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## 4272373223 : MAJOR MATHEMATICS
KEYWORD : GENERALIZED MATRIX RINGS / THE INTERSETION PROPERTY OF QUASI-IDEALS

RONNASON CHINRAM : GENERALIZED MATRIX RINGS HAVING THE INTERESCTION

PROPERTY OF QUASI-IDEALS. THESIS ADVISOR : ASSO. PROF. YUPAPORN KEMPRASIT,
Ph.D. 36 pp. ISBN 974-13-0484-6

Let R be a ring. For nonempty subsets 4, B < R, let AB denote the set of all finite sums
of the form > a,b, where a,€ A and b, € B. A subring Q of R is called a quasi-ideal of R if RO N
OR < Q. It is known that the intersection of a left ideal and a right ideal of R is a quasi-ideal but a
quasi-ideal of R need not be obtained in this way. The ring R is said to have the intersection property

of quasi-ideals if every quasi-ideal of R is the intersection of a left ideal and a right ideal of R.

In the remainder, let R be a division ring and m and n positive integers. We denote
by M, (R) the set of all m x n matrices over R. For P e M, (R), let(M, (R),+, P) be the
ring M, (R) under usual addition and the multiplication * defined by 4 * B = APB forall 4, B €
M, (R). Let M, (R) =M (R) and we denote by SU (R) the set of all strictly upper triangular matrices

in M (R). For an upper triangular 7 x n matrix P over R, let (SU (R ), +, P) be defined similarly.

The main results of this research are as follows:

Theorem 1. For P € M, _(R), the ring (M (R), +, P) has the intersection property of quasi-ideals

nm mn

if and only if either P =0 or rank P =min{ m, n }.

Corollary 2.  For P € M (R), the ring (M (R), +, P) has the intersection property of quasi-ideals if

and only if either P=0 or P is invertible.

Theorem 3. For an upper triangular # x n matrix P over R, the ring (SU(R), +, P) has the
intersection property of quasi-ideals if and only if one of the following statements holds.
(1) n<3.
(i) n=4 and P,,=0or P,,=0.
(iii) n>4,P;=0 forall ije{3,4,...,n—2}and
(a) P,=0 forall j e {2,3,...,n=2}or
(b) P, ,=0forallie{3,4,...,n—1}.
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CHAPTER 1

INTRODUCTION

Let N, Z and R denote respectively the set of all positive integers, the set of

all integers and the set of all real numbers. For a ring R and n € N, let

M, (R) = the full n X n matrix ring over R,
U,(R) = the ring of all upper triangular n x n matrices over R and

SU,(R) = the ring of all strictly upper triangular n x n matrices over R.

For A € M,(R) and 1,j € {1,2,...,n}, let A;; denote the entry of A in 2 row
and 7% column.

A ring R is said to be a (Von Neumann) regular ring if for every a € R,
a = axa for some x € R. It is known that M, (R) is a regular ring if and only if R
is a regular ring ([2]; page 114-115). In particular, if R is a division ring, M, (R)
is a regular ring.

For nonempty subsets A, B of aring R, let ZA and AB denote respectively the
set of all finite sums of the form »° k;a; where k; € Z and a; € A and the set of
all finite sums of the form > a;b; where a; € Aand b; € B. A subring @ of a ring
R is called a quasi-ideal of R if RQ N QR C ). Then every left ideal and every
right ideal of R is a quasi-ideal of R. In fact, quasi-ideals are a generalization of

left ideals and right ideals. This can be seen from the following example.

Example. Let n € N and n > 1. For k,l € {1,2,...,n}, let Q(k,l) C M,(R)

consisting of all matrices of the form



2 column
l
ORI R0 0 0O ... 0
0 0O 0 O 0
Ktrow—10 ... 0 « 0 .. 0
0 ) )\ O 0
_O o 0 0 0o ... 0_

Then for k,l € {1,2,...,n}, Q(k,1) is a quasi-ideal of M,(R) but neither a left

ideal nor a right ideal of M, (R).

The notion of quasi-ideal for rings was first introduced by O. Steinfled in [5].
It is known that the intersection of any set of quasi-ideals of R is a quasi-ideal of
R ([6], page 10). For a nonempty subset X of R, the quasi-ideal of R generated
by X, (X), is defined to be the intersection of all quasi-ideals of R containing X.

H. J. Weinert [7] has given the following fact.

Theorem 1.1.([7}). For-a nonempty subset X of a ring R,

(X), =2ZX + (RX N XR).

It is clearly seen that the intersection of a left ideal and a right ideal of R is a
quasi-ideal of R. Also, this can be seen in [6], page 7. However, a quasi-ideal of
R need not be obtained in this way. For examples, one can see in [6], page 8, [4]
and [3]. Some examples can be seen from this research. It is observed that the
examples we have seen are not obvious ones. We say that a quasi-ideal () of a ring

R has the intersection property if () is the intersection of a left ideal and a right



ideal of R and R is said to have the intersection property of quasi-ideals if every
quasi-ideal of R has the intersection property. It is clearly seen that the following
statements hold for any ring R. Every left ideal and every right ideal of R is
a quasi-ideal of R having the intersection property. If R is commutative, every
quasi-ideal of R is an ideal, so R has the intersection property of quasi-ideals.

Moreover, the following two propositions are known.

Proposition 1.2 ([6], page 9). If a ring R has a one-sided identity, then R has

the intersection property of quasi-ideals.

Proposition 1.3 ([6], page 73). If R is a reqular ring, then R has the intersection

property of quasi-ideals.

Hence if R is a ring with identity, by Proposition 1.2, for every n € N, M,,(R) has
the intersection property of quasi-ideals. As was mentioned, if R is a regular ring,
then so is M, (R) for every n € N, and hence by Proposition 1.3, M, (R) has the
intersection property of quasi-ideals. Observe that SU,(R) is a zero ring if n < 2
and if n > 2 and |R| > 1, SU,(R) has no one-sided identity and it is not regular.

Let @ be a quasi-ideal of a ring R. Then RQNQR C Q. If RQ C QR, then
RQ = RQOQNER CQ, so Qis aleft ideal of R. Similarly, QR C RQ implies that
@ is a right ideal of R. Then the next proposition is obtained. It will be often

referred in Chapter III.

Proposition 1.4. If every quasi-ideal Q) of a ring R has the property that RQ) C

QR or QR C RQ , then R has the intersection property of quasi-ideals.

In fact, characterizations of quasi-ideals having the intersection property were

given by H.J. Weinert [7] as follows:

Theorem 1.5 ( [7] ). For a quasi-ideal Q of R, the following statements are

equivalent:



1. Q has the intersection property.
2. (RQ+Q)N(QR+Q)=Q.

5. RQN(QR+ Q) C Q.

4. QRN (RQ+Q) C Q.

In [4], Z. Moucheng, C. Yuqun and L. Yonghau have given a result that strengthen

Theorem 1.5 as follows:

Theorem 1.6 ( [4]). Let X be a nonempty subset of a ring R and Q = (X),.
Then the following statements are equivalent:

1. @ has the intersection property.

2. (ZX+XR)N(ZX + RX) = Q.

3. RXN(ZX + XR) CQ.

4. XRN(ZX + RX) C Q.

At this point, by using Theorem 1.1 and Theorem 1.6, we give an example of

a quasi-ideal of SU4(R) which does not have the intersection property.

Example. Let A, B € SU4(R) be defined by

0100 0010
00 00 00 0 1
A= 7 B =
0 001 0000
0 00O 0000
and set
Q= ({4, B}),

in SU4(R). By Theorem 1.1,



Since for C €

CA=

AC =

0 0

it follows that

Therefore

Q =Z({A, B}) + SULR)({A, B}) N ({A, B})SU(R).

SULR),

0 Cis

0 O

CB =

| BO =

| k,m € Z-and x € R

¢ Q. From (%), we have




0 001 0010 00 0O
0 001 0010 00 -1 1
0000 0 0 00 00 0O

€ SUs(R)({4, B}) N (Z({A, B}) + ({4, B})SU(R)).

Therefore by that 1. < 3. of Theorem 1.6, we have that ) does not have the

intersection property.

In [4], Z. Moucheng, C. Yuqun and L. Yonghau used Theorem 1.1 and Theorem

1.6 to characterize rings having the intersection property of quasi-ideals as follows:

Theorem 1.7 ([4]). A ring R has the intersection property of quasi-ideals if and

only if for any finite nonempty subset X of R,

RXN(ZX + XR) CZX + (RX N XR).

Using Theorem 1.7 as a main tool, Y. Kemprasit and P. Juntarakhajorn [3] have
characterized when SU, (R) has the intersection property of quasi-ideals if R is a

field as follows:

Theorem 1.8 ([3]). If R is a field, then SU,(R) has the intersection property of

quasi-ideals if and only if n < 3.

However, the given proof shows that the commutativity of the multiplication of R

is not required. Then we have

Theorem 1.9. If R is a division ring, then SU,(R) has the intersection property

of quasi-ideals if and only if n < 3.



It can be observed from the proof given for Theorem 1.8 that if n < 3, then every
quasi-ideal of SU,(R) is a left ideal or a right ideal.

In the remainder of this research, let m,n € N and R a division ring. As was
mentioned previously, M,(R) has the intersection property of quasi-ideals. To
generalize this fact, the following ring is considered. Let M,, ,(R) denote the set
of all m x n matrices over R. For P € M, ,.(R), let (M,,,(R),+, P) denote the

ring M,, ,(R) under usual addition and the multiplication * defined by

AxB=APB

for all A,B € M,,,(R). Then M, ,(R) = M,(R) and (M,(R),+,1,) = M,(R)
where [, is the identity n x n matrix over R. The first main result of this research
is given in Chapter II. It characterizes when (M,, ,(R),+, P) has the intersection

property of quasi-ideals. It will be proved that

(M, n(R),+, P) has the intersection property
of quasi-ideals if and only if either P = 0 or (1.1)

rank P = min{m,n}.

To prove (1.1), a generalization of rings of all linear transformations on a vector
space is provided and some basic knowledge of vector spaces and linear transfor-
mations are considered as follows:

Let V and W be vector spaces over R. The notation Lg(V, W) denotes the
set of all linear transformations a : V. — W. For 6 € Lg(W, V), we denote by
(Lr(V,W),+,0) the ring Lg(V, W) under usual addition and the multiplication =
defined by a * § = aff for all a, 3 € Lr(V,W) where functions in this research
are written on the right.

Assume that dimgV = m, dimgW = n, B = {v1,v,...,v,,} is an ordered



basis of V and B’ = {wy,ws, ..., w,} is an ordered basis of W. For ao € Lr(V, W),

let [a] g, denote the m x n matrices (7;;) where

V1o = Tr11Wq +7’12w2 + ...+ T1nWnp

Vo¥ = T W1 ~+ To9Ws + . ..+ TopWy,

YU =T 1 W + T oWa + o oo T Wy,

and the matrix [a]p p is called the matriz of a relative to the ordered bases B and

B’ ([1], page 329). Then

(Lr(V, W), +,0) = (M, (R), +,[0].8) by @ — [a]p pr (1.2)

([1], page 329-330 ). Moreover, for every a € Lr(V, W),

rank o = rank [a] g pr (1.3)

([1], page 337 and 339 ).

In Chapter T1I, Theorem 1.9 is generalized. Since SU, (R) is an ideal of U,(R)
([1], page 335), APB € SU,(R) for all A,B € SU,(R) and P € U,(R). For
P € U,(R), define (SU,(R),+, P) to be the ring SU,(R) under usual addition

and the multiplication * defined by
AxB=APB
for all A, B € SU,(R). Then (SU,(R),+,1,) = SU,(R). We characterize when

(SU,(R),+, P) has the intersection property of quasi-ideals. It will be proved in

Chapter III that



(SUL(R), +, P) has the intersection property of quasi-
ideals if and only if one of the following statements

holds:

AOUUINBUINT )
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CHAPTER I1

GENERALIZED FULL MATRIX RINGS

In this chapter, we prove that (M,, ,(R),+, P) has the intersection property
of quasi-ideals if and only if either P = 0 or rank P = min{m,n}. In particular,
for P € M,(R), (M,(R),+, P) has the intersection property of quasi-ideals if and
only if either P = 0 or P is invertible.

The following proposition is a general fact which will be referred.

Proposition 2.1. Let o € Ly(V, W).
(i) If a is a monomorphism, then there exists § € Lr(W, V') such that a5 = 1y
where 1y is the identity map on V.

(i) If o is an epimorphism, then there exists 3 € Lr(W, V') such that Bo = 1y .

Proof. (i) Let B bea basis of V. Since «a is a monomorphism, we have Ba is a
basis of Im v and uee # v« for all distinct u,u’ € B. Let B’ be a basis of W

containing Ba. Let § € Li(W, V') be defined by

- if v = ua for some u € B,
vp =
0 ifve B'\Ba.

Then uaf = u for all w € B and hence aff = 1y.
(ii) Let B be a basis of W. Since Im o = W, for each v € B, there exists
v" € V such that v'a = v. Define 5 € Lg(W,V) by

v =7 for all v € B.

Then vBa = v for all v € B, so fa = 1y. n
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We first introduce two lemmas. The second lemma is a main tool to obtain
our main result of this chapter. However, the first lemma gives a more general

result and the second one becomes a special case.

Lemma 2.2. For 6 € Lr(W,V), the ring (Lr(V,W),+,0) has the intersection
property of quasi-ideals if and only if

() 6=0,

(ii) 0 is a monomorphism or

(#ii) 0 is an epimorphism.

Proof. 1t § = 0, then (Lg(V,W),+,0) is a zero ring, so it has the intersection
property of quasi-ideals.

Assume that 0 is a monomorphism. By Proposition 2.1(i), 80" = 1y, for some
0 € Lr(V,W). It follows that aff’' = « for all @ € Li(V, W). This implies that
¢’ is a right identity of the ring (Lz(V, W), +,0). We deduce from Proposition 1.2
that (Lgr(V, W), +,0) has the intersection property of quasi-ideals.

Next, assume that # is an epitnorphism. By Proposition 2.1(ii), there is 6’ €
Lr(V,W) such that 0’0 = 1y,. Then 0o = o for all « € Lg(V, W), so 0’ is a left
identity-of the ring-( Lg(V;W),;+,0). Hence by Propesition 1.2, (Lr(V, W), +,0)
has the intersection property of quasi-ideals.

For the converse, assume that € # 0, 6 is not a monomorphism and 6 is not an

epimorphism. It follows that

{0} # Kerf C W and {0} # Im6é C V.

Let u € Ker0~{0}, w € WNKerf and z € V\Im6f. Then wf € ImO~ {0}. Let By

be a basis of Im# containing wf. Since z € V\Im#, B;U{z} is linearly independent
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over R. Let B be a basis of V' containing By U {z}. Let o, 3,7 € Lgr(V,W) be

defined by
)
u if v = wh,
va=qw  if v =2,
(0 if v € B~ {wb, z},
w ~if v = wo,
vB =
0 ifve B~ {wh}
and
—w if v =wb,
vy =

0 if v € B\ {wf}.

From what we define «, 3 and v, we have

vald =0 for all v e Imé, (2.2.1)

(wh)(a + aby) = (wh)a + (wh)aby = u,
(wh) o = (wh)a = w,

z2(a+ aby) = za + zaby

= w+ (wh)y
=w—w =0,
z(B0a) =0

and
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v(a+ aby) =0 =vf0a for all v € B ~{wé, z}.

Consequently, we have

Bha = a+alby € Lr(V.W)ba N (Za+ o Lgr(V,W)). (2.2.2)

Suppose that f0a € Za + (Lg(V,W)0a N alLg(V,W)). Then there exist k € Z

and \,n € Lg(V, W) such that

BOa = ka + Na = ka + afn.

Then

u = (wh)pba = (wh)(ka+ aldn) = ku = (klg)u

where 15 is the identity of R. This implies that k1z = 1 since u # 0. Therefore

ka = o and so

B0a = a + M.

Hence

0=z(fba) = z(a+ Ma) = w + (2A0)a

and so (zA0)a = —w. It then follows from this equality and (2.2.1) that

—(wh) = (z\0)ab = 0
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which is a contradiction since wf # 0. This shows that

B0 ¢ Zao + (Lr(V,W)0a N abLg(V,W)). (2.2.3)

The statements (2.2.2), (2.2.3) and Theorem 1.7 yield the result that the ring
(Lr(V,W),+,8) does not have the intersection property of quasi-ideals.

Hence the lemma is completely proved. Il

Lemma 2.3. Assume that dimgV" = m, dimgW = n and 0 € Lr(W,V). Then
the ring (Lr(V, W), 4+, 0) has the intersection property of quasi-ideals if and only

if either 6 =0 or rank = min{m,n}.

Proof. Assume that (Lg(V, W), +,8) has the intersection property of quasi-ideals.
By Lemma 2.2, § = 0, 6 is a monomorphism or 6 is an epimorphism. If 6 :

W — V is a monomorphism, then W = Im 6, so

m > rank 0 = dimgIm 0 = dimzpW = n.

If 6 : W — V is an epimorphism, then

m = rankf = dimgV < dimgpW = n.

This proves that if 8 # 0, then rank§ = n < m or rank § = m < n. Therefore
either § = 0 or rank § = min{m, n}.
For the converse, assume that § = 0 or rank § = min{m,n}. Then 6 = 0,

rank 8 = n or rank § = m.

Case 1: rankf = n. Then dimgIm 8 = n. But
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n = dimpW = dimglm 0 + dimgpKer = n+ dimgzpKer0,

so Ker 6 = {0} which implies that ¢ is a monomorphism.

Case 2: rank § = m. Then dimglm 8 = m. But Im 0 is a subspace of V' and

dimgrV = m, so we have that Im# = V. Therefore 6 is an epimorphism.

This proves that 8 = 0, ¢ is a monomorphism or 6 is an epimorphism. By Lemma
2.2, (Lr(V,W),+,0) has the intersection property of quasi-ideals.

Hence the lemma is proved. O]

If dimgV = dimgW =k < oo and 6 € Lg(W, V), it is known that 6 is an
epimorphism if and only if @ is an isomorphism and hence rank # = k if and only
if f is an isomorphism.

The following corollary is an immediate consequence of the above fact and

Lemma 2.3.

Corollary 2.4. Assume that dimgV = dimpW < oo and 6 € Lr(W,V). Then
the ring (Lr(V,W),+,0) has the intersection property of quasi-ideals if and only

if either 8 =0 or 0 is an 1somorphism.

Theorem 2.5. For P € M, ,,(R), the ring (M, ,(R),+, P) has the intersection

property of quasi-ideals if and only if either P=0 orrank P = min{m,n}.

Proof. Let V and W be finite dimensional vector spaces over R such that dimgV =
m and dimgpW = n. Let B and B’ be respectively ordered bases of V and W. By

(1.2), there exists § € Lgr(W, V) such that [0|p g = P. Therefore by (1.2)
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(L(V, W), +,0) = (M (R), +, P) by a — [a]pp. (2.5.1)

Also, by (1.3), we have

rank 6 = rank [0] g p = rank P. (2.5.2)

Assume that (M,, ,(R),+, P) has the intersection property of quasi-ideals. By
(2.5.1), (Lr(V,W),+,0) has the intersection property of quasi-ideals. By Lemma
2.3, 0 =0, rank @ = n or rank @ = m. It then follows from (2.5.2) that P = 0,
rank P = n or rank P = m. Hence either P = 0 or rank P = min{m, n}.

Conversely, assume that P = 0 or rank P = min{m,n}. Then P = 0, rank P =
n or rank P = m. From (2.5.2), we have 6 = 0, rank# = n or rankf = m. Thus § =
0 or rank # = min{m, n}. It then follows from Lemma 2.3 that (Lg(V,W),+,0)
has the intersection property of quasi-ideals. Therefore by (2.5.1), (M,,»(R),+, P)
has the intersection property of quasi-ideals.

Hence the theorem is proved, as required. Il

It is known that for P € M, (R), P is invertible if and only if rank P = n.

Hence by Theorem 2.5, we have

Corollary 2.6. For P € M,(R), the ring (M,(R),+,P) has the intersection

property of quasi-ideals if and only if either P =0 or P is invertible.



CHAPTER I11

GENERALIZED RINGS OF

STRICTLY UPPER TRIANGULAR MATRICES

The purpose of this chapter is to give necessary and sufficient conditions for
n and the entries of P in order that the ring (SU, (R),+, P) has the intersection

property of quasi-ideals where P € U,(R).

Our aim is to prove the following.

Theorem 3.1. The ring (SU,(R),+, P) has the intersection property of quasi-
ideals if and only if one of the following statements holds.
(i) n<3.
(i) n =4 and Py =0 or P33 =0.
(i) n >4, P,; =0 for alli,j € {3,4,...,n — 2} and
(a) Py =0 forallj €{2,3,...,n—2} or

(b) Pipq =0 foralli e {3,4,...,n—1}.

To be more clearly seen, (i), (ii) and (iii) can be illustrated as follows:

: Py Prp
(i)n=1and P=[P],n=2and P =

I

0 Py

Pll P12 P13

n=3and P=| 0 P, Psyl-

0 0 Pss
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P P Pi3 Pu P P Pi3 Pu
(ii) n=4and P = 00 e P or O P B P .
0 0 P3 Py 0 0 0 Py
0 SONNOIFAM4 0 0 0 Py
PR o P, P, |
U™l 0 Pyni Py,
(iii) n >4 and P =
0L AL AR Py
0 - 0. L. 0 0 P, |
P Py P30 "Pip1 . Pin
0 PPy ioi ibPopna P,
o P 0 = 05,07 0 P,
0 0 (R -
o o0 0 ... 0 P

If P is the identity n x n -matrix over R, P can satisfy neither (ii) nor (iii) of

Theorem 3.1. Hence Theorem 1.9 becomes a corollary of this main theorem.

Corollary 3.2. The ring SU,(R) has the intersection property of quasi-ideals if

and only if n < 3.

To prove the theorem, the following three lemmas are provided.

Lemma 3.3. Assume that n > 3. If
(1) Pij =0 foralli>2 and j <n—2 or
(2) P,y =0 foralli>3 and j <n—1,

then (SUL(R),+, P) has the intersection property of quasi-ideals.
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Proof. For A, B € SU,(R),

fori=norj=1,(APB);; =0 and

for i <mn and j > 1, (APB), Z (A Py Byj).

k=1 l=i+1

h

Let @Q be a quasi-ideal of (SU,(R), +, P).
First, assume that (1) holds. From (3.3.1) and (1), we have that for A, B €

SU,(R),

0 ifi =norj<n,
(APB);; = (3.3.2)

(i1 AubPin-1)Bnor, ifi <nand j=n.

Case 1.1: B,_;, =0forall B € Q or P,—; =0 for all [ > 2. By (3.3.2), we

have SU,(R)PQ = {0} C QPSU,(R).

Case 1.2: B,,_1, # 0 for some B € ) and F,,,_1 # 0 for some [ > 2. Then

[<n-1. Let

m = max{i-€{2;3;. ..on—=1}P 1 # 0}

Since R is a division ring, by (3.3.2), we have
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([ 7] )
0 O 0 T
0 O 0 To

SUH(R)PQ = 0 0 .. 0 Tm—1 |x17x27 o Tm—1 S R
=== 0 0

1o 0 VN )

and so QPSU,(R) C SU,(R)PQ.

Next, assume that (2) holds. We have from (3.3.1) and (2) that

0 ife>1orj=1,

Aw(3i PuByy) ifi=1and j > 1.

Case 2.1: Ajp = Oforall A€ Q or Py for all k <n—1..By(3.3.3), QPSU,(R) =
{0} C SUL(R)PQ.

Case 2.2: A5 # 0 for some A € Q and Py, # 0 for some k< n—1. Then k > 2.

Let

m =min{j € {2,3,...,n — 1}|P; # 0}.

From (3.3.3) and since R is a division ring, we get



Tm+1 Tm+2
0 0
0 0

0 0
0 0
QPSU,(R) =
0 0
= SU,(R)PSUn(R).

Hence SU,(R)PQ C QPSU,(R).

|$m+17 LTm+2, - -
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T, €R

By Proposition 1.4, Q has the intersection property. Therefore the lemma

holds.

From the given proof of Lemma 3.3, we remark here that under the assumption

of Lemma 3.3, every quasi-ideal of (SU,(R),+, P) is a left ideal or a right ideal.

Lemma 3.4. Assume that n > 4. If (SU,(R), +, P) has the intersection property

of quasi-ideals, then Py; = 0 for all j € {2,3,...,n =2} or P,,,_1 = 0 for all

ie{3,4,....,n—1}.

Proof. Assume that Py # 0 and P;,_1 # 0 for'some ¢t € {2,3,...,n — 2} and

some s € {3,4,...;n—1}. Let A, B.€ SU,(R) be defined by

-0 1

0 O
A=

0 O

0 O

0 0

0 0-
0 0
and B =
0 0
0 1
0 0

0 1
0 0
0 0
0 0




Then for C € SU,(R),

- 0
Py Pro P |0
CPA—C 0 P Py,
0
0 0 gt 0
0
[0 gl )i ]
0 0 Oy Con
0 0 0 Gl
i 0 0 0 0 5
0 0 7 P
0 0 P Cor Pyt
R 0 0 Chon1Pu1n
0 0 0
0 0 0
i O 1 O 0 O ]
0O 0 O 0 O
APC =
0O 0 O 0 O
0O 0 O 0 1
0O 0 O 0 O
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Pnfl,nfl

(3.4.1)



and

0 Py Ps
0 0 0
0 0 0
0 0 0
0 0 0

P2n

0 0 P22023 Zi:Z P‘Zk:Ck4

0 0 0 0
0 0 0 0
- 110
Pll P12 Pln
0
0 P22 P2n
CPB=C 0
_ o
U 012 C13 Oln
0 0 023 CQn
0 O 0 On—l,n
i 0 0 0 0
0 0 ChiaPa
0 0 0
0 0 0

Cia Ci3
0 Oy
0 0
0 0

n—1
k=2 P2k Ckn

0
0
01 0
0 0 1
000
0 0 0
0 0" Py
0 0 0
0 0 0
0 0 0

Cln
0271

Cn—l,n

P12

P22

23

(3.4.2)



Pln
P2n
C
Pnn
0 012 C(13
0 0 Oy
0 0 0
0 O 0

0 0 1 O0]r
Pll P12
0 0 0 1
0 Py
BPC=|0 ... 0 0 0
VU
0 0 W N0 -
0 cee 0 Pn‘l,n~1 Pnfl,n
0 .... 0 0 AN
=10 0 0 0
0 0 0 0 |
0 0 Pnfl,n—lcnvl,n
0 0 0
0 ... 0 0
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Let X = {A, B}. Since Ps,,—1 # 0 and Py # 0, from these equalities, we deduce

that

SU,(R)PX N XPSU,(R) =

Define D, E € M, (R) by

0 'z
0 0
0 0

|z eR

(3.4.3)
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0 0 0 0
0 0 0 0
D=10 ... 0 ~P;*' 0|« throw
0 0 0 0
i 0 0 0 0 .
and
st column
!

0 0 0 0 0
0 (/3 V= s 0
E=10 0 0 0 0
0
i 0 0 0 0 0_

Sincet <n—2<n—1and 2 < 3 < s, we have D, E € SU,(R). From (3.4.1)

and (3.4.2), we respectively obtain

0 0 0
0 0 1
EPA= 1|0 ... 0 0
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and _ -
0 0 -1 0
0 0O 0 0
APD =
0 0O 0 0
which imply that
[ 0 0 0
0 0 1
EPA=B+4+APD=1|0 ... 0 0
i O—=mm() N0 |

€ SU(R)PX N (ZX + XPSU,(R)).

From (3.4.3) and the definitions of A and B, the matrix

0 0 0
0 01
0 0 0

0 0 0]

is not a member of ZX +(SU, (R)PXNXPSU,(R)). It then follows from Theorem
1.7 that (SU,(R),+, P) does not have the intersection property of quasi-ideals.

Therefore the lemma is proved. O

Lemma 3.5. Assume that n > 4. If (SU,(R),+, P) has the intersection property

of quasi-ideals, then P;; =0 for alli,j € {3,4,...,n —2}.
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Proof. Assume that there exist s,t € {3,4,...,n — 2} such that Py # 0. Since P

is upper triangular, we have s < t. Define A, B € SU,(R) by

st column
i

Gt ) 1 Tt

0 0 0 0 0

0 0/-204 50 0
A=

0O ... 0 0 0 ... 1]|+«trrow

0 0O 0 0 0

0 0 0 0 0

and

0 0 1 0

0 0 0 1
B'=109 0 00




Then for C' € SU,(R), we have

CPA=C

Pll P12

0 Py

Cip Ci3
0 Oy
0 0
0 0

0
0
5 In

Py 0
0
)7 4 0
0

Cln

CZn
Cnf 1n

0

st column
!

0O 1 0

0 0 O

0O 0 O

0O 0 O

AN 0N O

0O 0 O
st column

!

0 Pu
0 0
0 O
0 -0

— tth row

28

— tth row



APC =

o

row

Sy CiiPrt
Zzzg CZkPkt

Ct—l,tPtt

st column

L
0 1 0
0 0 0
00 0
0 0 0
0 0 0
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(3.5.1)




CPB=C

0
0
0
r 10
tth 10
Trow
0
0 0
0 0
0 0
Pll P12
0 0
0 C112 C113
0 0 Cy
0 0 0
(0 0 0

st column

PSSCS,S+1

0

On—l,n

PS’I’L

PTL?’L

0

s+1
—

Psk‘Ck’,s—l—2

0

0 Chi

C’13
Cas

Cln
C2n

Cnfl,n

9
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(3.5.2)



and

BPC =1

0

Let X = {A, B}. Since Py # 0, these equalities yield

SU,(R)PX N XPSU,(R) =

CIQPQQ
0
0
70N \r
Pll P12
QF F )
0 Py
0 0
0 0
0 0 ==
Pn—Ln—l Pn—l,n 0
0 e 0
0 0
0 0 0
Pn—l,n-lcn—l,n
0
0

Pln
PQn
C
Pnn
012 C(13
0 023
0 0
0 0
X
0
|z €R
0

31

Cln
C2n

(3.5.3)
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Define D, E € M, (R) by

0 0 0 0
0 0 0 0
D =_ss— (@ — Bt 1t row
0 0 0 0
[0 0 0 0 |
and
st column
£
0 0 =0 0
0 0 Pl 0
E=10 0O 0 0 0
K 0O 0 0 0 |

Because t <m—2<n—1and 2 <3<s, wehave D, E € SU,(R). From (3.5.1)

and (3.5.2), we respectively obtain

0 0 0
0 0 1
EPA= 1|0 ... 0 0
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and _ -
0 0 -1 0
0 0O 0 0
APD =
0 0O 0 0
Therefore
[ 0 0 O
0 0NN
EPA=B+4+APD=|0 ... 0 0
i D) Rl |

€ SU,(R)PX N (ZX + XPSU,(R)).

From (3.4.3) and the definitions of A and B, the matrix

0 0 0

0 0 1

0 0 0
| 0 0 0]

is not a member of ZX + (SU,(R)PX N XPSU,(R)). It then follows from The-
orem 1.7 that (SU,(R),+, P) does not have the intersection property of quasi-
ideals.

Therefore the lemma is proved. O]

Now we are ready to prove our main result of this chapter.
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Proof of Theorem 3.1.

First, assume that (SU,(R), 4+, P) has the intersection property of quasi-ideals
and n > 3. If n = 4, by Lemma 3.4, we have Py; = 0 or P33 = 0 and hence (ii)
holds. If n > 4, then (iii) holds by Lemma 3.5 and Lemma 3.4.

For the converse, assume that (i), (ii) or (iii) holds. If n < 2, (SU,(R), +, P)
is clearly a zero ring, so we are done. If n = 3, then P satisfies (1) and (2) of
Lemma 3.3 since P is upper triangular, so by Lemma 3.3, (SU3(R), +, P) has the
intersection property of quasi-ideals. Next, assume that n = 4 and Py, = 0 or
P33 = 0. This implies that (1) or (2) of Lemma 3.3 holds. Thus from Lemma 3.3,
(SU4(R), +, P) has the intersection property of quasi-ideals. Finally, assume that
(iii) holds. Then n > 4 and

(1) Pj=0foralli,j € {3,4,....,n—2}and P; =0forall j € {2,3,...,n—2}
or

(2) P; = 0 for all 4,57 € {3:4,...;n =2} and P,,_; = 0 for all i €
{3,4,...,n— 1}.

It is clear that (1) and (2) are respectively equivalent to

(1') P =0tor all i >2and j < n—2 and

(2") Pj=0foralli>3and j <n—1.

Therefore we have that (1') or (2/) holds. We then deduce from Lemma 3.3 that
(SU,(R), +, P) has the intersection property of quasi-ideals.

Hence the theorem is completely proved. Il
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