GENERAL SOLUTION OF f(xoy)+f(xoy t) = 2¢(x)+2f(y) ON ABELIAN GROUP G,

Let (G,o) and (G',+) be abelian groups such that G' has no element
of order 2. In this chapter we shall determine all functions f : G — G'
satisfying the functional equation
(*) £(x o y)* 2(x 0 y 1) = 20(x)+ 22(y),

for all x, y in G,

3.1 Some Useful formulae

Proposition 3.1.1 Let (G,°) and (G',+) be abelian groups sueh that G'

has no clement of order 2. Let f be a function from G into G' satisfying

(*) f(x o y)+ £(x o zr"l) = 2f(x)+ 2£(y),

for all x, y in G. Then the followings hold,
(3.1.1.1) f(e) =0,
(3.1.1.2) £(x1) = £(x) for all x in G,

(3.1.1.3)  £(Aox") = nf(Aex)-(n-1)£(A)+ p(nyl)f(x) for all A, x in G,

and for all integer n.

Proof Setting x = y = e in (*) we get

fle oe) + fle o e‘l) = 2f(e) + 2f(e).

f(e) + r(e) = 2f(e) + 2f(e).

Therefore

(3.1.1.4) 2r(e) = 0,
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Since G' has no element of order 2, hence it follows frem (3.1.1.k)

that

f(e) 0.
That is (3.1.,1.1) holds.

Setting x = e in (*) we get

fle oy) + fle o y-l) 2f(e) + 2£(y).

f(y) + £y = 2f(e) + 2f(y).
Using (3.1.1.1), we obtain
tly) + ty™) = 2e(y).
Therefore
ty ) = 2(y)

for all y in G, i.e.(3.1.1.2) holds.

Let A, x be any elements in G,Clearly (3.1.1.3)holds for n=0 or 1. Let n>1.

Assume that

(3.1.1.5)  f£lA o xX) = kf(A o x)-(k-1)£(A) + k(k-1)£(x)

for all positive k < n.

Replacing x and y in (*) by A o x*! ana x, respectively, we have
208 o Yo x)+ £(a 0 Lo x1) = 2£(a o x*1)s 20(x).

Hence

£(a o xP) + £(A o x°72)

= 2¢(A o 21y 4+ 22(x).
Therefore
£(A o x7) = 2f(A o x°‘1)+ 2f(x)- f(A o x“'a)

.

By the induction hypothesis (3.1.1.5), we have
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£(aox™) = 2{(n-1)f(Aox)~-(n-2)f(A)+(n-1)(n-2)f(x)}
+2f(x)={ (n-2)f(Aox)=(n-3AF(A)+(n-2) (n-3)£(x)} ,

= nf(Aox)-(n-1)f(A)+ n(n-1)f(x).

Hence

(3.1.1.6) £(Aox™) = nf(Aox)-(n-1)£(A)+ n(n-1)£(x),

for all A, x in G and for all non-negative integer n.

For any negative integer n, we have n = -m for some positive

integer m. Then we have

£(Aox®) = flaox™) = flae(x™)®) .

It follows from (3.1.1.6) that

(3.1.1.7) £(Aox®) = mf(Aox T)=(m-1)£(A)+ m(m-1)£(x"1).
Using (*), we find that
L

f(Aox™ = 2f(A)+ 2f(x)- f(Aox).

From this equation and (3.1.1.7), we have
£(aox®) = m(2£(A)+ 2¢(x)- £(Aox))=(m-1)£(A)+ m(m-1)e(x"L).

Using (3.1.1.2), we obtain

£(Aox"™) = m(2£(A)+ 2f(x)- f£(Aox))=(m-1)f(A)+ m(m-1)£(x),
= -mf(Aox)-(-m=1)£(A)+(-m)(-m~1)f(x)
= nf(Aox)-(n-1)f(A)+ n(n-1)f(x).
Therefore

£(Aox") = nf(Aox)-(n-1)f(A)+ n(n-1)£(x),

for all A, x in G, and for all integer n, i.e.(3.1.1.3) holds.
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Lemma 3.1.2  Let (G,0) and (G',+) be sbelian groups. Let £ : G—3 G
satisfy

(*) £(xoy) + f(xoy™Y) = 2£(x) + 2£(y)

for ell x, ¥y in G, Then for any A, B, C in G, we have
f(AoBoC) = f(AoB)+fr(AoC)+f(BoC)=f(A)=£(B)=r(C),

Proof Let A, B, C be any elements in G.

By several applications of (3.,1.1.3), we see that

£(AoB%C?) = 2£((A0BZ)oC)- £(AcB2)+ 2£(C) ,
= 2£((AoC)oB%)= f(AOBz)+ 2r(c) ,
= 2{2f(AcCoB)- £(AoC)+ 22(B)}-{2r(AeB)~ £(A)
+2f(B)}+ 2£(C).
Hence

(3:3.2:1) r(aoseocz) = Lf(AoBoC)= 2f(AcB)= 2£(AcC)+ £(A)+ 2¢(B)+ 2£(C).
We also have

£(AoB%eC?) = #£(Ao(BoC)?) ,

= 2f(AoBoC)- f(A)+ 2£(BoC).,
Hence
#)

(3.1.2.2)£(A0B%C%) = 2£(AoBoC)- £(A)+ 2£(BoC).

From (3.1.2.1) and (3.1.2.2) we get

2f(AoBoC)=f(A)+2f(BoC) = Lf(AoBoC)-2¢£(A0B)=2f(AoC)+£(A)+2£(B)+2£(C),
Thus
2£(AoBoC) = 2{f(AoB)+£(AoC)+£(BoC)=f(A)-£(B)-£(C)} .

Since G' has no element of order 2, hence
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f(AoBoC) = f£(AoB)+ f(AoC)+ f£(BoC)~ f£(A)- £(B)- £(C).

Proposition 3.1.3  Let (G,°) and (G',+) be abelian groups such that G'

has no element of order 2. Let f : G —> G' satisfy

(*) f(xoy)+ £(xoy ™) = 2f(x)+ 2£(y)
for all x, y in G. Then for any positive integer m, any &y in G and

any integers ni, i=1..., my we have

m n
(3.1.3.1) f(ng

i n o5 m m
)= B n,n f(giogj)-l@ z nf(g,)-( £ n) £ nfle),
i= lgic<jgnm i=

1 1 1=1 1 4=

where X nin

f(gic g.) is meant to be O.
1gi<gér Y J

Proof We prove by induction on m.
Observe that the case m = 1 follows from (3.1.1.3) of proposition 3.1.1
by setting A = e and using (3.1.1.1).

Let m be any positive integer such that m> 1,

Assume that

( k ni) k > k k

3.1.3.2) f(Ng )= P> n.n f(g.0og )+2 I n (g, )=( £ n,) I n flg,)
g=1 1 1t gk V9 TETE gy h g AR R

for all positive integer k < m,

Observe that
m n m-2 n n n
i i m=l m
flng,”)= £(n g,° o o )e
m-2 n

Here, when m = 2, we define I gii to be e.

i=1
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Hence, by lemma 3.1.2, we have

m n m-l n m-2 n n m—2n

£( M gl) = £( Mg t)ee( M giio gmm)-i-f(sm_l o gm e f(i s 1y

g=1 1 i=1 i=1

-f(gm A )-f(gmm)

Apply the induction hypothesis (3.1.3.2) to each term on the right

we have
m n, m-1 , m-l m-l
f(in - 1 = [“1 23 e n, Jf(giﬂ' gj)"'QiZln f(gi) ( z n ) z n 1£(e;)]
m=2 m=-2
+[1 Sizqsm_gnindf(si" gJ)*'i:lninmf(si" sm)+2i:1nif(gi)
m=2 m-2 m=2
+ 2nm f(sm)-( R ) zln 1 £(gy)=n_ izlnif(si} -

- (iz ny)n, (g )= n 02 t(g,) ]+[n o fle j08) +
=21

20> #(g )+2not(g )-(n_+ n)(n . fla Mo t(g )]

m=2 m=2 me?

'[15 1<23$m 5 4 Jf(si gy)42 I nif(gi) -( I n) I n(g)]

i=1 i=1 * i=1
2 2
- nm-l f(gm-l) N nm f(gm) y

After simplification, we have (3.1.3.1).
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Theorem 3.1.k4 Let (G,0) and (G',+) be abelian groups. Let H be
subgroup of G. A function T : G/H—)- G' satisfies

(¥)  F(xoHoyoH)+ F(xoHo(yoH)™) = 2F(xoH)+ 2F(yoH) ,

for all % H, yoH in G/y if and only if F(xoH) = f(x) for some f : G—>G'

satisfying

(%) f(xoy) + flxoy™) = 2¢(x) + 2£(y) ,

for all x, y in G and f is constant on each coset of H.

Proof Assume that f : G —> G' satisfies (*) on G and f is constant
on each coset of H. Hence T : G/ —>G' defined by f(xoH) = £(x) is
well defined.

Furthermore, we have

F(xoHoyoH)+ f(onO(yoH)-l)

F(xoyoH) + F(xoy ToH) ,

= f(xoy) + f(x°Y-1) >

2f(x) + 2£(y)
= 2F(xoH) + 2F(yoH).

Conversely, assume that f : G/H——) G' satisfies (¥#) on /g -
Let f : G—>G' be defineiby
£(x) = F(xeH) ,
for all x in G.
If x, y are in the same coset of H, then xoH = y@H. Hence we have
£(x) = F(xoH) = F(yoH) = f(y) ,

i.e. £ is constant on each coset of H.



Furthermore, we have

£(xoy)+ flxoy™ ) = F(xoyoH)+ F(xoy ToH) ,
= F(xoHoyoH)+ F(xoHo(yoH)™),
= 2F(xoH)+ 2F(yoH) ,
= 2f(x) + 2f(y).

Remark 3.1. Let (Gy,0), (G,,°) and (G',+) be abelian groups.

Let VY : GlﬁsG2 be an isomorphism and f2: 02---) G' be any function,

Then function fl = f2° Y/ Gl—-—-)- G' satisfies

-1)

(*1) f].(r'f yl)"' fl(xlo Pl sl zfl(xl)"' 2f1(:vl)

for all X yl in Gl if and only if f2 satisfies

(*2) fz(xzo y2)+ fz(xao ygl) = 2f2(x2)+ 2f2(y2)

for all X, ¥, in G2 .

Proof Assume that f, satisfies (*2).

Let ﬁ. 3"1 be any elements in Gl. Hence we have

"

£, (%0 yp)* £, (x;0 yil) £,0 w(xlo ¥y )+ £,0 ¥(x; 0 y;l) >

£,(¥(x0 ¥;))* £,(¥(x0 7)),

_]_)’

£,(#(x) Jow(y, )+ £,(¥(x)o(¥ly, )

2f2(w(x1))+ 2r2(w(y1)),

efl(xl) + 2f. (y,).

23
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Conversely, assume that f, = fyo ¥ : qu G' satisfies (*1).

Let Xps y2 be any elements in G2. Then there exist X 'Yl in G

such that !v(xl) = x, and 'P(yl) =y, . Hence ve have

1

£,(x,0 Y0 £y(xp0 ¥50) = (¥ Jo¥(y, )+ 2,(¥(x; Jo(¥(yy N7,

fe(w(xlo y1))+ fQIW(x1° yil)),

f(x0y )+ £ (xp0 V;l)'

2fl(xl)+ 2fl(y1),

= 2f2ov(xl)+ 2f2ov(y1),

2¢,(4(x )+ 28,(¥(y,)),

2f2(x2]+ 21’2(:;2) .

3.2 The Main Theorem

Our main result is the following theorem.

Theor 2.1 Let (G,0) and (G',+) be abelian groups such that G'
has no element of order 2. Let C'* = {au : aeIl be a set of generators
of G with a system q\Rof defining relations. Let cﬁ(‘l) = {{a} : agﬁ' }

and &2) = {{a,b} : a,be cﬁ' , & #b}., A function f : G —> G' satisfies
(%) fxoy)+ flxey™r) = 2f(x)+ 2t(y) ,

for all x, y in G if and only if there exists a function e :a(l)l} ch'(a-)-,.-pG'
m S,

such that for any defining relation | a.al =e of ’R, we have
ji=1 "1
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m m o
(1) L s.s,c{{a, ,a, })+2 L sec({a H-( £s,)Esec(la, })=o0,
18<gemdd % % Tqm il Y gmigaml Y
m : - ; : m i
(ii) £ s.c({a_ ,8,})- I g.c({a_ })=( I s, )c({2 = 0
PR SR A e M TR 8

for all ag # aui g B Xy nny Ty

m m m
(1i1) = s,cl{a, ,aB})- Ls.c(la, })=( 2 sa)c({aa}]+23ic({as}) = 0

=19 % Il e

JH J# JEi
for all =a such that a_ = a for some i =1,.,.., M,

B n b o4
and for any x = I a, in G, we have
i=1 i
m 2 m )m
£(x) = z n.n.c({a ,a, }+2 Z nfc({a,} )-( L n,) £ .nse({a, })
1¢tcjsnl LB GG gmt & % st gmt W

Proof Assume that f : G—> G' satisfies (*)
Since G is an abelian group having éﬁ} = {au : a € I} as its set of
generators, hence by theorem 2.2.2, there exist a free abelian group F,

with a basis W, and a subgroup H of F such that
(1) there exists a bijection © :(9Q'-> W,

(2) there exists an isomorphism ¥ from F/H onto G such that

m ni m ni
y(n (Q(aa ) "o H) = ma
i=1 i i=1 %4

for all &, and for all integer n

i i

Let f = foV¥.
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Hence by remark 3.1.5, T : F/y—> G' satisfies

(¥) F(xoHoyoH)+ ?(xoﬂo(yon)'l)= 2F(xoH)+ 2F(yoH)
for all xof, yoH in F/H i
Let f': F —» G' be defined by
£f'(x) = f(xoH) .
By theorem 3.1.4, f' satisfies
(*')  £'(xoy)+ £'(x0y ") = 2£1(x)+ 22 (y)

for all x, y in F and f' is constant on each coset of H.
Define ¢ :cﬂ(l) U@%(z) —» G' by
L
c({a,} ) = fr(e(a))

for all ain I and

c((a 8, }) = £r(s(a o os,))
for all 4, B8 in I such that o # B.
m s, m ]
For any defining relation & =~ = e ofR, we have T O(a ) 4 e H.
i=1 %4 o L
m 84
Thus 1 ©(a ) ~ and e are in the coset eoH.
i=1l ai

Since f' is constant on eol, hence

m Si
f'(nmela ) ™)
i=1 %

£'(e),

Using (3.1.1.1), we obtain

m -]
f'( n ela ) Ay
i=1

n
o
L]

Applying proposition 3.1.3 to the left handside of this equation,
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we get
m 2 m m
r s;sf'(6(a )oola, ))+2 = sif'(etau )N-(zs)z sif'(e(a )) = 0.
1¢i<jem * 9 i % =1 i i=1 = i=1 oy
Therefore
m > m m (
z s.sc({a ,a })+2 I sc({e })-( % s,) 1 s,cl{e }) = O,
1t <gem i 9 "8y gadiee ggtamt %

i.e. (1) nholds.

For emy generator aB, f' is constant on the coset Q(a.e)oH, hence for

m s,
any defining relation I aa =€ of'lR s we have
i=1 i
m s
(3.2.1.1) ¢£'(mela ) Tooa)) = f£(ola)).
i=1 %4 8 B

If ag #a, foranyi=1,...,m, then (3.2.1.1) can be written

i
m+l si
f'(n o(a ) ) = f£'(e(a)) ,
=1 11)1% B
where el = 1 and 6(a ) = e(aB).

m+l

Applying proposition 3.1.3 to the left hand side of this equation,

we get
m+l 2 m+l m+l
z s,s.f'(6la_)og(a ))+2 g sit'(e(e, ))-( £ s,) 2 sif‘(o(a )
1€1<jgmtl * 9 ay” ey =yl 1 =1 Yim oy
- f'(O(ae)).

Thus we have
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[ ¢ 5,8 f'(O(a )oe(a ))+ Z aif'(e(a Yob(a ))]*[2 E aif'(O(a ))
1€ {<jm & AL R oy 1=1 %

+2f'(o(a ))] £ 2 s.) E s.t'(e(a ))+( z 84 )£ (e(a ))] [ Z s f'(O(a ))

fm] T quy 1 a3’ 4 1 ju) 2
+ f'(O(aB))] = f'(O(aB)).
Hence
)=( p ) (e(a_))
z £'(e(a_ )ob(a_ ))+2 z 2s1(0(a. ) > z £ (0(a,
P i ks TR a4 i oL oy
+ z s. f'(D(a )09(38))- z sif (o(ac ))=( z 85 )f'(o(a )) = o.
i=1 * % i=1 i =
Therefore

b 5,8 c({a -8, })+2 E sic({a })~( E s.) z S. C({a 1)

l'siq.gm ] J i=1 %4 i=l 1 i=1 %%
m

+ I sic({a ,aB}) - E s c({a }) - ( Z sy )c({a }) = 0.
i=1 i j=) i i l

By (i), we see that the first three terms on the left handside of this

equation add up to zero. Hence, we have

m m
E s ({a ,a.})- L s.c({a_ })-( £ g, )e({a,}) = O.
LR T T P

That is (ii) holds.

It a, = a“i for some i =1,...,m, then (3.2,1,1) can be written as

m h
£(n ela, ) ) = £1(0(a, ),




where hJ = SJ for all j # i, hJ =8+ 1 if3 =1

Applying proposition 3.1.3 to the left hand side of this equation,

we get
m m m
lsjfksmthkf'(o(aaa)oo(auk))+2J£1njf'(O(auj))-(dzth)J:thf'(O(aah))
= f'(@(as)).
Observe that 1$J<Esm thkf‘(G(auJ)oo(aak)} = lsg‘ksmsjskf‘(o(auj)oo(auk))
m
+ 52153 f'(o(aqj}oo(aai)) ,
A
ol B2
Jilhjf'(ofaaj)) = 35153 f'(O(aaj))+(251+1)f'(0(aui)) and
m m m m m
(Jith)Jithf‘(G(an)) . (dilsj)(Jilst'(e(aaj))+(JilsJ)f'(o(aui)) +
m
+ Jﬁlsjf|(°(auj)) + f'(O(aui)).
Hence, we have
m o, m m
1534:;m833krl(e(aaj)og(aak))+2j£18Jf.(g(aaj))-(lesJ)lesjf.(G(auj))
m w
+ lesjf.(O(aagDO(aai))+2(231+1)f'(g(aui))-(Jilsj)f'(g(aai)) -
J#L
m

- JElsdf'(o(aaj)) - f'(O(aai)) = f'(O{aui)).
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8,8 f'fﬂ(a )oo(a ))+2 z s2er(e(a ))-( Z s,) E s f'(O(a ))
l<j<ksm‘j k ay % " j=1 9 %57 y4=1 3 gmy Y
z ))
+ E s.f'(0(a_ )oo(a_ ))-( Z s )f'(O(a ))- T s, £'(6(a, +
j=1 9 o, % ym d %" g=1 J %
J#1 J#AL 3
+ 2s; f'(O(aai)) = 0,
Therefore
( 35 I sc((ela )}
r s,5.¢c({a, ,a }+2 z c({o(a B-=( & E c( (e 8,
leicken 3 K 7oy 405 oy e g o
m
+ I ch({a »a; H=( z s, )e({a })- z sJCC{a })+2s, C({a }) = 0.
3=1 @7 %7 4= d % y=1 oy
J# J#i J#

By (i), we see that the first three terms on the left hand side of

this equation add up to zero. Hence we have

m

s c({a s8 })- E s c({a D-=( z s )c({a N+2s,c{{a_}) = oO.
PR e R i R I T
J#i J# J#

That is (iii) holds
m n

By ﬁrOposition 3.1.3, for any |1 O(aa ) in F, we have
i=1 i
m n, m o,
£'( me(a_ ) %) = . nnf'(e(a )oo(a ))+2 1 ng £'(0(a )).
i=1 % 1Sicjem T 3 o5 a5 4= oy
m m
-(zn ; £'(e(a, ))

=1 i) 1=
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Hence

m n
£f'(n O(a.u yh = £ n.n c({a 8, })+2 2 n c({aa 1 -( Z n.) 8 n,e({a_ 1).

=1 4 Igd<im 19 "% % 4m 1 =1 tim t
m ni
Therefore, for any x = I a in G, we have
i=1 %4
m n
£f(Mal).= f(vl(nai))=f(ne(a)ion)-f'(no(au)")
i=1 % i=1 % 351, % i=1 1

I nn C({a 58 })+2 E aoe( 1 3)S( Z n ) Z n C({& B.
1€i<iem i % “j i=1 i oy i=1 i 1 i
Conversely, assume that we are given a function ¢ :tﬁ(l) U 5&(2)__) G'

m

such that (i)-(iii) hold for any defining relation I 8, =€ offa{
i=1 ©
m n,
Forany x= I a Y in G, let
-= ui
f(x) = I njc({a 8, }+2 Z nic({a H-( E n,) Z n;e({a .
1€icjem i J i=]1 i i=l 7 i=1 %

To show that f is well-defined, first we show that for any relation

m k’a
I a,  =e we have
i=1 i
m
(223 ' 3 k, k cl{a, 28y })+2 E k c({a D=(zkx_) E k c({a }) =
Wipém %1 % % % 4=1% % 4= % gm1 % %

(ii') z k, 0({aa ,aB})— ky c({a, })~( z k, )c({a }) = 0,
i=] i i i=1 i 1 i=1l i

for all B # o 1= Xyieas By
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n n m
{111%) = k c({ev»m &, })- I Kk, 0({8.0‘ -( 2k, )c({a»m })

P=l p P 1 p=1 p P p=l D i
pFi p#i p#i
+ 2k c({a.ul }) = 0,

i i

for all i =1,..., m,

m kui m kﬂ..
Let T a, " = e YDbe any relation. Hence T X, * ¢ H = {N). Therefore
i=1 4 i=1 i
m kai £ n
I = I B
i1 % j=1 9
m S,
where B,j = 1 xa'jl € N. Thus
i=1l i L
% N8,
m kﬁ L m s n L m n.s,.. m £ n.,s m 3 b et
=1
MTx ¥ = n(nm x = m(nxd¥)=n(n an e g xi
i=1 i Jj=1 i=) i J=1 i=1 %1 1=1 j=1 %1 i=1 %3

Sir_lce xa s 1 =1,..., m, are elements of free abelian group, hence

i
2
k = I nss. .,
8y 4 41
1= liiviesla
mo 8, m sji
Since ﬂxu'j eEN, J=1,.0., %, hence I g g i J = liama, b
=1 4 s T |

are relations ofCR. Hence, from (ii) and (iii), we have
m m m
(ii-3) iilsjic({aai,aa} )-iilsjic({aai})-(if-:lsji)c({as}) = 0
for all B #ai, i=1,..., m,
( m m m
iii-j) I - 2 5
i-J) p=lsjPe({aup’ahi}) zlsjpc({aﬁp}) (pﬁ1SJPIC({adi})+2831C({a°1}) 0

P=
p#i p#i PFi

for all i =1,..., m.,



33

It follows from (ii-j) that

m m

c({a s8,})=- ¢ n,s C({a })=( z n

Je({a,}) = 0,
PR Pl LU s R -

d = 1lyecesls

By adding these g equations and rearranging terms, we have

g I ( r  vabaslin SHEE T as et
b B_.C {a ,a } c a } z £ n,s, . )e({a }) =0,
o1 gm 991y jo1 ge 9 1 { j=1 g=1 991 B

i.e. we have

m
Lk, cl{a 8y })- z k c({a })=( E k, )c({a }) = 0,
i=1 @4 s | i=1 %4 %y i=1 ¢

for all g # oy s i=1,.../m.

k
m o
Hence for any relation 1 a s = e, (ii') holds.
i=1 %4
It follows from (iii-j) that
m , m
c({a ,a })- s, cl{a_})-( z ns, Je({a })
P=1 i J an oy J Jp a, p=1 1%3p oy
p#i p#i p#i
+ 2anJi c({aai}) = 0,

for@all % = 1,cie My J = 1yiaa L

By adding these & equations and rearanging terms, we have

n z ( o m g 2
L c {ay s2q } 8 C({a H-( Z ZIn.s, Je({a_ })
P A p#i
L
+ 2 z n

c({a_ }) = o,
Pl i R



i.e. we have

m
k, c({a 28, })- Z k, c({a })=( 2 k, )ct{aa })+2ka c({aa }) =
p-lp % %1 p1 % %  p=1 % 1 i i
p#i p#i p#i
for all i =1,..., m.
m kai
Hence for any relation 1 &y = e , (iii') holds,
i=1 i

It follows from (iii') that

m

z k, k, c({a, 8 })- E k, k clla, })=( Z . X )C({a b
p=1 %4 p p i p=1 %4 p p p=1 % p %
p#L p#i p#i
+ 2k§ c({a, }) = o,

i i
for all 1 = 1,..4,M.

By adding these m equations, we have

m m

3k

m
(3.2:.1.2) 5 3 k k, c({a R ) P z k, k c({a })- z ( z k k

i=1p=1 %1 % % % 4= p=1 ® %p % im1p=2 %1%

p#i p#i p#i

+ 2 zk2 c({au }) = 0.
i=1 %4 i

m m

Observe that ¥ I k k, c({a 8, }) =2 I k, k. C({aa 8, 9]

i=1p=1 %1% % YU l<i<pem 1 %p i %
p#i

and

m m m

I Ik k C({a }) = 2 ( 2k k Je({a, })=( E k. M Z ky c({a 1)
i=1p=1 %1% % i=1 p=3 % % b A T R

p#i p#i
n o
« Lk c({a }).
i=) % Oy

)c({aa })

i



Aprlying these to (3.2.1.2), we have

m
2 & k k c({a ,a }- 2( I K ) z k, c({a  })+b z k c({a, }) = 0.
1<i<pgm 1 p | P % 4=1 %4 i i=1 %4 %
Since G' has no element of order 2, hence
2 m
r k k c({a ,a })+2 z k_ cl({a })-( z k, ) tx cl{a }) = 0.

ledpen %4 % % %  1=1% % 4=1 Y 4= 4 i

m kai
Thet is for any relation Na "~ =e , (i') holds,

i=1l i

Now,we prove that f is well-defined. Consider any two representations

of x in terms of the generators a 's. Without loss of generality,

m n, © m ni
we may assume that x = 1T a 7 sand x= I a where a ,i =1,...,n
i=l 4 i=1 % i |
are in Cﬂand ni, A ,i=1,..., m, are integers, be two representations
of x.
m (ni-ni)
Then T a = e. With respect to this relation, (i') and (iii')
i=1 %

become, respectively,

(1") £ (o,-n!)(n,-n')c({a_ ,a })+ez( ) %e({a, D)
1<i<jsm SRl | .jn.jc o J ln 5 c aai

m
-( 2 (n -n/ £)) & (ni— ni)ﬂ({au }) 0,

i=1l i=l i
and
.-i“ E -t = 5 z - o
(iii™) J~1(n3 nJ)L({a o, a“i}) j-l(nj nj)c({a J}}
J#
m
- (Ey(ag-np)elis, Dealn-nile(le, 1 = o
JH &

for all 8,y for some i = 1,..., m.
i
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By straightforward calculation, (i") gives
m
) L nic({aa }

mo, m
z n,n c({aa 2 N+2 ¢ nic({aa_])-( Zn,

lsi<jsn + 9 i % i= 4 4= 14y §
m 2 m m
-l £ n'n'c({a_,a N+2 zn'“c({a_ VD=( Zn!) Zn!c(la, })]
ld<jam i™7J o aaj i=lnl o 4= 1 i=1n1 ai
m n . ) n
- n! Z(n,-n!)e({a_,a })=2 Zn!n,-n!)e({a_ })
i= o | £u) 3 - ad ai i= D™ ai
J#i
Tn f(n-nlelta N¥/ % % allncalle(fa 1) = 0
+ Zn! I (n.,-n')e({a n'(n,-n!')c({a =
g=1 1 gz 9 J % 4= 3= J 3
J#i J#i
m m m m
Observe that £ I n'(n,-n')e({a }) = zn' I (n.-n"e(fa }).
11 g 41 AREEED Y2 Y g 4 1Y
J#i J#
Hence, we have
(1 yeAD 3 AHMTREIAE) T elts. 1)
£ n,n,c({a ,a })+2 c({a_ })=( £ n,) £ n,c({a_}
1ci<iam 3 a;’ o, i=lni o j=1 1 i=1ni oy
( (« 0 Rt e B et
- I n!n'e({a, ,a +2 I n! { N=( Zn') £n! { 1
lei<jsm * I ey % P R M i=1ni g a“i :
m m m
- IZn! I(n,-n!)el({a, ,a_ }) =2 Zn'(n,-n!e({a })
i=1 i J=1 J nj' uJ ui i= nl i § ni (Ii
J#
m m ; m m
+ In' Z(n,~n'de({a_ })+ Zn' I (n,-n'de({a }) = oO.
i=1 *gm J %3 i=1 Ty J o

J#L J#
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Thus
t nnc({a, ,a, }+2 E c({a })=( Z n, ) T n.c({a, 1)
l<i<jsm > 35 Py @ P R PR A S
m
-[ I c({a ,a 142 I n'2 c({a }=( E ny ') E n c({a Hl
l<i<jsm i % % et 0" im tam i Y
T asl 2 (nentde e 2laentYolle, 1)
- IZn'[ Z(n,~n')e {a ,a + 2(n,-n')e({a -
i=ln 3=1 nj J J ai (. 3 oy
J#
5 r D
Z (n —n Je({fa, }) = L (n,-n!)e({a, = 0.
g=1 % e Y
J# J#

By (iii"), we see that the last term in the above equation becomes zero.

Hence, we have

- m
C({au D-( Z ni) z nic({a h

I nyn, c({aa ey N+ 2 Z n
i i=1 i=l i

1€i<jsm % jay *

wl X n'n c({a ,a_ hH+2 E nig c({a {1 ( E Y ') 2 nic({a Nl = o,
leicgen 19 %4 % i=m o a1 14m %

Therefore

£ n.n c({a.G ,a_ }+2 Z n c({a 31208 E n, ) E n, c({a 1)

lei<jem 9 g, N gt % =1 tim %
m m
= z n!njc({aa '8 })+2 Z niz c({a N-( ¢ ni) z n c(fa, }.
lgi<jam * 4~ %y i=1 N j=1 14 1 %

Hence

m n, m n!

£ Do ) = £ Ma ')
i=1 i i=1 %

That is f is well defined.
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Next, let x, ¥y be any elements of G. Without loss of generality

m n, m n'
ve may write x = I a 1 and y= 1 a, where a8, s1i =1,...m are
1=1 % i=1 % i
in Cﬁ'and n, ni, i=1,..., m are integers,
Then we have
m  (n,+n})
f(xoy) = f( 1 By +Y @ 5 (n +n )(n +n' )c({a 28y })
i=1 i 1<i<jsm - Ay
2 E (n, +n} ) c({a - ( E (n, +ni)) E (ny +n! )c({a })
i=l %5 =1 i=1
Thus
f(xoy) = z (n ny+n n'+n'n +n'n')c({a »a_ })
Yei<iem i3 Al ay aj
o2
+2 I (nj+2n;n {+ni2)c({a =( z ni) E n, C({a })
i=1 i i=1 i=l 1
m m m m
-(z ny ) I nic({a D-( = n} ) 2 ng c({a D-( ni) 2 nic({a }.
i*l i=1l i s l oy i=l i=] i
Similarly, we have
-1 i o I 1
f(xoy 7) = lsiijsm(ninj n 0} ninj+n{n J)C({a“i’a“j})
e 2
+2 3% (nd -2nini+n' )C({a }=( z ny ) z n, C({a B
i=1 % -1 i=1 1

+ ( E ny ) E n! c({& P+( E n!) E n. C({& }=( 2 n} ') 2 n{ c({a b.
i=1 ti=1? Gy i=] * 4=1 & 1 j=1 1 4=1 1 %
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Hence
£(x )+f(xoy-l) = I (2n.,n,+2n'n')e({a_ ,a })+2 ? (2n2+2n'2)c({a b
. l¢icjem <+ d 1 HeE g A A %3
m m
=2( £ n, ) L nic({a 1) =2( 2 n ) Z n c({a }),
i=l ~ i=l i i—l 1
m n
=2[ = n.n c({a 28 })+n Z ny C({a N-( £ ni) z niC({a M.
lei<jem + 9 % %) jam @ " 4= tis=1 %
+2[ = n'n c({a ,e  })+2 2 n'zc({a })=( E n‘) Z n c({a 1.
l¢i<jem L 9 LT @ 4=t 3
Therefore

f(xoy)+f(xoy-l) = 2f(x)+2£(y)

for all x, y in G.

3.3 Examples

In this section we illustrate how our main theorem can be applied

to particular cases.

Example 3.3.1 Let G = 2, @zs , G' =%, To find all f : G —» G!

satisfying

(*) fx+y)+f(x-y) = 2f(x)+2f(y)
for all x, y € G, we first find a set of generators of G. Observe that
G can be generated by two generators a and b with defining relations

ba = o, 6b = 0,

" . {e,b} , &) . {{a},{b}} and G2 _ {{a,b}}.
e

Hence, according to theorem 3.2.1, f : G—> G' satisfies (*) if and
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only if there exists a flmction. c a(l) U $(2) —» G' such that

for the defining relations

(1) Lg = 0,
and
(2) 6b = 0,
we have, respectively,
(1-1)  2(4%c({a}))-k(kc({a})) = 0,
(ii-1) ke({a,b})-ke({a})-ke({b}) = 0,
(iii-1) 2.4c({a}) = 0,
and
(i-2)  2(6°c({b}))=6(6c({D})) = o,
(ii-2) 6c({a,b})-6c({b})=6c({a}) = 0,
(iii-2) 2.6c({b}) = 0,

and for any x = ma + nb, we have
(3.3.1.1) £(x) = mnc({a,b})+2(n’c({a})+n2c({b}))-(m+n) (mc({a})+nc({b})).

By (iii-1l) and (iii-2), we have

8e({al}) = 0 and
12c({p}) = oO.
Hence
(3.3.1.2) c({a}) = 0 and
(3.3.1.3) e({p}) = o,

Replacing c({a}) and c¢({b}) in (ii-1) by zero, we get
he({a,b})

0.

Hence

(3:3.1:H) c({a,b})

I
o
.



L1

It is clear that the values of c({a}), c({v}), c({a,b}) given
in (3.3.1.2),(3.3.1.3),(3.3.1.4) satisfy (i-1),(ii-1),(iii-1),(i-2),
(ii-2) and (iii-2). Substituting these values in (3.3.1.1) we find
that

f(x) = O

is the only solution of (*) from G to G'

Example 3.3.2 Let G =2, @2, , G' =2,. We shall find all

f : G—>G' satisfying

(*) flx+y)+f(x-y) =  2f(x)+2f(y)

for all x, ¥y in G.

Observe that G can be generated by two generators a and b with
defining relations

ha=0, B = Uz

ret Ke tavr, KD - (o). on ana K@ = (o).

Hence, according to ’fheorem 3.2.1, f : G —> G' satisfies (*) if and
only if there exists a function ¢ :C‘?f(l)ll (‘59\'(2)___) G' such that for
the defining relations
(1) ha = O,
and
(2) 6b = 0.
we have, respectively,
(1-1)  2(4%e({a}))-b(ke({a))
(1ii-1) Le({a,b})=ke({al})=be({D})

(iii-1) 2.4c({a}) = 0,

n
o

]
o
-



h2

and
(1-2)  2(6%c({b}))-6(6c({b})) = o,
(1i-2)  6e({a,b})-6c({b})-6c({a}) = 0,
(iii-2) 2.6c({b}) = 0,

and for any X = ma+nb, we have
(3.3.2.1) £(x) = mne({a,b})+2(n’c({a})+nc({b}))-(mn) (me({a})+nc({b})).
By (iii-2), we see that c({b}) is an arbitrary.elément of G'.
By (iii-1), we have
2c({a}) = 0.

Hence
(3.3.2.2) c({al}) = 0.
By (ii-1), we have

c({a,b})-c({a})=c({b})
(3.3.2.3) c({a,b})

0,

e({a})+c({b}).

1}

Substituting the value of c({a}) from (3.3.2.2) in(3.3.2.3), we get

c({a,b}) = c({p})
We see that

c({a}) = 0,

e({b}) = K,

c({a,b}) = K,

where K is any element of 23, satisfy (i-1),(ii-1),(iii-1),(i-2),(ii-2)
and (iii-2). Substituting these values in (3.3.2.1) we find that
f(x) = naK,

for any x = ma+nb in G.
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Example 3.3.3 Let G = z@zs, G' = 2. We shall find all
£f: G—G'" satisfying
(=) f(x+y)+e(x-y) =  2f(x)+2f(y)
for all x, ¥y in G.
Observe that G can be generated by two generators a and b with only
one defining relation
(1) 66 = 0.
tet K = (a1, KO o (), 01 ana K 2 gga,on.
Hence, according to theorem 3.2.1, f : G —> G' satisfies (*) if and
only if there exists a function c : éﬂ'(l) u 50((2)_) G' such that

for defining relation (1) we have

(1) 2(6%c({b}))-6(6e({b})) = o0,
(ii) 6c({a,b})-6:({b})—6c({a}) o o,
(i1i) 2.6c({b}) = 0,

and for any x = ma+nb, we have
(3.3.3.1)  £(x) = mne({a,b})+2(nc({a} )+n2e({b}))=(m+n) (mc({a} J+nc({b})).
By (iii) we have
12c({v}) = oO.
Hence
(3.3.3.2) e({v}) = o.
Substituting the value of c({b}) from (3.3.3.2) in (ii), we get

6c({a,b} )=6c({a})

0.

Hence

L}
o

c({a,b} )=c({a})



nh

Therefore

(3.3.3.3) c({a,b}) = c({al}).

We see that
c({al}) - K
c({b}) = 0,
c({a,p}) = K,

where K is any element of 2, satisfy (i), (ii) and (iii).
Substituting these valuesin (3.3.3.1) we find that
f(x) = mQI{,

for any x = ma+nb in G.

Example 3.3.4 let G =Q, G' = R. We shall find all

f :G—>G"'" satisfying

(") £(x+y )+£(x-y) 2f (x)+2f (y)
for all x, y in G,
Observe that the additive group of rational number Q can be generated

by generators a = %— s 0 =1,2,,.., with defining relations

(n) al"‘ nan = 0’ n = 2,3,0.-.1.

Let Cﬁ’ be the set of all these generators of Q and let
3\'(1) - {{ai}: a,€ A‘ ¥ &(2) = {{ai,aj}: ai,aJ Ecﬁ', i I B

Hence, according to theorem 3.2.1, f: G —> G' satisfies (*) if and
only if there exists a function ¢ : J(l)U 3%(2)_.;. G' such that for
any defining relation

(n) a-na = 0,

1

we have
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b

(i-n) -nc({al,an})+2(0({a1})+n2c({an}))-(1~n)(c({al})-nC({an})) =0,

(ii-n) c({al,aﬂ})-nc({an,as})-(c({al})-nc({an}))-(l-n)c({aﬁ}) = 0,
for all 8 #1, n,

0,

( -nC({al,an})+nc({an})+nc({a1})+2c({al})

(iii-n)

C({al,an})-c({al})-c({an})+2(-n)c({an}) 0,

and for any Yy e Q, Y = §-= p.aq vhere p, q are integers and q # O,

(3.3.4.1)  £(y) 2p2c<{aqn-p(pcuaq})).

2
p c({aq}).

By the second equation in (iii-n) we find that

(3.3.4.2) c({al,an}) % c({al})+(2n+l)c({an}).

Substituting the value of c({al,an}) from (3.3.4.2) in (i-n) and

simplify, we get

]
o

C({al})-nac({an})

Therefore

(3.3.4.3) c({a }) ia e({a,}).

Substituting the value c({an}) from (3.3.4.3) in (3.3.4.2) we get

2
(3.3.4.4) c({al,an}) = (1;2 c({all).

Applying (3.3.4.3) and (3.3.4.4) to the left hand side of equation

(ii-n) and simplify, we get

2
(3.3.4.5) cllepegd) = BEL (@),
n

B
for all 8 # 1, n.



We see that c({al}) can be chosen arbitrary. Let
c({al}) = K,
where K is an arbitrary element of R .

Hence, from (3.3.4.3),(3.3.4.4),(3.3.4.5), we have

K
c‘{ﬂ-n}) = _2 .
n

2
K(1+n)
c({al.an}) = -—-;1-5--—

_ k(n+8)°
C({an’aﬁ}) o :2?2'__ .

L6

It can be verified that the values of c({an}), c({al,an}), c({angae})

given above satisfy (i-n), (ii-n) and (iii-n). Substituting

C({aq}) = Eé in (3.3.4.1), ve get
q

£(y) -

YK.

Therefore f(y)

Y2K for all y € Q, where K ig a real number.



	Chapter III General Solution of F(Xoy)+F(Xoy-1)= 2F(X)+2F(Y) on Abelian Group

