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- CHAPTER II

THEORETICAL ANALYSIS l\ T

and the potential energy of loading W.

The Principle of Energy[15]

The total potential energy of a deformed flexible plate,

I, is defined as the sum of the potential energy of deformation T

I =/0+W = -(21)

The quantity U can also be written as the sum of the energy-

BRRLSES, Ser 0 e

corresponding to the bending V and the energy correapondlng‘to

the deformation of the middle surface. T of the plate.

U = V+T'x' (&.2)

~For the case of uniform in-plane pressure aoting.on the edge of

circular plates, the potential energy of loading digappears}

ey _ (2-3)

Therefore, the total potential energy of,such a plate is the

- potential energy of deformation. .

A SR O R R k)

2.2 Strain Energy Due to Bending[12}

As knowing that a half of the product of a stress componenﬁ

‘.
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and the corresponding strain component repres'ents work done by the

stress. The sum of the work done by all stress components is a
half of the summation of all the products of st;'esses and their

corresponding strains. < :
V = -;—j(o,,e,,+ Opfyy? Ganust LYt T, Y8 riy,, Yav. (2.5)
v
The plane stress condition allows
g e $ee WS WD : .(2-5“)
Thus, 1_'.he sum of the work done is : :
s ;— f(o,,e,,,+ OpEyyt TayYay AV ~ :.\(2._77)-
: .
By substituting the right-hand side of Eq'.(‘2.7)'with

- SO NS il (Dx'ux + D]"yy )
o‘YY P, iy (Dyw’*y + Dlw!xx ),

L TR '_;"D-y"'nv :
2 (2.8)

vexx e = zw’ll

Cyy BHNULAEYS

:ny - - zzwlxy

(see Appendix A.), Eq.(2.7) becomes
[ ‘ st ; '
v-éjjz’(nw’ D, wa,, + Y w? 2t
) o + Dy Wy + 2D, w,, W, + 2D W, )dzdA (2.9)
]

or

1 2 z v ' ;
v ot E f (plw’ll » Dwayy + 2D] w’luw!yy + 2nyw2hy )dA (2‘1 O)



11

2.3 Potential Energy Due to Mid-piane Force‘buring Benaing[11]

Neglecting any stretching in the- mniddle plane of a plane -
stress plate, the potential energy due to the féfces,acting in the
middle plane"of the pla.te during bending can be represer;ted as
follows -

: (2'.1 1)

T = % S (S Wy + c?yywz,; B 2T:Yw,‘w,y )dA
K .

XX

where superscript ‘°“indicates the membrane stresses due to the

mid-plane forces.

2.4 Transformation f;'om X~Y to r-§ Coordipates

By making the following substitutions

w’zx - W’”

1 1
Wayy = STV IAT S tee

Wyxy = (l ﬁ,.),,

¥ o
(2:12)
Dy =—=.D;

DY o Do
ny < D,

The strain energy and the pdtential energy due to mid-plane force

in polar coordinates are
27T b

1 ' i 3 :
b - -é- ofaJ{‘ {D, wz’” * 2Dl Woore (; Woyr .+ ;2‘”’00 ) ¥ De ('; Wy,
(2.1%)

1 N 1 $
+ ;2‘”,0. ) 2 21.)ro [(-; Wy )"] rdrdd
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27T b :
h o g 0 1 %
i Eof.f [ + &L w, )+ 28w, (3w, ) | rarae (2.14)

In this case, Tre = 0, thus
T B

_ 3 & =
T = %ofaf [Oth,, + o:(; w,, ) ]rdrde, (2.15)
And the total potential energy i;'thg sum of those tw0‘engrgiea,

by substituting Eq.(2.14) and Eq.(2.15) into Eq.(2.4), then
27T b

1 4 : ;
I - E‘ ofﬂf {Dr w2’l' + 2D| w ”r (; w ” + ;2 w ’..) + D. (_r- w i
1 2 1 2 o ol : |
+ ?Wn.) +* ZD,.[(; W )"] - h(P.r + Q.T ) W, (2016)

e NN 2
+ hk-(P'r . Q- ')(% Wy, ) }rdrde
In our case, the membrane stress components[4 ] are

k-1 Y,
o « P.2e L.5Y)

, (2.17)

ds = ko(Pr 4 RHEDY
K R{g+l_ Pi§+1

2k 2k
b - a

where P =

o - k+l

& i (p,a™' = P, b"'): (ab)
2k 2k
b =-a

2.5 Governing Differential Equation and Boundary Conditions

The state of equilibrium of a deformed flexible plate can
now be characterized as that for which the first variation of the

total potential energy of the syétem is equal to zero.
3 = 0 ' : ro @18y
From Eq.(2.16), the total energy may be considered as the function

of the following variables
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I = £ Wy Wy Warrs Woeas Wyre ). ‘ : (.2.19)

' Therefore, the first variation of the total energy can be found as

0l = -‘?—I-ﬁw +i]-:-8w +-‘?—-6w +-a-I-8w
a\l I’ i aW jeo i a_w e 3 a joo il ’
i (2.20)
+ 3Vl"’: ) 5

After substituting the total potential energy, I, from Eq.(2.16)

‘into Eq.(2.20), and employed the technique of integration by parts,

the Eq.(2.18) becomes

27 i

D D 2
ff [I‘D, Woreer + 2Dr'!rn 5 ;’W,,, ¥ ;;"r bR ';2 (D|
0" o .

+ D,,)W !vo;+ 12-: (DI + Dn)w’ruo + %3 (Do+ D]+ D")W,..

+ 2w peee - (BT Q- F )Wy, - m(Pr*- Q24T

27T

. (w,y, + % w,..)]ﬁwdrde‘ + f [rD,w,,, + D, (w,, +

0
r

=b 27T ‘
: , D
by W,..)]ﬂ’l,, de o f E Dy Wy = Dy Wy, + ';.W,r
0
=0

r

r

- % (D, + 2D,)¥ 00 + _%, (Dy + D, +2D,,)Wye, + Th c,w,,]

f

f-b b
% 1 1
-owde + f [- * (Dl + 2D,.)W wre = T2 (D.- 2D,.)
fma b
; 2 D, M. Ak
‘Wore = ;'5]')'"' Wy = ?;'nu"' hk(P'r 2’ Q’rk 2)””. ]
0=2T b 0m 2T .
coWadr + f [%I Worr + %w’r + %‘;'no]‘)wn dr
e=0 o ‘ om0
4 1 3 1 r-b om 27T . |
+ 2Du['; Wire = ;2".] ow = 0 (2.21) ¢
frsa o= 0 ‘

The last three terms of the left-hand side vanish because of the

definite integrals from 6 =0 to 6 = 27 The ‘buckling equation
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is obtained by setting the first integrand of .the left-hand side

to zero, from which one obtains

r
D Woyrerr + T Woorer =

2
;2 (Dl ¥ D,.)W srree

Dro ) w ree *

D
*Wyee + —r':wnooo e

D D,
_‘;wnr *® "‘;"n -

2
P (D, +

+ 2,(0,+ D,+ D)

h(P-"'+ Q.F")w,, - hk

(e ad ) Gepr o) =0
or
Kv)—>9), 0 (2.23).
‘;here L(‘)' is the linear differential operator as given by
Eq. {2.28): ' :

The boundary conditions along the edges obtained from Eq £2:21)

first boundary condition is

are
st Fadn: 1 e
either D, Wy + D (; Wy + ;’2'».) - 0
\
or _ 8W" = o
 either D Do 1
De Wyrer + p T = 3% ¥ ?(Dr" ; : (2.24) '
1 ' ’
2D,.)W Sree = ? (Do"’ D;"' 2Dn)w see =
; 2Kl
h (P X+ Q5" )w,, - 0
or s . = 0
The either the bending moment or the

(a.22) %
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\ slopé must be zero, and the second, either the effective transverse

shear force or the deflection must be zero.

2.6 Application of Galerkin’s Method

For general buckling mode, the deflection function is

assumed to be in the form

1& i, w = F(r) cos ne 3 n=20, Y. 2,'.....> (2.25)

| :

| : | . :

l where n is the number of half-waves on the circumference. Note
, that . n = 0 corresponds to the axisymmetrical buckling mode.

|
|

By applying Galerkin’s method(see Appendix B.) to the buckling
i : . equation (2.23),one has SN '
s 006309
ofcf:.(-).n,(r,e).drde‘ R N e (2.26)

After substituting Eq.(2.25) into Eq.(2.26), it is clearly seen

that cos né is a common factor, therefore, Eq.(2.26) becomes

| | ffl,[F(r)].F(r)fdr 6 0 lic = : b (2.27)
where AL..() - D,d; +%’§%—l-§;%§#;%§%—l+%(n,+
z | 'D,.) %—)- - gxIf—,z(l>,+ D..) —Lr)- (n #. D, + 2 B)
4 () D’“()-n(rr+a-f*-'>§§zl-
N | C (e qe) (24 -;,< ) )

. ) 2 o ; \
L : & L ARIERA G
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The Eq.(2.26) and Eq.(2.27) are applicable only when the

boundary conditions are satisfied by the deflection function.

Therefore, what needed to do next is to find the proper function

F(r) which satisfies the boundary conditions. TFour cases of

different edge conditions are considered in the present research.

They are
case inner edge 'pufgr edge
1 clamped clamped
2 simply supported clamped
3 clamped simply supported - ..
4 simply supported ~ simply supported

The selected deflection function is

F(r) = Co+ C,f#+ Cr*+ Cyrf+ C 1 (2.28)

where Cz, C,, Cyy Cy, G are arbitary constants.

For the function F(r) to.-satisfy the boundary qonditioﬁs of

various cases, the constants C,, C;, C3, and C, must have the

fpllowing values.

case 1 :

6, = - 2Cy(a" - 2¢+ 20’ 1)

8 4
a®- 3%+ 3a*- a

2

G, = = Col3a"- 4a®+ 1) - ¢, (2= 3a'+ 1)

6
a’- 2a’+ .o

6 4 2
a - 20 + o

Cs = = Cofad®=1) = (a°=1) - Caa - 1),

a® - a @’ -

4
a.

4
& a



case

case

Cg'

Cs =

Co'

20,

C, - Ca~ Cs

—(15 + v.)a'o- (33 + 3v.)a°+ (18 + ZV.)a"-

l_+ (14 + 2v,)a' - (15 + 3ve)a’+ (3 + ve) |

[(15 + 50)0°= (44 + 4v2)0’ + (54 + 6ve )]

- (28 + 4% )+ (5 + v)a ' y

Co (5a° - 4a®+ 1) = G, (2a° - 3a*+ 1)

6

a® - 2a%+ at e 20+ ot

Co (a® - 1) = Cpla® - 1) - C, (a* - 1)

6 4

“at - M at o o -iat

Co= Cy = Co= 53

2¢,

-(5 + v )%= (15 + 3y )a+ (14 + 2% )a® ]

e (18 + 2v,)a’ = (33 + 3v)a’+ (13 + v )]

(5 + v )a®- (28 + 4% )a’+ (54 + 6 ve)a® |

- (44 + 4% )’ + (13 + w)a’

Co(a® - 4a’+ 3) = G, (o - 30+ 2)

3 n
a- 20+ a a® - 20 + a?

Co@® - 1) - ¢ (= 1) = cp(a - 1)

4

8 s a
a - o a® - a a - a?

CO‘ C]" 02- C3
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case 4 3
(39 - 16% + 2)a%= (165 + 48v+ 3% )0’ ]
- 2C, |+ (126 + 32V + 2va)a’+ (126 + 32v + 2ve )at

C, = - (165 + 48ve+ 3ve)a’ + (39 + 16% + v2) 4
(65 + 18+ wWa'’~ (308 + T2ve+ 4 vo )o® i

+ (486 + 108ve+ 6v2)a’ = (308 + T2Ve+ 4v2)d

[+ (65 + 18v+ vDa’ ]

c, [(15 + 3v.)a - (28 + 4ve )a®+ (13 + sl
(9 + wo)a’ = (22 + 2v)a’+ (13 + ve Ja!

Q
»
L]
]

C, [(14 + 2“.)(16- (27 + BV.)a‘+ (13 + v.j = ~-~b
(9 + »)a® - (22 + 2v)d + (13 + v)a’

6 @A /L= 10N Gald - 1)

8 6 4
& /o ab-aJ a_a2

Q
w
#
1

|

C4 = - CO- C]'Cz‘ 03

where v, = Poisson’s ratio (ratio of radial strain to tangential

strain)

'Employing Eq.(2.28), L[F(r)] can be written as

LIF(z)] = S 4+ S, + S+ S, 4+ 8,1+ R'[Ss rlf's'

+ S‘,.i""af S, 7"+ S, #0g, e g T (2.29)
+ s,,i-“*’ + S,F s,qxl‘*"# S, 4]
where ,l(the,cl.i;xzension;ess critical load parameter) - aud /‘
D, = k'D, :
D, = WD

D = (1 - ‘v.)n,' ' : o .



- Co(2n® + 200 1% - ")

w
©
]

- ¢, (2d + 2itk - d'K)

__m
R

S, = C,(72 - 8k'~ 18" - 2n2;k2-0: i K)

S, = Cy(600 - 241:’- sof - 222 + )

g = @ (2352 - 48k2-'-'98nz “ 23-1;’-+ i)

S; = Conz-kP

S, = = Coné-kQ, o
8, = 0 (e 02)F— 7 it
8y = -G (nz-k.- 2k + 2)Q
S =  Cp(fk - 4k - 12)P
85 e C, (o' k - 4k + 12).Q
S,, = G, (ntk - 6k = 30)P
'S,,= = Cy (k- 6k + 30)Q
8,3 = 'c4 (ix - 8k - 56)P
Sy = = Cy(dk - 8k + 56)Q

)

where P and Q are now transformed into dimensionless terms

as
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By substituting Eq.(2.28) together with Eg.(2.29) into Eq.(2.27),

the dimensionless critical load parameter can be determ:med as

'éocox(-5) + (8,Co+ soc,)'k(-1) + (8,Cp+ s,c]
+ 5,C,) X(1) + (85C+ S,C,+ 85, Cy + socg)

X(3) + (S,Co+ S3C,+ S,C,+ S,Cy+ 5,C,) x(5)
+(gm+sgy+%%+ig)xﬁ)+(a%+
S,C;+ S,C,) X(9) + (s,C,+ S5C,) x(11) i1

i = |8,6,x(13) ' 1 (2.30)

S, CoX(k-2) + S, CoX(-k-2) + (S,0,+ 85C,)

X(k) + (SgCo+ S¢C;) X(=k) + (8;C,+ 8,C,+ iy
S5 C,) x(k+é) + (8,60, + s,é,+ §,0,) X(-k+2) +|
(8,,Co+ Sg€,+ 8,0+ 5,Cy) X(k+4) + (8,,0,+
S,0C, + Sg O+ S4C5) X(-k+d) + (8,,Co+ s”c;+
S,Cp+ S,C3+ 8,0, ) X(k+6) + (8,Co+ S5,,C, + 5,,C,
+ S,C+ S,C,) X(~k+6) + (5., + 5,,C,+ S;C;+
S,C, ) X(k+8) + (5,0, + 5,0, + 5,C;+ S, Cy)
X(-k+8) + (8,,C,+ s¥c3+‘s,c4) X(k+10) + (5,,C,
¥ 5,03+ 5,00, ) X(~k+10) + (8,4C5 + s”¢4)

X(k+12) + (8,05 + 5,C,) X(-k+12) + 8,,C,

X(k+14) + 5,0, X(-k+14) ’ ; : ;

' b
where X(m) = b -4& = fx"'"dx

The minimization of Eq.(2.'30) with respect td the number of half-

waves n yields the buckling load of orthotropic annular plates.
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