CHAPTER IV

SOLUTION OF f(xoy)+f(xoy ) = 2¢(x)+2f(y) ON VECTOR SPACES

OVER Q WITH APPLICATIONS TO CERTAIN GROUPS

In this chapter, we use our main theorem to obtain all functionsf
from a vector space V over Q into a vector space V' over Q. This
result is then applied to obtain the solution of f(x+y)+f(x-y)=2f(x)+21(y)
on R, R" and to obtain the solution of f(xy)-l-f(-:ﬂ = 2f(x)+2f(y) on the

multiplicative group ( IR+,.),{ R*,.),

k.1 Solution of f(x+y)+f(x-y) = 2f(x)+2f(y) on Vector Space

over Q.

Theorem 4.1.1 Let V and V' be vector spaces over Q with%= {v : o eI}
as a basis, Let ﬁ(l) = {{vu} R B} ana 5.3(2)= {{u,v}:u,v ¢ B,u # v}.
A function f : V— V' sutisfies

(*) - P(x+y)ef(x-y) = 2f(x)+2f(y)

for all x, y in V if and only if there exists a function c : &(1)Uﬁ(2_)_> v

m
such that for any x= Iy v in V, where vaeB and Y, € Q,

i=1 %i % i i

we have
m m
I

m
£(x) = £ y v cllv. ,v. D+ y2(lv. D-( Ly ) ({v. }).
1ei<jem %1 % % %5 im “i Yoy 1=1v?1 i=1Y°‘1c v“i
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Proof Observe that the additive group of rational number Q has
generators o - %3 n=1,2,..., with defining relations

B.J_- n.an = 0.

Let M be the set of all these generators of Q.

Let A = {av:aeM, ve®}, A(1)= {{y}:yeA} and A(2)= {{s,t}:s, teA, s¢t},
nm m Po, Pa

For any x= ¢ vy A in V, then x= ¢ _ i v, Where i = s
i=1 % % i=l'N i N i

P»i=1l,..., m and N are integerssuch that N # 0.

i
m n P m
Thus x= Zy v = L _E;_vh = ELP (an ) for some N.
i=1 %1 % j=m W % =1 4 "%

Since anu »i=1,,.., m are in A, therefore A is a set of generators
i
of V with defining relations

a.v -na,V = 01
1 k] na,

Hence, according to theorem 3.2.1, f: V. V' satisfies (*) if and

only if there exists a function ¢ A(l)u A(E)—“—; V' such that for

any defining relation

(n) alvui- nanvai = 0,

we have

(i-n) --nc({ta:,_v(x 8 })+2(C({alva })+n2c({a.nva }))'(1'“)(°({&1va H-
i X i i i

nc({anvui})) = 0,
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(ii-n) c({alvui,xs})—nc({anvai,xB}l—(c({alvai})-nc({anvai}))

-(l-n)c({xa}) = 0,

for all xB # a.lvai, anvtxi and

—nc({anvai,alvai})-(—n)c({anva })-(-n)c({alvai})+EC({alvui})= 0

i
(iii-n)
c({alvai,anvai})-c({alvai})—c({anvai})+2(-n)C({anvai}) = 0,
m
end for any x = § p (au? ) in v,
i=1 %

(4.1.1.1) f(x) = ¢ P B cl{ayw v })+2 z D, 2e({ayv })-
) 1si<3<m ; Mo a_N i=1% o

-( E 13 ) 2 1) c({ay v, 1.
i=1 % 4=1 %Y %

From the second equation in (iii-n) we find that

(h:1,1.2) c({alvai,anvui}) = c({alvui})+(2n#l)c({aHVﬁi}).
By replacing the value of c({alvai, anvai}) from (4.1.1.2) in (i-n)

and simplify the result we have

(4.1.1.3) c{av }) = % c({av_}).
n ui n2 al ui

Suﬁstituting the value of c({anva }) from (4.1.1.3) in (4.1.1.2),
i

we get

(3.1.1.8) el{ayv_ ,av }) = L (14n)2 c({av. ).
lui not1 n2 e 8101
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In case Xg = 8V, where v # vai, it follows from (ii-n) that
c({aivui.alv7})—nc({a v .alvv}}-c({alvai})+nc({anvai})-(l-n)c({alvy}) = 0.

nai

Hence

1
(4.1.1.5) c({anvai,al?T}) = ;{c({alvai,ale})~c({a1vai})+nc({ahvhi})

-(l-n)c({ale})]-

Substituting the value of c({anva }) from (4.1.1.3) in (Lk.1.1.5) we
i

find that

1 1,1
(4.1.1.6) c({anvai,ale}) = Ect{ﬁvai’&lvv})" -E(E -1)c({a1vai})

+1- De(layv 1),

In case Xg = agv., where § # 1 and vy # v, , it follows from (ii-n)
i

that

c({alVai.aévT})-nc({anvai.ava})-c({alvai})i-nc({an}ra })-(l-n)c({anY}) = 0.

i

Hence

e {a.n\rui ,aﬁvv}) = %[c( {a.lvai ’aGV'\r} y=c( {Blvui} )4+ne( {a.nvai} )=(1-n)e( {&GVY}) ]

Applying (%.1.1.3) and (4.1.1.5) to the right hand side of this equation,

we get

c({anva ‘“va}) = %{%{C((alvai,ale})-c({alvv})+dc({aﬁv¥})-(l-ﬁ)cI{alva D}

i i

- c({alvui})+nc({anvai})-(l-n)clfaav#})].
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. %{%c({alvai,ale})- -]gc({alvv})'i-i-Qc({vY})-%(l-G)c({alvui})

~elieyv, D %"“"ai”' Samnetay N,

Therefore

(4.1.1.7) c({anvui

1 B 75 A SO
QQGV*}} = EEC({alvui’alvy})+ﬁ{ﬁh1?c({alvai})
;% 1
* HeaetianD

In case Xg = anai’ where B # 1, n, it follows from (ii-n) that

c({alVai.anai})-nc({anTai,aBVui})-ct{alvai})+nct{anin})-(l—n)ct{asvai})= 0.

Hence

cl{agv, 18gv, 1) = Hof (g7, seg7q Ncllayyy Mencllav, D-(on)ellagy, 1))

Applying (%4.1.1.3) and (4.1.1.,4) to the right hand side of this equation,

we get

- e 2
(4,1.1.8) c({anvai.aﬁvui}) n252 (n+B) c({alvui}) s

for all n and all g # 1, n.

It can be verified that the values of c({anvai}), c({alvai,anv&i}),

c([anvai,alvv}), c({anvui,aﬁvY}), c({anvai,asvai}) given in (k4.1.1,3),
(b,1.1,4), (4,1.1.6), (b.1.1.7), (4,1.,1.8) satisfy (i-n), (ii-n) and

(iii-n). Substituting these values in (k4,1.1.1), we get
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2

P
f(x) = z Q c({ .alv D+2 sz % c({a v })-
lgi<jem N2 i“l N2 o |

m
-(z P, ) z ai ({ 3 1
i=1 % i=1 m2 ‘ alv

Hence

P
f(x) = ¢ __1c({v ,v })+2 z (__) e({v, })-

l¢i<jem N N
m p m s
~(r M)z Zieliv, )
i=1 N i=1 N i
Therefore
£f(x) = & v, e cl{v, »v 142 E Y c({v H=( E %1 z : c({v
lei<jsm 1 3 1% 1= % M i Y=Y

4.2 Solution of f(x+y)+f(x~y) = 2f(x)+2f(y) on R

into Vector Space over Q

Theorem 4.2.1  Let V' be any vector space over Q and H = {v, : @el}
be a Hamel basis of R over Q. Let H(l) = {{va} P V,E H},

3(2) = {{u,v} : u,v € H, u # v}, Then £ : R —» V' satisfies
(*) fx+y)+f(x-y) = 2f(x)+2f(y)
for all x, y in R if and only if therec exists a function
. al). ulp) ; Wit
¢ :H'UH"—5 V' such that for any x = § vy L in R, where
=1 %%
eQ and v.e¢ H, we have
a o
i i
m

£(x) = I S | c({v Yy })+2 Z Y c({vu H-(zZy¥y

) Z 3 c({v
lci<jen % ©® &

J i J i=l i i i=1 i 4=1 U

*
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Proof Since R is a vector space over Q having H as a basis,

hence the theorem follows immediately from theorem k,1.1.

k.3 Solution of f(x+y)+f(x-y) = 2£(x)+2f(y) on R" into

Vector Space over Q.

Theorem 4.3.1  Let H = {v_: acI} be a Hamel basis of R over Q.

Let e, =(6k1,..., 6 )s k=1,...,n, where § . =1 if k = j and

k]

ij =0 ifk # J. Let B - {vmek : ael, k = l,...,n},ﬁ(l)g {{v}:peR}

and B(a) = {{a,b}: a,be B , a # b}.
A function f from Bn into a vector space V' over Q satisfies
(*) fx+y)+f(x-y) = 2f(x)+2£(y)

for all x, y in R” if and only if there exists a function

ﬁ(l)U &(2)—.) V' such that for any x = (x.l.---, Xn), where

m
X = ilekiVai. Vi€ Q, k=1,..., n, we have
n
£(x) = z Yki*k'i'c({v 8T k'}) +2 % Eyiic({v e })
i,i'=1,...,m o5 i k=1 i=1 i
k’k'=1’ll.’n
(1,k)#(i',k")
n m n m
- z .
(kfl iz Yki)(k=1 121 it C({Vaiek}))

Proof Observe that R® is a vector space over Q having '@ as a basis.

Hence the theorem follows immediately from theorem k4,1.1.



5l

4.4 Solution of f(xy)+f(§0 = 2f(x)+2f(y) on R into

Vector Space V' over Q.

+
Theorem 4.4.1 A function f from the multiplication group R into
a vector space V' over Q satisfies

(*) rtw)+f(§‘-) = 2f(x)+2f(y)

for all x, y in B+ if and only if there exists a function F on R

into V' satisfying

(%) F(x+y)+F(x-y) = 2F(x)+2F(y)

for all x, ¥ in R such that f = Foin,

Proof Since &n is an isomorphism from (8+,‘) onto (R,+), hence

the theorem is follows from remark 3.1.5.

4.5 Solution of f(xy)-l»f(?-cfl = 2f(x)+2f(y) on R* into

vector Space V' over Q,

Theorem 4.5.1 A function f from the multiplicative group R* into
vector space V' over Q. satisfies

(*) f)ee@) = 2n(x)eer(y)

for all x,y in R* if and only if there exists a function

g : (B+,a) ——> (V',+) satisfying

(=) elx)*e(®) = 2z(x)+2g(y)

&
for all x, y in R such that f(x) = g(lx|) for all x ¢ R¥*.
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Proof  Assume that f : R* — V' satisfies (*).
Let T = {1,-1}. Hence T is a subgroup of R¥
We claim that f is constant on each coset of T.
Let y e xT. Theny =xt, t ¢ T. Hencet.2=1-
By (3.1.1.3) of proposition 3.1.1, we have
be(y) = 2(y%) = £((xt)?) = £((xt)(xt)) = £(x°°) = £(x°) = be(x).

Thus

n
o

L £(y) - £(x)]

Hence

fy) f(x).
Therefore f is constant on each coset of T,

Hence, by theorem 3.1.4, there exists T : B*/T_—-y V' such that

%) F(xTyT)+E(xT/yT) = 2F(xT)+2%(yT),
for all xT, yT in R*/, end F(xT) = f(x).
Let v : IR*/T—-; R' be given by
v (xT) = |x|.
Then v is an isomorphism from IR*/T onto R'.
Set g=7To v-l, hence g : 1R+——=r v
By remark 3.1.5, g satisfies

o ("s) s(xy}+s(§f-) = 2g(x)+2g(y)

for all x, y in R .

Also, from g =Ff ov , we have f = g 5 v, hence f(x) = F(xT) = g(v(xT))

= g(lx|).



Conversely, assume that we are given g : 8- W satisfying (* g)'
Let f : R*— V' be defined by

£(x) = g(ix1).
For any x, y in R* we have

tlxy) + 203 = sl +e(3D ,

= s+ gdED

2g(|x|) + 2g(| y|),

2f(x) + 2£(y).

56



	Chapter IV Solution of F(Xoy)+F(Xoy-1)= 2F(X)+2F(Y) on Vector Spaces Over Q with Applications to Certain Groups

