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CHAPTER I

INTRODUCTION

Let N, Z and R denote respectively the set of all positive integers, the set of

all integers and the set of all real numbers. For a ring R and n ∈ N, let

Mn(R) = the full n× n matrix ring over R,

Un(R) = the ring of all upper triangular n× n matrices over R and

SUn(R) = the ring of all strictly upper triangular n× n matrices over R.

For A ∈ Mn(R) and i, j ∈ {1, 2, . . . , n}, let Aij denote the entry of A in ith row

and jth column.

A ring R is said to be a (Von Neumann) regular ring if for every a ∈ R,

a = axa for some x ∈ R. It is known that Mn(R) is a regular ring if and only if R

is a regular ring ([2], page 114-115). In particular, if R is a division ring, Mn(R)

is a regular ring.

For nonempty subsets A,B of a ring R, let ZA and AB denote respectively the

set of all finite sums of the form
∑

kiai where ki ∈ Z and ai ∈ A and the set of

all finite sums of the form
∑

aibi where ai ∈ A and bi ∈ B. A subring Q of a ring

R is called a quasi-ideal of R if RQ ∩ QR ⊆ Q. Then every left ideal and every

right ideal of R is a quasi-ideal of R. In fact, quasi-ideals are a generalization of

left ideals and right ideals. This can be seen from the following example.

Example. Let n ∈ N and n > 1. For k, l ∈ {1, 2, . . . , n}, let Q(k, l) ⊆ Mn(R)

consisting of all matrices of the form



2

lth column

↓

kth row →




0 . . . 0 0 0 . . . 0

. . . . . . . . . . . . . . . . . . . . .

0 . . . 0 0 0 . . . 0

0 . . . 0 x 0 . . . 0

0 . . . 0 0 0 . . . 0

. . . . . . . . . . . . . . . . . . . . .

0 . . . 0 0 0 . . . 0




.

Then for k, l ∈ {1, 2, . . . , n}, Q(k, l) is a quasi-ideal of Mn(R) but neither a left

ideal nor a right ideal of Mn(R).

The notion of quasi-ideal for rings was first introduced by O. Steinfled in [5].

It is known that the intersection of any set of quasi-ideals of R is a quasi-ideal of

R ([6], page 10). For a nonempty subset X of R, the quasi-ideal of R generated

by X, (X)q is defined to be the intersection of all quasi-ideals of R containing X.

H. J. Weinert [7] has given the following fact.

Theorem 1.1 ( [7] ). For a nonempty subset X of a ring R,

(X)q = ZX + (RX ∩XR).

It is clearly seen that the intersection of a left ideal and a right ideal of R is a

quasi-ideal of R. Also, this can be seen in [6], page 7. However, a quasi-ideal of

R need not be obtained in this way. For examples, one can see in [6], page 8, [4]

and [3]. Some examples can be seen from this research. It is observed that the

examples we have seen are not obvious ones. We say that a quasi-ideal Q of a ring

R has the intersection property if Q is the intersection of a left ideal and a right
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ideal of R and R is said to have the intersection property of quasi-ideals if every

quasi-ideal of R has the intersection property. It is clearly seen that the following

statements hold for any ring R. Every left ideal and every right ideal of R is

a quasi-ideal of R having the intersection property. If R is commutative, every

quasi-ideal of R is an ideal, so R has the intersection property of quasi-ideals.

Moreover, the following two propositions are known.

Proposition 1.2 ( [6], page 9 ). If a ring R has a one-sided identity, then R has

the intersection property of quasi-ideals.

Proposition 1.3 ([6], page 73). If R is a regular ring, then R has the intersection

property of quasi-ideals.

Hence if R is a ring with identity, by Proposition 1.2, for every n ∈ N, Mn(R) has

the intersection property of quasi-ideals. As was mentioned, if R is a regular ring,

then so is Mn(R) for every n ∈ N, and hence by Proposition 1.3, Mn(R) has the

intersection property of quasi-ideals. Observe that SUn(R) is a zero ring if n 6 2

and if n > 2 and |R| > 1, SUn(R) has no one-sided identity and it is not regular.

Let Q be a quasi-ideal of a ring R. Then RQ ∩ QR ⊆ Q. If RQ ⊆ QR, then

RQ = RQ ∩QR ⊆ Q, so Q is a left ideal of R. Similarly, QR ⊆ RQ implies that

Q is a right ideal of R. Then the next proposition is obtained. It will be often

referred in Chapter III.

Proposition 1.4. If every quasi-ideal Q of a ring R has the property that RQ ⊆
QR or QR ⊆ RQ , then R has the intersection property of quasi-ideals.

In fact, characterizations of quasi-ideals having the intersection property were

given by H.J. Weinert [7] as follows:

Theorem 1.5 ( [7] ). For a quasi-ideal Q of R, the following statements are

equivalent:
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1. Q has the intersection property.

2. (RQ + Q) ∩ (QR + Q) = Q.

3. RQ ∩ (QR + Q) ⊆ Q.

4. QR ∩ (RQ + Q) ⊆ Q.

In [4], Z. Moucheng, C. Yuqun and L. Yonghau have given a result that strengthen

Theorem 1.5 as follows:

Theorem 1.6 ( [4] ). Let X be a nonempty subset of a ring R and Q = (X)q.

Then the following statements are equivalent:

1. Q has the intersection property.

2. (ZX + XR) ∩ (ZX + RX) = Q.

3. RX ∩ (ZX + XR) ⊆ Q.

4. XR ∩ (ZX + RX) ⊆ Q.

At this point, by using Theorem 1.1 and Theorem 1.6, we give an example of

a quasi-ideal of SU4(R) which does not have the intersection property.

Example. Let A,B ∈ SU4(R) be defined by

A =




0 1 0 0

0 0 0 0

0 0 0 1

0 0 0 0




, B =




0 0 1 0

0 0 0 1

0 0 0 0

0 0 0 0




and set

Q = ({A,B})q

in SU4(R). By Theorem 1.1,
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Q = Z({A,B}) + SU4(R)({A,B}) ∩ ({A,B})SU4(R).

Since for C ∈ SU4(R),

CA =




0 0 0 C13

0 0 0 C23

0 0 0 0

0 0 0 0




, CB =




0 0 0 C12

0 0 0 0

0 0 0 0

0 0 0 0




(∗)

AC =




0 0 C23 C24

0 0 0 0

0 0 0 0

0 0 0 0




, BC =




0 0 0 C34

0 0 0 0

0 0 0 0

0 0 0 0




,

it follows that

Q =








0 k m x

0 0 0 m

0 0 0 k

0 0 0 0




| k,m ∈ Z and x ∈ R





.

Therefore




0 0 0 1

0 0 0 1

0 0 0 0

0 0 0 0




/∈ Q. From (∗), we have
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


0 0 0 1

0 0 0 1

0 0 0 0

0 0 0 0




=




0 0 1 0

0 0 1 0

0 0 0 0

0 0 0 0




A = B + A




0 0 0 0

0 0 −1 1

0 0 0 0

0 0 0 0




∈ SU4(R)({A,B}) ∩ (Z({A,B}) + ({A,B})SU4(R)).

Therefore by that 1. ⇔ 3. of Theorem 1.6, we have that Q does not have the

intersection property.

In [4], Z. Moucheng, C. Yuqun and L. Yonghau used Theorem 1.1 and Theorem

1.6 to characterize rings having the intersection property of quasi-ideals as follows:

Theorem 1.7 ( [4] ). A ring R has the intersection property of quasi-ideals if and

only if for any finite nonempty subset X of R,

RX ∩ (ZX + XR) ⊆ ZX + (RX ∩XR).

Using Theorem 1.7 as a main tool, Y. Kemprasit and P. Juntarakhajorn [3] have

characterized when SUn(R) has the intersection property of quasi-ideals if R is a

field as follows:

Theorem 1.8 ( [3] ). If R is a field, then SUn(R) has the intersection property of

quasi-ideals if and only if n 6 3.

However, the given proof shows that the commutativity of the multiplication of R

is not required. Then we have

Theorem 1.9. If R is a division ring, then SUn(R) has the intersection property

of quasi-ideals if and only if n 6 3.
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It can be observed from the proof given for Theorem 1.8 that if n 6 3, then every

quasi-ideal of SUn(R) is a left ideal or a right ideal.

In the remainder of this research, let m,n ∈ N and R a division ring. As was

mentioned previously, Mn(R) has the intersection property of quasi-ideals. To

generalize this fact, the following ring is considered. Let Mm,n(R) denote the set

of all m × n matrices over R. For P ∈ Mn,m(R), let (Mm,n(R), +, P ) denote the

ring Mm,n(R) under usual addition and the multiplication ∗ defined by

A ∗B = APB

for all A,B ∈ Mm,n(R). Then Mn,n(R) = Mn(R) and (Mn(R), +, In) ∼= Mn(R)

where In is the identity n×n matrix over R. The first main result of this research

is given in Chapter II. It characterizes when (Mm,n(R), +, P ) has the intersection

property of quasi-ideals. It will be proved that

(Mm,n(R), +, P ) has the intersection property

of quasi-ideals if and only if either P = 0 or (1.1)

rankP = min{m,n}.

To prove (1.1), a generalization of rings of all linear transformations on a vector

space is provided and some basic knowledge of vector spaces and linear transfor-

mations are considered as follows:

Let V and W be vector spaces over R. The notation LR(V, W ) denotes the

set of all linear transformations α : V → W . For θ ∈ LR(W,V ), we denote by

(LR(V,W ), +, θ) the ring LR(V, W ) under usual addition and the multiplication ∗
defined by α ∗ β = αθβ for all α, β ∈ LR(V,W ) where functions in this research

are written on the right.

Assume that dimRV = m, dimRW = n, B = {v1, v2, . . . , vm} is an ordered
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basis of V and B′ = {w1, w2, . . . , wn} is an ordered basis of W . For α ∈ LR(V, W ),

let [α]B,B′ denote the m× n matrices (rij) where

v1α = r11w1 + r12w2 + . . . + r1nwn

v2α = r21w1 + r22w2 + . . . + r2nwn

...

vmα = rm1w1 + rm2w2 + . . . + rmnwn

and the matrix [α]B,B′ is called the matrix of α relative to the ordered bases B and

B′ ( [1], page 329 ). Then

(LR(V,W ), +, θ) ∼= (Mm,n(R), +, [θ]B′,B) by α 7→ [α]B,B′ (1.2)

( [1], page 329-330 ). Moreover, for every α ∈ LR(V,W ),

rankα = rank [α]B,B′ (1.3)

( [1], page 337 and 339 ).

In Chapter III, Theorem 1.9 is generalized. Since SUn(R) is an ideal of Un(R)

( [1], page 335 ), APB ∈ SUn(R) for all A,B ∈ SUn(R) and P ∈ Un(R). For

P ∈ Un(R), define (SUn(R), +, P ) to be the ring SUn(R) under usual addition

and the multiplication ∗ defined by

A ∗B = APB

for all A,B ∈ SUn(R). Then (SUn(R), +, In) = SUn(R). We characterize when

(SUn(R), +, P ) has the intersection property of quasi-ideals. It will be proved in

Chapter III that



9

(SUn(R), +, P ) has the intersection property of quasi-

ideals if and only if one of the following statements

holds:

(i) n 6 3.

(ii) n = 4 and P22 = 0 or P33 = 0.

(iii) n > 4, Pij = 0 for all i, j ∈ {3, 4, . . . , n−2} and (1.4)

(a) P2j = 0 for all j ∈ {2, 3, . . . , n− 2} or

(b) Pi,n−1 = 0 for all i ∈ {3, 4, . . . , n− 1}.

Then Theorem 1.9 becomes a corollary of (1.4).



CHAPTER II

GENERALIZED FULL MATRIX RINGS

In this chapter, we prove that (Mm,n(R), +, P ) has the intersection property

of quasi-ideals if and only if either P = 0 or rank P = min{m,n}. In particular,

for P ∈ Mn(R), (Mn(R), +, P ) has the intersection property of quasi-ideals if and

only if either P = 0 or P is invertible.

The following proposition is a general fact which will be referred.

Proposition 2.1. Let α ∈ LR(V, W ).

(i) If α is a monomorphism, then there exists β ∈ LR(W,V ) such that αβ = 1V

where 1V is the identity map on V .

(ii) If α is an epimorphism, then there exists β ∈ LR(W,V ) such that βα = 1W .

Proof. (i) Let B be a basis of V . Since α is a monomorphism, we have Bα is a

basis of Im α and uα 6= u′α for all distinct u, u′ ∈ B. Let B′ be a basis of W

containing Bα. Let β ∈ LR(W,V ) be defined by

vβ =





u if v = uα for some u ∈ B,

0 if v ∈ B′rBα.

Then uαβ = u for all u ∈ B and hence αβ = 1V .

(ii) Let B be a basis of W . Since Im α = W , for each v ∈ B, there exists

v′ ∈ V such that v′α = v. Define β ∈ LR(W,V ) by

vβ = v′ for all v ∈ B.

Then vβα = v for all v ∈ B, so βα = 1W .
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We first introduce two lemmas. The second lemma is a main tool to obtain

our main result of this chapter. However, the first lemma gives a more general

result and the second one becomes a special case.

Lemma 2.2. For θ ∈ LR(W,V ), the ring (LR(V, W ), +, θ) has the intersection

property of quasi-ideals if and only if

(i) θ = 0,

(ii) θ is a monomorphism or

(iii) θ is an epimorphism.

Proof. If θ = 0, then (LR(V,W ), +, θ) is a zero ring, so it has the intersection

property of quasi-ideals.

Assume that θ is a monomorphism. By Proposition 2.1(i), θθ′ = 1W for some

θ′ ∈ LR(V,W ). It follows that αθθ′ = α for all α ∈ LR(V, W ). This implies that

θ′ is a right identity of the ring (LR(V,W ), +, θ). We deduce from Proposition 1.2

that (LR(V, W ), +, θ) has the intersection property of quasi-ideals.

Next, assume that θ is an epimorphism. By Proposition 2.1(ii), there is θ′ ∈
LR(V,W ) such that θ′θ = 1V . Then θ′θα = α for all α ∈ LR(V, W ), so θ′ is a left

identity of the ring (LR(V, W ), +, θ). Hence by Proposition 1.2, (LR(V,W ), +, θ)

has the intersection property of quasi-ideals.

For the converse, assume that θ 6= 0, θ is not a monomorphism and θ is not an

epimorphism. It follows that

{0} 6= Ker θ ( W and {0} 6= Im θ ( V.

Let u ∈ Kerθr{0}, w ∈ WrKerθ and z ∈ VrImθ. Then wθ ∈ Imθr{0}. Let B1

be a basis of Imθ containing wθ. Since z ∈ VrImθ, B1∪{z} is linearly independent
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over R. Let B be a basis of V containing B1 ∪ {z}. Let α, β, γ ∈ LR(V,W ) be

defined by

vα =





u if v = wθ,

w if v = z,

0 if v ∈ B r {wθ, z},

vβ =





w if v = wθ,

0 if v ∈ B r {wθ}

and

vγ =





−w if v = wθ,

0 if v ∈ B r {wθ}.

From what we define α, β and γ, we have

vαθ = 0 for all v ∈ Im θ, (2.2.1)

(wθ)(α + αθγ) = (wθ)α + (wθ)αθγ = u,

(wθ)βθα = (wθ)α = u,

z(α + αθγ) = zα + zαθγ

= w + (wθ)γ

= w − w = 0,

z(βθα) = 0

and
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v(α + αθγ) = 0 = vβθα for all v ∈ B r{wθ, z}.

Consequently, we have

βθα = α + αθγ ∈ LR(V, W )θα ∩ (Zα + αθLR(V,W )). (2.2.2)

Suppose that βθα ∈ Zα + (LR(V,W )θα ∩ αθLR(V, W )). Then there exist k ∈ Z
and λ, η ∈ LR(V, W ) such that

βθα = kα + λθα = kα + αθη.

Then

u = (wθ)βθα = (wθ)(kα + αθη) = ku = (k1R)u

where 1R is the identity of R. This implies that k1R = 1R since u 6= 0. Therefore

kα = α and so

βθα = α + λθα.

Hence

0 = z(βθα) = z(α + λθα) = w + (zλθ)α

and so (zλθ)α = −w. It then follows from this equality and (2.2.1) that

−(wθ) = (zλθ)αθ = 0
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which is a contradiction since wθ 6= 0. This shows that

βθα /∈ Zα + (LR(V,W )θα ∩ αθLR(V, W )). (2.2.3)

The statements (2.2.2), (2.2.3) and Theorem 1.7 yield the result that the ring

(LR(V,W ), +, θ) does not have the intersection property of quasi-ideals.

Hence the lemma is completely proved.

Lemma 2.3. Assume that dimRV = m, dimRW = n and θ ∈ LR(W,V ). Then

the ring (LR(V, W ), +, θ) has the intersection property of quasi-ideals if and only

if either θ = 0 or rank θ = min{m,n}.

Proof. Assume that (LR(V,W ), +, θ) has the intersection property of quasi-ideals.

By Lemma 2.2, θ = 0, θ is a monomorphism or θ is an epimorphism. If θ :

W −→ V is a monomorphism, then W ∼= Im θ, so

m > rank θ = dimRIm θ = dimRW = n.

If θ : W −→ V is an epimorphism, then

m = rank θ = dimRV 6 dimRW = n.

This proves that if θ 6= 0, then rank θ = n 6 m or rank θ = m 6 n. Therefore

either θ = 0 or rank θ = min{m,n}.
For the converse, assume that θ = 0 or rank θ = min{m,n}. Then θ = 0,

rank θ = n or rank θ = m.

Case 1: rank θ = n. Then dimRIm θ = n. But



15

n = dimRW = dimRIm θ + dimRKer θ = n+ dimRKer θ,

so Ker θ = {0} which implies that θ is a monomorphism.

Case 2: rank θ = m. Then dimRIm θ = m. But Im θ is a subspace of V and

dimRV = m, so we have that Im θ = V . Therefore θ is an epimorphism.

This proves that θ = 0, θ is a monomorphism or θ is an epimorphism. By Lemma

2.2, (LR(V, W ), +, θ) has the intersection property of quasi-ideals.

Hence the lemma is proved.

If dimRV = dimRW = k < ∞ and θ ∈ LR(W,V ), it is known that θ is an

epimorphism if and only if θ is an isomorphism and hence rank θ = k if and only

if θ is an isomorphism.

The following corollary is an immediate consequence of the above fact and

Lemma 2.3.

Corollary 2.4. Assume that dimRV = dimRW < ∞ and θ ∈ LR(W,V ). Then

the ring (LR(V, W ), +, θ) has the intersection property of quasi-ideals if and only

if either θ = 0 or θ is an isomorphism.

Theorem 2.5. For P ∈ Mn,m(R), the ring (Mm,n(R), +, P ) has the intersection

property of quasi-ideals if and only if either P =0 or rank P = min{m,n}.

Proof. Let V and W be finite dimensional vector spaces over R such that dimRV =

m and dimRW = n. Let B and B′ be respectively ordered bases of V and W . By

(1.2), there exists θ ∈ LR(W,V ) such that [θ]B′,B = P . Therefore by (1.2)
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(LR(V, W ), +, θ) ∼= (Mm,n(R), +, P ) by α 7→ [α]B,B′ . (2.5.1)

Also, by (1.3), we have

rank θ = rank [θ]B′,B = rankP. (2.5.2)

Assume that (Mm,n(R), +, P ) has the intersection property of quasi-ideals. By

(2.5.1), (LR(V,W ), +, θ) has the intersection property of quasi-ideals. By Lemma

2.3, θ = 0, rank θ = n or rank θ = m. It then follows from (2.5.2) that P = 0,

rankP = n or rankP = m. Hence either P = 0 or rankP = min{m, n}.
Conversely, assume that P = 0 or rankP = min{m,n}. Then P = 0, rank P =

n or rankP = m. From (2.5.2), we have θ = 0, rankθ = n or rankθ = m. Thus θ =

0 or rank θ = min{m,n}. It then follows from Lemma 2.3 that (LR(V,W ), +, θ)

has the intersection property of quasi-ideals. Therefore by (2.5.1), (Mm,n(R), +, P )

has the intersection property of quasi-ideals.

Hence the theorem is proved, as required.

It is known that for P ∈ Mn(R), P is invertible if and only if rank P = n.

Hence by Theorem 2.5, we have

Corollary 2.6. For P ∈ Mn(R), the ring (Mn(R), +, P ) has the intersection

property of quasi-ideals if and only if either P = 0 or P is invertible.



CHAPTER III

GENERALIZED RINGS OF

STRICTLY UPPER TRIANGULAR MATRICES

The purpose of this chapter is to give necessary and sufficient conditions for

n and the entries of P in order that the ring (SUn(R), +, P ) has the intersection

property of quasi-ideals where P ∈ Un(R).

Our aim is to prove the following.

Theorem 3.1. The ring (SUn(R), +, P ) has the intersection property of quasi-

ideals if and only if one of the following statements holds.

(i) n 6 3.

(ii) n = 4 and P22 = 0 or P33 = 0.

(iii) n > 4, Pij = 0 for all i, j ∈ {3, 4, . . . , n− 2} and

(a) P2j = 0 for all j ∈ {2, 3, . . . , n− 2} or

(b) Pi,n−1 = 0 for all i ∈ {3, 4, . . . , n− 1}.

To be more clearly seen, (i), (ii) and (iii) can be illustrated as follows:

(i) n = 1 and P = [P11], n = 2 and P =




P11 P12

0 P22


,

n = 3 and P =




P11 P12 P13

0 P22 P23

0 0 P33




.
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(ii) n = 4 and P =




P11 P12 P13 P14

0 0 P23 P24

0 0 P33 P34

0 0 0 P44




or




P11 P12 P13 P14

0 P22 P23 P24

0 0 0 P34

0 0 0 P44




.

(iii) n > 4 and P =




P11 P12 . . . P1,n−2 P1,n−1 P1n

0 0 . . . 0 P2,n−1 P2n

. . . . . . . . . . . . . . . . . .

0 0 . . . 0 Pn−1,n−1 Pn−1,n

0 0 . . . 0 0 Pnn




or P =




P11 P12 P13 . . . P1,n−1 P1n

0 P22 P23 . . . P2,n−1 P2n

0 0 0 . . . 0 P3n

. . . . . . . . . . . . . . . . . .

0 0 0 . . . 0 Pn−1,n

0 0 0 . . . 0 Pnn




.

If P is the identity n× n matrix over R, P can satisfy neither (ii) nor (iii) of

Theorem 3.1. Hence Theorem 1.9 becomes a corollary of this main theorem.

Corollary 3.2. The ring SUn(R) has the intersection property of quasi-ideals if

and only if n 6 3.

To prove the theorem, the following three lemmas are provided.

Lemma 3.3. Assume that n > 3. If

(1) Pij = 0 for all i > 2 and j 6 n− 2 or

(2) Pij = 0 for all i > 3 and j 6 n− 1,

then (SUn(R), +, P ) has the intersection property of quasi-ideals.
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Proof. For A,B ∈ SUn(R),

for i = n or j = 1, (APB)ij = 0 and

for i < n and j > 1, (APB)ij =

j−1∑

k=1

n∑

l=i+1

(AilPlkBkj).
(3.3.1)

Let Q be a quasi-ideal of (SUn(R), +, P ).

First, assume that (1) holds. From (3.3.1) and (1), we have that for A, B ∈
SUn(R),

(APB)ij =





0 if i = n or j < n,

(
∑n

l=i+1 AilPl,n−1)Bn−1,n if i < n and j = n.

(3.3.2)

Case 1.1: Bn−1,n = 0 for all B ∈ Q or Pl,n−1 = 0 for all l > 2. By (3.3.2), we

have SUn(R)PQ = {0} ⊆ QPSUn(R).

Case 1.2: Bn−1,n 6= 0 for some B ∈ Q and Pl,n−1 6= 0 for some l > 2. Then

l 6 n− 1. Let

m = max{i ∈ {2, 3, . . . , n− 1}|Pi,n−1 6= 0}.

Since R is a division ring, by (3.3.2), we have
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SUn(R)PQ =








0 0 . . . 0 x1

0 0 . . . 0 x2

. . . . . . . . . . . . . . .

0 0 . . . 0 xm−1

0 0 . . . 0 0

. . . . . . . . . . . . . . .

0 0 . . . 0 0




|x1, x2, . . . , xm−1 ∈ R





= SUn(R)PSUn(R),

and so QPSUn(R) ⊆ SUn(R)PQ.

Next, assume that (2) holds. We have from (3.3.1) and (2) that

(APB)ij =





0 if i > 1 or j = 1,

A12(
∑j−1

k=1 P2kBkj) if i = 1 and j > 1.

(3.3.3)

Case 2.1: A12 = 0 for all A ∈ Q or P2k for all k 6 n−1. By (3.3.3), QPSUn(R) =

{0} ⊆ SUn(R)PQ.

Case 2.2: A12 6= 0 for some A ∈ Q and P2k 6= 0 for some k 6 n− 1. Then k > 2.

Let

m = min{j ∈ {2, 3, . . . , n− 1}|P2j 6= 0}.

From (3.3.3) and since R is a division ring, we get
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QPSUn(R) =








0 . . . 0 xm+1 xm+2 . . . xn

0 . . . 0 0 0 . . . 0

. . . . . . . . . . . . . . . . . . . . .

0 . . . 0 0 0 . . . 0




|xm+1, xm+2, . . . , xn ∈ R





= SUn(R)PSUn(R).

Hence SUn(R)PQ ⊆ QPSUn(R).

By Proposition 1.4, Q has the intersection property. Therefore the lemma

holds.

From the given proof of Lemma 3.3, we remark here that under the assumption

of Lemma 3.3, every quasi-ideal of (SUn(R), +, P ) is a left ideal or a right ideal.

Lemma 3.4. Assume that n > 4. If (SUn(R), +, P ) has the intersection property

of quasi-ideals, then P2j = 0 for all j ∈ {2, 3, . . . , n − 2} or Pi,n−1 = 0 for all

i ∈ {3, 4, . . . , n− 1}.

Proof. Assume that P2t 6= 0 and Ps,n−1 6= 0 for some t ∈ {2, 3, . . . , n − 2} and

some s ∈ {3, 4, . . . , n− 1}. Let A, B ∈ SUn(R) be defined by

A =




0 1 0 . . . 0 0

0 0 0 . . . 0 0

. . . . . . . . . . . . . . . . . .

0 0 0 . . . 0 0

0 0 0 . . . 0 1

0 0 0 . . . 0 0




and B =




0 . . . 0 1 0

0 . . . 0 0 1

0 . . . 0 0 0

. . . . . . . . . . . . . . .

0 . . . 0 0 0




.
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Then for C ∈ SUn(R),

CPA = C




P11 P12 . . . P1n

0 P22 . . . P2n

. . . . . . . . . . . .

0 0 . . . Pnn







0 1 0 . . . 0 0

0 0 0 . . . 0 0

. . . . . . . . . . . . . . . . . .

0 0 0 . . . 0 0

0 0 0 . . . 0 1

0 0 0 . . . 0 0




=




0 C12 C13 . . . C1n

0 0 C23 . . . C2n

. . . . . . . . . . . . . . .

0 0 0 . . . Cn−1,n

0 0 0 . . . 0







0 P11 0 . . . 0 P1,n−1

0 0 0 . . . 0 P2,n−1

. . . . . . . . . . . . . . . . . .

0 0 0 . . . 0 Pn−1,n−1

0 0 0 . . . 0 0




=




0 . . . 0
∑n−1

k=2 C1kPk,n−1

0 . . . 0
∑n−1

k=3 C2kPk,n−1

. . . . . . . . . . . .

0 . . . 0 Cn−2,n−1Pn−1,n−1

0 . . . 0 0

0 . . . 0 0




, (3.4.1)

APC =




0 1 0 . . . 0 0

0 0 0 . . . 0 0

. . . . . . . . . . . . . . . . . .

0 0 0 . . . 0 0

0 0 0 . . . 0 1

0 0 0 . . . 0 0







P11 P12 . . . P1n

0 P22 . . . P2n

. . . . . . . . . . . .

0 0 . . . Pnn




C
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=




0 P22 P23 . . . P2n

0 0 0 . . . 0

. . . . . . . . . . . . . . .

0 0 0 . . . 0

0 0 0 . . . Pnn

0 0 0 . . . 0







0 C12 C13 . . . C1n

0 0 C23 . . . C2n

. . . . . . . . . . . . . . .

0 0 0 . . . Cn−1,n

0 0 0 . . . 0




=




0 0 P22C23

∑3
k=2 P2kCk4 . . .

∑n−1
k=2 P2kCkn

0 0 0 0 . . . 0

. . . . . . . . . . . . . . . . . .

0 0 0 0 . . . 0




, (3.4.2)

CPB = C




P11 P12 . . . P1n

0 P22 . . . P2n

. . . . . . . . . . . .

0 0 . . . Pnn







0 . . . 0 1 0

0 . . . 0 0 1

0 . . . 0 0 0

. . . . . . . . . . . . . . .

0 . . . 0 0 0




=




0 C12 C13 . . . C1n

0 0 C23 . . . C2n

. . . . . . . . . . . . . . .

0 0 0 . . . Cn−1,n

0 0 0 . . . 0







0 . . . 0 P11 P12

0 . . . 0 0 P22

0 . . . 0 0 0

. . . . . . . . . . . . . . .

0 . . . 0 0 0




=




0 . . . 0 C12P22

0 . . . 0 0

. . . . . . . . . . . .

0 . . . 0 0




and
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BPC =




0 . . . 0 1 0

0 . . . 0 0 1

0 . . . 0 0 0

. . . . . . . . . . . . . . .

0 . . . 0 0 0







P11 P12 . . . P1n

0 P22 . . . P2n

. . . . . . . . . . . .

0 0 . . . Pnn




C

=




0 . . . 0 Pn−1,n−1 Pn−1,n

0 . . . 0 0 Pnn

0 . . . 0 0 0

. . . . . . . . . . . . . . .

0 . . . 0 0 0







0 C12 C13 . . . C1n

0 0 C23 . . . C2n

. . . . . . . . . . . . . . .

0 0 0 . . . Cn−1,n

0 0 0 . . . 0




=




0 . . . 0 Pn−1,n−1Cn−1,n

0 . . . 0 0

. . . . . . . . . . . .

0 . . . 0 0




.

Let X = {A,B}. Since Ps,n−1 6= 0 and P2t 6= 0, from these equalities, we deduce

that

SUn(R)PX ∩XPSUn(R) =








0 . . . 0 x

0 . . . 0 0

. . . . . . . . . . . .

0 . . . 0 0




| x ∈ R





. (3.4.3)

Define D, E ∈ Mn(R) by
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D =




0 . . . 0 0 0

. . . . . . . . . . . . . . .

0 . . . 0 0 0

0 . . . 0 −P−1
2t 0

0 . . . 0 0 0

. . . . . . . . . . . . . . .

0 . . . 0 0 0




← tth row

and

sth column

↓

E =




0 . . . 0 0 0 . . . 0

0 . . . 0 P−1
s,n−1 0 . . . 0

0 . . . 0 0 0 . . . 0

. . . . . . . . . . . . . . . . . . 0

0 . . . 0 0 0 . . . 0




.

Since t 6 n − 2 < n − 1 and 2 < 3 6 s, we have D, E ∈ SUn(R). From (3.4.1)

and (3.4.2), we respectively obtain

EPA =




0 . . . 0 0

0 . . . 0 1

0 . . . 0 0

. . . . . . . . . . . .

0 . . . 0 0



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and

APD =




0 . . . 0 −1 0

0 . . . 0 0 0

. . . . . . . . . . . . . . .

0 . . . 0 0 0




which imply that

EPA = B + APD =




0 . . . 0 0

0 . . . 0 1

0 . . . 0 0

. . . . . . . . . . . .

0 . . . 0 0




∈ SUn(R)PX ∩ (ZX + XPSUn(R)).

From (3.4.3) and the definitions of A and B, the matrix




0 . . . 0 0

0 . . . 0 1

0 . . . 0 0

. . . . . . . . . . . .

0 . . . 0 0




is not a member of ZX+(SUn(R)PX∩XPSUn(R)). It then follows from Theorem

1.7 that (SUn(R), +, P ) does not have the intersection property of quasi-ideals.

Therefore the lemma is proved.

Lemma 3.5. Assume that n > 4. If (SUn(R), +, P ) has the intersection property

of quasi-ideals, then Pij = 0 for all i, j ∈ {3, 4, . . . , n− 2}.
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Proof. Assume that there exist s, t ∈ {3, 4, . . . , n− 2} such that Pst 6= 0. Since P

is upper triangular, we have s 6 t. Define A, B ∈ SUn(R) by

sth column

↓

A =




0 . . . 0 1 0 . . . 0

0 . . . 0 0 0 . . . 0

. . . . . . . . . . . . . . . . . . . . .

0 . . . 0 0 0 . . . 0

0 . . . 0 0 0 . . . 1

0 . . . 0 0 0 . . . 0

. . . . . . . . . . . . . . . . . . . . .

0 . . . 0 0 0 . . . 0




← tth row

and

B =




0 . . . 0 1 0

0 . . . 0 0 1

0 . . . 0 0 0

. . . . . . . . . . . . . . .

0 . . . 0 0 0




.
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Then for C ∈ SUn(R), we have

sth column

↓

CPA = C




P11 P12 . . . P1n

0 P22 . . . P2n

. . . . . . . . . . . .

0 0 . . . Pnn







0 . . . 0 1 0 . . . 0

0 . . . 0 0 0 . . . 0

. . . . . . . . . . . . . . . . . . . . .

0 . . . 0 0 0 . . . 0

0 . . . 0 0 0 . . . 1

0 . . . 0 0 0 . . . 0

. . . . . . . . . . . . . . . . . . . . .

0 . . . 0 0 0 . . . 0




← tth row

sth column

↓

=




0 C12 C13 . . . C1n

0 0 C23 . . . C2n

. . . . . . . . . . . . . . .

0 0 0 . . . Cn−1,n

0 0 0 . . . 0







0 . . . 0 P11 0 . . . 0 P1t

0 . . . 0 0 0 . . . 0 P2t

. . . . . . . . . . . . . . . . . . . . . . . .

0 . . . 0 0 0 . . . 0 Ptt

0 . . . 0 0 0 . . . 0 0

. . . . . . . . . . . . . . . . . . . . . . . .

0 . . . 0 0 0 . . . 0 0




← tth row
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=




0 . . . 0
∑t

k=2 C1kPkt

0 . . . 0
∑t

k=3 C2kPkt

. . . . . . . . . . . .

0 . . . 0 Ct−1,tPtt

0 . . . 0 0

. . . . . . . . . . . .

0 . . . 0 0




, (3.5.1)

sth column

↓

APC =
Â

tth

row




0 . . . 0 1 0 . . . 0

0 . . . 0 0 0 . . . 0

. . . . . . . . . . . . . . . . . . . . .

0 . . . 0 0 0 . . . 0

0 . . . 0 0 0 . . . 1

0 . . . 0 0 0 . . . 0

. . . . . . . . . . . . . . . . . . . . .

0 . . . 0 0 0 . . . 0







P11 P12 . . . P1n

0 P22 . . . P2n

. . . . . . . . . . . .

0 0 . . . Pnn




C
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sth column

↓

=
Â

tth

row




0 . . . 0 Pss . . . Psn

0 . . . 0 0 . . . 0

. . . . . . . . . . . . . . . . . .

0 . . . 0 0 . . . 0

0 . . . 0 0 . . . Pnn

0 . . . 0 0 . . . 0

. . . . . . . . . . . . . . . . . .

0 . . . 0 0 . . . 0







0 C12 C13 . . . C1n

0 0 C23 . . . C2n

. . . . . . . . . . . . . . .

0 0 0 . . . Cn−1,n

0 0 0 . . . 0




=




0 . . . 0 PssCs,s+1

∑s+1
k=s PskCk,s+2 . . .

∑n−1
k=s PskCkn

0 . . . 0 0 0 . . . 0

. . . . . . . . . . . . . . . . . . . . .

0 . . . 0 0 0 . . . 0




, (3.5.2)

CPB = C




P11 P12 . . . P1n

0 P22 . . . P2n

. . . . . . . . . . . .

0 0 . . . Pnn







0 . . . 0 1 0

0 . . . 0 0 1

0 . . . 0 0 0

. . . . . . . . . . . . . . .

0 . . . 0 0 0




=




0 C12 C13 . . . C1n

0 0 C23 . . . C2n

. . . . . . . . . . . . . . .

0 0 0 . . . Cn−1,n

0 0 0 . . . 0







0 . . . 0 P11 P12

0 . . . 0 0 P22

0 . . . 0 0 0

. . . . . . . . . . . . . . .

0 . . . 0 0 0



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=




0 . . . 0 C12P22

0 . . . 0 0

. . . . . . . . . . . .

0 . . . 0 0




and

BPC =




0 . . . 0 1 0

0 . . . 0 0 1

0 . . . 0 0 0

. . . . . . . . . . . . . . .

0 . . . 0 0 0







P11 P12 . . . P1n

0 P22 . . . P2n

. . . . . . . . . . . .

0 0 . . . Pnn




C

=




0 . . . 0 Pn−1,n−1 Pn−1,n

0 . . . 0 0 Pnn

0 . . . 0 0 0

. . . . . . . . . . . . . . .

0 . . . 0 0 0







0 C12 C13 . . . C1n

0 0 C23 . . . C2n

. . . . . . . . . . . . . . .

0 0 0 . . . Cn−1,n

0 0 0 . . . 0




=




0 . . . 0 Pn−1,n−1Cn−1,n

0 . . . 0 0

. . . . . . . . . . . .

0 . . . 0 0




.

Let X = {A, B}. Since Pst 6= 0, these equalities yield

SUn(R)PX ∩XPSUn(R) =








0 . . . 0 x

0 . . . 0 0

. . . . . . . . . . . .

0 . . . 0 0




| x ∈ R





. (3.5.3)
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Define D, E ∈ Mn(R) by

D =




0 . . . 0 0 0

. . . . . . . . . . . . . . .

0 . . . 0 0 0

0 . . . 0 −P−1
st 0

0 . . . 0 0 0

. . . . . . . . . . . . . . .

0 . . . 0 0 0




← tth row

and

sth column

↓

E =




0 . . . 0 0 0 . . . 0

0 . . . 0 P−1
st 0 . . . 0

0 . . . 0 0 0 . . . 0

. . . . . . . . . . . . . . . . . . . . .

0 . . . 0 0 0 . . . 0




.

Because t 6 n− 2 < n− 1 and 2 < 3 6 s, we have D,E ∈ SUn(R). From (3.5.1)

and (3.5.2), we respectively obtain

EPA =




0 . . . 0 0

0 . . . 0 1

0 . . . 0 0

. . . . . . . . . . . .

0 . . . 0 0



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and

APD =




0 . . . 0 −1 0

0 . . . 0 0 0

. . . . . . . . . . . . . . .

0 . . . 0 0 0




.

Therefore

EPA = B + APD =




0 . . . 0 0

0 . . . 0 1

0 . . . 0 0

. . . . . . . . . . . .

0 . . . 0 0




∈ SUn(R)PX ∩ (ZX + XPSUn(R)).

From (3.4.3) and the definitions of A and B, the matrix




0 . . . 0 0

0 . . . 0 1

0 . . . 0 0

. . . . . . . . . . . .

0 . . . 0 0




is not a member of ZX + (SUn(R)PX ∩XPSUn(R)). It then follows from The-

orem 1.7 that (SUn(R), +, P ) does not have the intersection property of quasi-

ideals.

Therefore the lemma is proved.

Now we are ready to prove our main result of this chapter.
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Proof of Theorem 3.1.

First, assume that (SUn(R), +, P ) has the intersection property of quasi-ideals

and n > 3. If n = 4, by Lemma 3.4, we have P22 = 0 or P33 = 0 and hence (ii)

holds. If n > 4, then (iii) holds by Lemma 3.5 and Lemma 3.4.

For the converse, assume that (i), (ii) or (iii) holds. If n 6 2, (SUn(R), +, P )

is clearly a zero ring, so we are done. If n = 3, then P satisfies (1) and (2) of

Lemma 3.3 since P is upper triangular, so by Lemma 3.3, (SU3(R), +, P ) has the

intersection property of quasi-ideals. Next, assume that n = 4 and P22 = 0 or

P33 = 0. This implies that (1) or (2) of Lemma 3.3 holds. Thus from Lemma 3.3,

(SU4(R), +, P ) has the intersection property of quasi-ideals. Finally, assume that

(iii) holds. Then n > 4 and

(1) Pij = 0 for all i, j ∈ {3, 4, . . . , n−2} and P2j = 0 for all j ∈ {2, 3, . . . , n−2}
or

(2) Pij = 0 for all i, j ∈ {3, 4, . . . , n − 2} and Pi,n−1 = 0 for all i ∈
{3, 4, . . . , n− 1}.
It is clear that (1) and (2) are respectively equivalent to

(1′) Pij = 0 for all i > 2 and j 6 n− 2 and

(2′) Pij = 0 for all i > 3 and j 6 n− 1.

Therefore we have that (1′) or (2′) holds. We then deduce from Lemma 3.3 that

(SUn(R), +, P ) has the intersection property of quasi-ideals.

Hence the theorem is completely proved. ¤
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