X and ve& Y , then ¥ is J"é—measurea.ble, o is

J%-mes.surahle and ‘[;(f d/b = J'f\y an .
Y

i.e. j’ d/Ja (u) J X',Q(u,v)d'n.(v) =§ dn(v)j %Q(u,v)y&(u).
X ¥ Y X

(b5) If (X, Ml’./ul) and (¥, /6, ™ ) are as in (Lk4) and if

Q 6‘/‘4 Xd’{(., ve define

| 006006
(/u.x n)(Q) = f ?L(Qu)d/w(u) = f/w(fzv)dn(v).

X Y

We call [LX T. the product of the measures/b and T\ , and/ua‘;( n

is a {—finite measure on ‘/‘ﬁi X /{{2 !

(46) The Fubini Theorem : ILet (X, ‘/%1’/“’) and (Y, MQ, 7L ) be two

{-finite measure spaces, and let f be a non-negative measurable

function on X X Y. Then

a.) ¥ (v) =j fudTL is f/({l—measure_ble,
Y
¥iv) = .r fvd/w is 0/({2-measura,ble, (ue X, v € ¥).
X :
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b.) Yﬁogu,:L f‘d(}LX?L)=f'\,Vd'ﬂ,.
¥ /

X Y

i.e. j d}x(u)j flu,v)dn(v) = f d;u«xn.) =[dn(v)j fu,v)du(u)
XY X

X Y Y

The first and last inteprals are called " iterated integrals "

of f and the middle integral is often referred to as a " double integral ".

D. Riemann-Stieltjes Integral

(47) A real-valued function f defined on an interval [a,b] is said

to be of bounded variaticn if there is a constant M > 0 such that

- <'m ; = < s A
é: lf(tk) f(tk-l)l M. for every partition a =t <t < o

of [a,b] by peoints of subdivisions tD' tl,...,tn .

(48) Every function of bounded variation on [a,F] must be bounded

on [a,b] .
(49) Let f,z : [a,b] — R and subdivide [a,b] by points to,...,tn
such that a = t04i tl_é ....4-tn = b. Choose a point t; in each

Et?“l’ tJ and form the sum 4 = gf(ti)[g(tk)-g(tk_l)] . If the

o

sum £ approaches a limit as {— 0, where t = max {tk_ t
X |

independent of the choice of both the points of subdivisions tk and

*
the choice of tk’ then this 1limit is called the Riemann-Stieltjes

b
integral of f with respect to g and is denoted by f f(t)dz(t).

a
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(50) If £ is continucus on [2,b] and g is of bounded variation

b

on [a,b], then f f(t)dg(t) exists.
a

b

(51) 1f f

b
f(t)de(t) exists, then Jﬂ g(t)ar(t) exists
a

b b
and f £(t)ag(t) +f g(t)ag(t) = £(d)e(v) - £(a)zla).

a a
b b b

(52) f f(t)dle, (t)+deg(t)) = f £(t)dg, (t) +oL [  £(t)ag,(t),
a a a

where ol is a real number.

(53) If f is continuous on [a,b] and g is a differentiable function

, _
such that g is Riemann integrable, then

b b
f f(t)ag(t) = (R) J £(t)e’ (t)dt.
a

a

(54) A function of bounded variation on [a,b] is Riemann integrable

" on [a,b].

(55) If g is a function of bounded variation on [a,b] and {f&} is

a sequence of continucus functions which converges uniformly on [a,ﬁ]

b b
lim f fn(t)dg(t) = j f(t)ag(t).
n— o i : s

to f, then
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/
(56) If f is continuous on [a,b] and if f exists and is bounded

in the interior, then f is of bounded variation on [a,b].

E. Limits of a Sequence of Sets

(57) Let {]'1'1} be a sequence of sets. We define the superior

limit and the inferior limit of the sequence as follows :

—Js

1lim T =
nso 2 k

A s wmt, - =

1 n=k n-s o k=1 n

T

k

(58) A sequence {T;x} of sets is said to be convergent if

In 7 = um T, /.
n—>« -3¢0

For a convergent sequence, the set which appears as both

lim T and ‘lim [}, = is called lim T .
n-> 0 n->oo Nn-> w0

(59) A monotone seguence of sets is one which is cither an increasing
sequence or a decreasing sequence, Fvery monotone sequence {:Tl,'x} of

sets is convergent and 1im T; is equal to |} T, or N i
n—>0 n n

according as the sequence is increasine or decreasing,
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