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CHAPTER I 
 

INTRODUCTION 
 

1.1  Particle Capture in High Gradient Magnetic Field 
 

The technique of using high gradient magnetic field for capturing,   
separating, or filtering magnetic particles from suspensions has been applied in many 
fields of works and researches, for examples, mineral processing [1],  treatment of 
industrial waste water [2], separation of biological entities for diagnostic and therapeutic 
objectives [3-5], magnetic drug targeting (MDT) [6-8], implant assisted-magnetic drug 
targeting (IA-MDT) [9-11]. It is seen that these techniques provide significant 
contributions to various works from large scale down to small scale ones so particle 
capture in high gradient magnetic field becomes an important part of future technology. 
The capture behaviors of particles depend on various factors such as particle size, the 
scales of the associated works, the magnetic properties of the particles (paramagnetic, 
diamagnetic, ferromagnetic materials), the configuration of fluid flow in the considered 
system, etc. Consequently, it is useful to study and understand the capture behaviors 
and the mechanisms of particle transport for each situation so that we can predict and 
improve the efficiency of particle capture.    
  The principle of particle capture in high gradient magnetic field can be 
described as follows. Consider an assemblage of micro- or nano-size magnetic particles 
suspended in a fluid medium. If the suspension is placed in a region of magnetic field, 
there exists magnetic force ( ur

mF ) acting on each suspended particle which can be 
expressed as [12, 13] 
 
                                                ( )0µ χ χ= − ∇

ur ur
m p f pF V H H ,                                      (1.1) 
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where 7
0 4 10µ π −= × H/m is magnetic permeability of free space, χ p  and χ f are 

magnetic susceptibilities of particle and fluid, respectively, pV  is particle volume, 
H and ∇

ur
H are local strength and gradient of magnetic field at particle position, 

respectively.   
From Eq. (1.1), it is observed that the magnetic force depends on both 

local strength and gradient of magnetic field at particle position. Consequently, strong 
magnetic force can be obtained from high gradient of magnetic field although the local 
magnetic strength at particle position is not high.  To produce high gradient magnetic 
field within the suspension, magnetic collectors of cylindrical or spherical shape are 
firstly placed in the suspension. Then uniform magnetic field is applied across the 
collectors and suspension. The collectors disturb the background uniform magnetic field 
and there exists high gradient magnetic field in regions near the surface of the 
collectors. Any suspended particles entering these regions are subjected to strong 
magnetic force and are captured on the collectors. As stated in pages 37 to 38 of Ref. 
[14], the force density (force per unit volume) on the suspended particle is inversely 
proportional to the size of the collectors so the smaller the radius of cylindrical or 
spherical collectors, the stronger magnetic force acting on the suspended particle. If the 
size of the collectors is in the order of micrometer, the magnitude of applied uniform 
magnetic field is in the order of 105- 106 A/m and the collectors made of ferromagnetic 
material such as stainless steel then the magnitude of force density on a suspended 
particle is in the order of 1010- 1011 N/m3. Consequently, even weakly magnetic particles, 
of which very low magnetic susceptibility, can be effectively captured by using the high 
gradient magnetic field produced by the collectors.  
 
1.2  Thesis Background 

 
The technique of particle capture using high gradient magnetic field has  

been studied and applied by many researchers. Initially, the studies were performed for 
the case of micro-particles by applying Newton,s law of motion on each particle. Then 
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particle, s equation of motion was solved, by using analytical or numerical methods.  The 
motions of many particles were analyzed to know whether they are captured by 
interception. Consequently, the features of particle capture and capture lengths or 
capture cross section can be obtained to determined capture efficiency. To produce 
high gradient magnetic field, magnetic collectors, which are wires or spherical 
collectors, are placed within the background uniform magnetic field. Then there exist 
regions of high gradient magnetic field around the collectors. Any particle entering these 
regions is subjected by magnetic traction force and is brought to retained on the 
collector surface. Particle capture in high gradient magnetic field can be categorized 
into three configurations [15] as transverse, longitudinal, and axial modes as shown in 
Fig. 1.1.  

For transverse and longitudinal modes shown in Fig. 1.1(a) and1.1 (b),  
the directions of fluid flow towards the cylindrical collector are perpendicular and 
parallel to the direction of the applied magnetic field, respectively. For the axial mode 
shown in Fig. 1.1(c), the direction of fluid flow towards the cylindrical collector is parallel 
to collector , s  axis. The transverse and longitudinal modes are suitable for the capture 
of large amounts of particles within a relatively short time interval [2] since collector ,s 
surface is placed against trajectories of incoming particles. Consequently, the incoming 
particles within the capture length are attracted towards collector ,s surface rapidly and  
are captured by collision or interception. The axial mode is suitable for the capture of 
easily damaged particles such as red and white blood cells. 
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(a) transverse mode 
 
 
 
 
 
                                                   

  
(b) longitudinal mode 

 
 
 
 
 
 

(c) axial mode 
Figure 1.1: Three configurations of particle capture in high gradient magnetic field [15]. 

 
The capture of micro-particles in high gradient magnetic field using various modes has 
been studied and developed for many years until now.  The work of J. H. P. Watson [16] 
studied longitudinal mode capture of micro-particle in high gradient magnetic field by 
magnetic wires. Particle,s equations of motion in potential flow field of fluid were 
formulated and solved numerically and capture efficiency was predicted. The work of M. 
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Natenapit and W. Sanglek [17] studied the capture of micro-particles, in both transverse 
and longitudinal modes, by random matrices of cylindrical wires in high gradient 
magnetic field. The magnetic field around any wire was determined by the effective 
medium treatment (EMT) [18]. Particle,s equations of motion in potential flow field of fluid 
were formulated and solved numerically and capture radius was predicted by using 
trajectory-analysis method.   The work of  R. Gerber [19] studied the capture of micro-
particles in axial magnetic filter. The magnetic field around the cylindrical collector was 
determined by using the single-wire approximation. Particle,s trajectories in laminar flow 
field of fluid were solved analytically then the capture cross-section of a wire, which 
specifies capture efficiency, was determined. Later, although the axial flow field of 
viscous fluids relative to an array of wires was incorporated into the study [20], the 
magnetic field was still calculated using the single-wire approximation. The study of 
particle capture was developed further when both the magnetic and fluid flow fields 
around wires were calculated using the periodic-wires model [21]. In the work of 
Kuntabutr [15], the magnetic field around any wire in the axial magnetic filter calculated 
by using the effective medium treatment (EMT) [18] was used while the fluid flow field 
around any wire was calculated by using the periodic-wire model [20].  

 In this research, the capture of micro-particles by an assemblage of 
parallel wires randomly distributed in the filter was investigated based on the EMT 
model. The magnetic field around the representative wire determined by Natenapit  [18] 
using the EMT model and the axial flow field of the viscous fluid, derived by Happel [22], 
relative to a bundle of randomly distributed parallel cylinders were used. Particle 
trajectories were traced numerically to determine the capture cross-section. This study 
is the generalization of the single-wire model to a range of higher packing fraction. 
Capture cross-sections are reported and compared with those obtained by using the 
magnetic field calculated from the single-wire approximation [19]. The discussion about   
basic criterion of limitation of the single-wire model is initiated in this article. 

 The advantages of the axial mode of high gradient magnetic separation 
lie in the separating specific biological entities such as red blood cells (RBCs) and white 
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blood cells (WBCs) from whole blood. For diagnostic objectives in clinical or laboratory 
applications, small amounts of blood samples are used and the specific cells are 
captured in a small apparatus consisting of only a single magnetic wire of micron size 
[23-24]. For therapeutic objectives such as blood component transfusion, the volume of 
blood and number of RBCs and WBCs to be separated are far greater than the 
diagnostic case and, therefore the design of an effective macro-scale filter of high 
efficiency is important. This would be very useful such as for plasma separation ready 
for use in compensating for the lost fluids and blood proteins in burn victims [25]. 
Albumin which is one of the main serum proteins in plasma is used for replenishing and 
maintaining blood volume after traumatic injury during surgery [25]. Plasma separations 
from whole blood have been studied by various authors using microchannels [26-27].  

In this research, we also apply the EMT model to study the capture of  
RBCs and WBCs from whole blood, by using their native magnetic properties, in an axial 
magnetic filter. The filter efficiency is predicted. The feasibility of macro-scale blood 
cells separation that provides high gradient magnetic field and high efficiency is 
investigated. 

For particles which are much smaller than the micron size, Brownian  
motion causes significant effect on the kinematics of the particles. Consequently, 
diffusion should be taken into account and diffusive capture was considered. In 1983, R. 
Gerber, M. Takayasu and F.J. Fridlaender formulated the HGMS theory describing the 
capture mechanism of ultra-fine particles [28-29] by incorporating diffusion in describing 
the capture mechanism of nano-particles. One-dimensional model of nano-particles 
capture by a single ferromagnetic wire was investigated. Results of the study revealed 
the features of nano-particles buildup on the wire. In 1990, L. P. Davies and R. Gerber 
developed a two-dimensional model for the capture of nano-particles on a single 
ferromagnetic wire [30]. This model generalized the one-dimensional model formulated 
in 1983. The capture of nano-particles was simulated in various cases. Simulation results 
showed the feature of nano-particle buildup in various regions around the wire at a given 
time. K. Hournkumnuard and M. Natenapit [31] extended the work of L. P. Davies and R. 
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Gerber [30] to the multi-wire case by investigating diffusive capture of weakly nano-
particles by an assemblage of random wires. 
  In recent years, the technique of using high gradient magnetic field to 
capture nano-particles in flowing fluid has been applied on the studies of magnetic drug 
targeting (MDT) and implant assisted-magnetic drug targeting (IA-MDT) [6-11]. The idea 
of MDT is the guidance of therapeutic particles [32], which are injected into blood 
circulation system, to specific regions within the body by using an external magnetic 
field generated by permanent magnet poles or electromagnets.  The objectives of MDT 
are to improve the efficiency of various therapies, such as cancers and tumors therapies 
[33], by concentrating the therapeutic agents within the target sites. Consequently, the 
therapeutic agent concentration and the time that therapeutic agents are retained within 
the target sites were high enough to accomplish the therapy.  Moreover, the injected 
concentration of the therapeutic agents can be reduced so that the parts of therapeutic 
agents that are not confined within the target sites can not cause potential toxicities on 
other organs of patient, s body. However, the limitation of MDT technique is that the 
strength of magnetic force necessary to capture therapeutic agents within the target 
sites may not high enough.  The reasons are the magnetic force acting on the particles 
depends highly on volume of magnetic material in the particle hence nano-particles are 
subjected by very small magnetic force and the magnetic field strength decreased 
sharply with increasing depth within the body.  Consequently, the technique MDT was 
successfully applied for the target sites near to the skin and it is almost impossible to 
use MDT for target sites deep into the body. To increase the possibility of targeting 
therapeutic agents in target sites deep into the body, the technique of implant assisted-
magnetic drug targeting (IA-MDT) was firstly proposed [6]. For IA-MDT, various implants 
such as ferromagnetic stents [34-36], wire [37] or seeds [9, 38] were placed within or 
near to the target sites. When an external magnetic field is applied across the target 
sites, there exist regions of high gradient magnetic field around the implants. So, the 
high gradient magnetic field is produced within the body and the magnetic force for 
trapping therapeutic agents is increased.  The work of Ritter et al. [6] proposed a 
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hypothetical IA-MDT system that used a ferromagnetic wire of micro-size implanted 
within blood vessel for capturing magnetic drug carrier particles (MDCPs). The principle 
of particle capture by high gradient magnetic field was applied to investigate the 
feasibility and efficacy of targeting MDCPs to specific site within blood vessel.  The 
capture behaviors were considered on a plane that sliced through the wire,s cross 
section and vessel,s central axis. The magnetic and blood laminar flow fields around the 
wire were determined numerically. Capture behaviors were investigated by solving 
particle,s equations of motion numerically and the capture efficiency was predicted for 
various parameters. It was shown that targeting of MDCPs using internally produced 
high gradient magnetic field was feasible and was hoped to be a promising technique 
that provided high targeting efficiency.  Avilés and co-workers studied magnetic 
targeting of ferromagnetic nano-particles by ferromagnetic seeds implanted within 
capillary beds in both theoretical [9] and in-vitro experimental aspects [38]. Their results 
supported the feasible and efficacy of implant assisted-magnetic drug targeting (IA-
MDT) proposed by Ritter et al. [6]. The work of Cregg et al. [39] extended the work of 
Avilés et al. [9] by considering superparamagnetic property of nano-particles of which 
diameter small than about 100 nm and determined particle,s magnetic moment by using 
the Langevin function. 
  In this research, we further investigate the works of Ritter et al. [6] and 
Cregg et al. [39] by studying diffusive capture of ferromagnetic nano-particles by a 
micro-sized ferromagnetic wire implanted within blood vessel.  Significant effect from 
diffusion process is taken into account. Diffusive capture behaviors are investigated on 
a plane that slices through wire,s cross section. Particle dynamic is described 
statistically by the continuity equation. By solving the continuity equation as an initial and 
boundary value problem, the distribution of particle concentration on the considered 
plane can be determined. The feasibility of increasing nano-particle concentration in 
blood vessel by using the wire implanted in blood vessel is then investigated. 
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1.3  Thesis Objectives 
 

In conclusion, the objectives of this thesis are:  
1) To determine the capture efficiency of micro-particles in axial magnetic  

filters and to investigate the criterion of validity of the single-wire approximation. 
                 2) To determine the targeting efficacy of nano-particles by a micro-size 
ferromagnetic wire in blood vessel.    
 
1.4  Thesis Outline 
 

A brief outlines of this thesis are as follows: Chapter I provides introduction  
to particle capture in high gradient magnetic field, background and objectives of this 
research. Chapter II describes basic theories of particle capture in high gradient 
magnetic field for both micro-and nano-particles. Also with the method for investigating 
capture behaviors and predicting capture efficiency. In Chapter III, the capture of 
weakly magnetic micro-particles, in high gradient magnetic filed, by an assemblage of 
randomly distributed cylindrical collectors in axial magnetic filters is investigated in 
details. The methods of particle dynamics simulation and filter efficiency prediction are 
also described. In Chapter IV, the capture of ferromagnetic nano-particles, in high 
gradient magnetic field, by a micro-size ferromagnetic wire implanted within blood 
vessel is investigated. Simulation methodologies are described. The results of the 
simulations and discussions were presented in Chapter V. Finally, Chapter VI provides 
the conclusions of this research. 



CHAPTER II 
 

Theory of Particle Capture in  
High Gradient Magnetic Field 

   
In this chapter, the capture behaviors of various scales particles in high  

gradient magnetic field are described. In the first section, we describe the capture of 
weakly magnetic particle of micro-size which can be applied for the study of high 
gradient magnetic separation of biological entities, such as red and white blood cells [5, 
23-24], using magnetic filters. The capture behaviors are investigated by analyzing 
particles, trajectories obtained from numerical solutions of particle, s equations of motion. 
The capture efficiency is determined in terms of capture length or capture cross section. 
In the second section, we describe the capture of ferromagnetic nano-particles where 
the effect from diffusion is taken into account. Particle,s behaviors are described 
statistically by using the continuity equation. The capture of ferromagnetic nano-
particles can be applied for the study of both conventional magnetic drug targeting 
(MDT) [40-42] and implant assisted-magnetic drug targeting (IA-MDT) [9-11, 35-39].    
 
2.1 The Capture of Weakly Magnetic Micro-Particles in High Gradient  
     Magnetic Field 
 
  To capture weakly magnetic micro-particles from a fluid by using high 
gradient magnetic field, magnetic filters containing an assemblage of magnetic 
collectors are used. While in operation, the external uniform magnetic field  0H

uur  is 
applied across the magnetic collectors. Then the fluid containing the suspended 
particles is fed into the filter. The applied magnetic field magnetizes both the collectors 
and particles. By using an assumption that both particle and fluid are linear isotropic 
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homogeneous magnetic media of susceptibilities pχ  and fχ , respectively, there exists 
the magnetic force acting on each particle which can be expressed as 
 
                                               ( ) ( )2

0
1
2

m p f pF V Hµ χ χ= − ∇
ur ur ,                               (2.1) 

 
where 0µ  = 4π×10-7 H / m  is the permeability of free space, pV  is volume of a particle 
and H  is the magnetic field strength at particle .s position. 
  In this research, only dominant magnetic force ( mF

ur ) and fluid drag force 
( vF
ur ) acting on the particles are considered while other forces, such as gravitational  

and electric forces, and processes, such as diffusion and collision, are not taken into 
account. The fluid drag force acting on a particle traveling in the fluid is assumed to 
satisfied Stokes, law and can be expressed as 
 
                                                        ( )6v p fpF b v vπη= − −

ur r r ,                                      (2.2) 
 
where η  is fluid dynamic viscosity, pb  is particle radius, pv

r  and fv
r  are particle and 

fluid velocities, respectively. The motion of a particle in fluid satisfies Newton ,s equation 
of motion, 
 
                                                             ppF m a=∑

ur r ,                                                  (2.3) 
 
where m vF F F= +∑

ur ur ur  is the total force acting on a particle, pm is mass of a particle 
and pa

r is particle acceleration.  
  For a given particle ,s initial position and velocity, the equation of motion 
(2.3) can be solved, by using analytical or numerical methods, to obtain particle 
trajectory. Then particle,s trajectories starting from various initial positions are analyzed 
and the probability for a particle entering the filter to be captured within the filter, which 
implies filter efficiency, can be determined. In this research, we study in detail the 
capture of weakly magnetic micro-particles in an axial magnetic filter containing an 
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assemblage of random magnetic wires. The details of the study will be described in 
Chapter III. 
 
2.2 The Capture of Ferromagnetic Nano-Particles in High Gradient Magnetic 
Field 
 
  When particle size becomes much smaller than 1 micron, the effect of 
diffusion on particle motion becomes significant and should be taken into account also 
with the effect of magnetic force and fluid flow. Diffusion is the random process that 
causes fluctuation of particle,s trajectories. Consequently, studying capture behaviors 
by considering and analyzing particle,s trajectories may be inconvenient. Alternatively, 
capture behaviors of nano-particles in high gradient magnetic field can be described 
statistically in terms of particle volume concentration that satisfied the continuity 
equation. 
 
  2.2.1 The Continuity Equation 
 
  In 1983, Gerber et al. [28-29] formulated a theory of capture process of 
particles that were very smaller than 1 micron. Particle dynamics were described in 
terms of particle volume concentration denoted by c . The particle volume concentration 
at a given point in the fluid is defined as the fraction of particles volume contained in an 
infinitesimal volume element of the system (mixture of particle and fluid) at that point and 
can be expressed as 
 

                                                        
0

lim
s

p

V s

V
c

V∇ →

∆
≡

∆
,                                                     (2.4) 

 
where subscripts p and s  refer to the particle and the system, respectively. 
  At any time, particle volume concentration in any volume elements of the 
system satisfies the continuity equation 
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                                                             0c J
t

∂
+ ∇⋅ =

∂

ur ur ,                                                  (2.5) 
 
where J

ur is the total particle volume flux that pass through the considered infinitesimal 
volume element. We define the particle volume flux as the net volume of particles that 
flow through an area perpendicular to the flow direction per unit area per unit time. 
  In this research, the total particle volume flux, J

ur , consistes of three 
contributions as 
 
                                                        D C FJ J J J= + +

ur ur ur ur ,                                               (2.6) 
 
where DJ

ur  is the diffusion flux due to diffusion,  CJ
ur  is the convection flux due to fluid 

flow and FJ
ur  is the flux driven by the actions of external forces on the particles. 

  Diffusion flux satisfied Fick, s law  [28],  
 
                                                         DJ D c= − ∇

ur ur ,                                                        (2.7) 
 
where D  is the diffusion coefficient of particles in the fluid. The convection flux caused 
by fluid flow can be expressed as  
 
                                                               C fJ cv=

ur r .                                                      (2.8)
  
The particle volume flux driven by the actions of external forces on particles can be 
expressed as [28] 
 
                                                              FJ cuF=

ur ur ,                                                      (2.9) 
 
where u is the mobility of particles in the fluid and F

ur is the driving force that causes the 
relative velocity between particles and fluid. In this research, it is assumed that the 
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driving force is mainly contributed by the magnetic force hence mF F=
ur ur  and other forces 

and processes are not taking into account.  
  By substituting expressions of DJ

ur , CJ
ur and FJ

ur  in Eqs. (2.7) to (2.9) in 
Eq. (2.5) we obtain the continuity equation as 
 
                                       ( ) ( ) ( )mf

c D c cv cuF
t

∂
= ∇ ⋅ ∇ − ∇⋅ − ∇ ⋅

∂

ur ur ur r ur ur .                            (2.10)  
 
The diffusion coefficient of particle in the fluid is assumed to satisfied Einstein, s relation 
[30], 
 
                                                              BD uk T= ,                                                     (2.11)    
                       
where Bk and T are the Boltzmann, s constant and the absolute temperature,  
respectively. The value of D  is assumed to be isotropic hence the continuity equation 
(2.10) can be rewritten as 
 
                                            ( ) ( )2

mf
c D c cv cuF
t

∂
= ∇ − ∇⋅ − ∇⋅

∂

ur ur r ur ur .                             (2.12)  
 
  Equation (2.12) is the continuity equation which is used for describing 
the capture of nano-particles in high gradient magnetic field. By solving the continuity 
equation as an initial and boundary value problem, dynamics of concentration 
distribution and behaviors of particle transport within the considered regions can be 
investigated. In this research, the continuity equation is used for investigating the 
technique of implant assisted-magnetic drug targeting (IA-MDT). The technique of IA-
MDT here uses a ferromagnetic wire of micro-size as an implant in a blood vessel for 
capturing nano-drug carriers that are injected into blood circulating system. We study 
the feasibility of increasing the concentration of nano-drug carriers in the region around 
the wire. The details of the study are described in Chapter IV. 



CHAPTER III 
 

 Capture of Weakly Magnetic Micro-Particles by an 
Assemblage of Random Wires in Axial Magnetic Filters 

 
 In this chapter, we study the capture of weakly magnetic micro-particles 

by an assemblage of random magnetic wires in axial magnetic filters.  Magnetic filters 
operating in axial mode are applied in the separating and capturing specific biological 
entities from fluid such as the separation of red blood cells (RBCs) and white blood cells 
(WBCs) from whole blood [5, 23-24]. For diagnostic objectives in clinical or laboratory 
applications, small amounts of blood samples are used and the specific cells are 
captured by small apparatuses consisting of only a single magnetic wire of micron size 
[23-24]. For therapeutic objectives such as blood component transfusion, the volumes of 
blood and also RBCs and WBCs to be processed are much larger than the diagnostic 
case and, therefore the design of an effective macro-scale filter of high efficiency is 
important. This would be very useful such as for plasma separation ready for use in 
compensating for the lost fluids and blood proteins in burn victims [25] and also other 
therapeutic applications of blood components. To study micro-particles captures by 
random wires, the effective medium treatment (EMT) of axial magnetic filters is applied.  
The magnetic field around an assemblage of random cylindrical collectors transversely 
magnetized by background uniform magnetic field 0H

uur  calculated by Natenapit [18] is 
used to determine the magnetic field around a representative wire in an axial filter. The  
velocity field of viscous fluid flow axially pass a bundle of parallel cylinder derived by 
Hapepel [22] is used to determine fluid velocity field around the representative wire in 
the filter. Particle trajectories are traced numerically. Filter efficiency is determined in 
terms of the capture cross-section. We generalize the single-wire model to more general 
cases of higher packing fraction.  
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3.1 Character of the Problem 
 
  We consider an axial magnetic filter that consisted of an assemblage of 
randomly distributed parallel magnetic wires. A viscous suspension is fed axially 
through the filter with an entrance velocity 0V

ur .  All wires in the filter are magnetized by 
an applied uniform magnetic field 0H

uur  that is perpendicular to wires, axes. A 
dimensionless cylindrical coordinates system ( ), ,a ar zθ , of which all linear distances 
were normalized by the wire radius ( a ), is introduced with the az  axis parallel to the 
wires, axes. A particle with radius pb  is carried by the suspension.  Figure 3.1 depicts 
the configuration of coordinates used in the study.  In Fig. 3.1, zav

r  is the component of 
particle velocity, normalized by wire, s radius, in the direction that parallel to wire,s axis.  
 
 
 
 
 
 
 
 
 
                            
 
 
Figure 3.1: The axial mode of particle capture in high gradient magnetic field and the  
associated coordinates setting. 
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3.2 The Magnetic Field in the Filter 
 
  Determining the magnetic field in the filter is one major contribution to the 
study of the capture process. In an axial filter which contains many wires, the existence 
of other wires produces certain effects on the capture behavior of each individual wire. 
In this study, all parallel wires in the filter are assumed to be randomly distributed.  When 
an arbitrary wire is considered, all residual wires locate randomly with respect to it. This 
situation is the same for any wire in the filter so it is reasonable to approximate that all 
wire in the filter exhibit the same capture behavior and the capture behavior of only one 
representative wire is investigated. 
  The effective medium treatment (EMT) originally conceived by Hashin 
[43] was adopted in the work of Natenapit [18] to determine the magnetic field in a two 
dimensional system of cylindrical magnetic wires randomly distributed in a fluid medium. 
According to the EMT, the system of magnetic cylindrical wires (permeability cµ ) and 
surrounding fluid (permeability fµ ) is considered to be composed of cylindrical 
composite cells, each of which contains exactly one wire. The ratio of the wire to cell 
volume is set to be equal to the packing fraction, F , of wires in the filter or 

2 2/a b F= where a  and b  are radii of the representative wire and the cell, 
respectively. In the calculation procedure, only a representative cell is considered while 
all residual neighbouring cells are replaced by a homogeneous effective medium with 
the effective permeability µ∗  which can be determined. Figure 3.2 depicts a 
representative cell in the effective medium model.  

The boundary value problem of a coaxial magnetic cylinder subjected to  
the boundary condition of a uniform magnetic field in the direction perpendicular to the 
wires, axes was solved to determine the magnetic field in the cell and the effective 
medium. A self consistency must be satisfied that the magnetic induction averaged over 
the representative cell (cylindrical wire and fluid tube) has to be equal to the volume 
average of the magnetic induction over the effective medium. 
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Figure 3.2: A representative cell and surrounding effective medium with associated 
coordinates setting. 
 
According to Natenapit [18] and Natenapit and Sanglek [17], the magnetic field in the 
fluid region surrounding the representative wire in the cell was determined as 
 

                        $
0 2 21 cos 1 sin ,  1 /c c

a
a a

K KH AH r r b a
r r

θ θθ
    

= + − − < <            

uur
$ ,            (3.1) 

 
where /ar r a= , 1/(1 )cA FK= − , ( ) ( )1 / 1cK ν ν= − + , and /c fν µ µ= . 
The magnetic field in the effective medium outside the representative cell was 
determined as  
 
                                                0 ,     /eff aH H b a r= < < ∞

uur uur .                                        (3.2) 
 
From equation (3.1), it is observed that the magnetic effect of the other wires on the 
magnetic field around the representative wire is contained in the factor A . In the limit of 
dilute packing fraction ( F  approaches zero), factor A  approaches unity and the 
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problem is reduced to the case of single-wire approximation. Consequently, it is seen 
that, by using the EMT, the problem of micro-particle capture by an assemblage of 
random cylindrical wires can simply analyzed by considering a single representative 
cell. 
 
3.3 The Fluid Axial Flow Profile in the Filter 
 

 Determination of the fluid flow profile in the filter is also an important 
contribution to the study of the capture process. The fluid axial flow profile around a 
system of parallel cylinders was determined using the effective medium approximation 
of Li and Park [44]. However, the result contained rather complicated special functions 
and the more practical and most successful laminar axial flow field for viscous fluid 
passing through a filter, as derived by Happel [22] using the cell model, is applied in 
this study and this can be expressed as 
 

                                             20 2( ) 1 ln
2

a
za a a a

FVv r r r
Ku F

 = − + 
 

,                                   (3.3) 

 
where /za zv v a=  is the magnitude of a normalized fluid velocity component in the az  
direction which is parallel to wire axis, 20.5ln 0.25 0.75Ku F F F= − − − is Kuwabara , s 
constant and 0 0 /aV V a=  is the magnitude of the normalized fluid entrance velocity. If 
the inertia of the particle is neglected then the component of the normalized particle 
velocity in the az  direction is always equal to the zav  of the fluid. 
 
3.4 Equations of Motion 
 

To investigate particle capture, equations of motion are constructed and  
solved numerically to obtain particle trajectories which are analyzed later. For micro-
particle, it is assumed that the magnetic and fluid drag forces are the major forces while 
the other forces and effects such as gravitational force, inertial effect, thermal diffusion, 
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etc. are neglected. The magnetic force acting on a particle when it is traveling in the 
fluid that is flowing in the region of high gradient magnetic field can be expressed as 
[14] 
 
                                             ( ) ( )2

0
1
2

m p f pF V Hµ χ χ= − ∇
ur ur ,                                    (3.4) 

 
where pχ  and fχ  are the particle and fluid magnetic susceptibilities, respectively, 0µ  
is the magnetic permeability of free space, pV  is the volume of a particle, and H  is the 
magnetic field strength at the position of the particle. The fluid drag force ( dF

ur ) is 
assumed to satisfies Stokes, law,  
 
                                                       ( )6d p fpF b v vπη= − −

ur r r ,                                       (3.5) 
 
where η  is fluid viscosity, pb is particle radius, pv

r  and fv
r  are particle and fluid 

velocities, respectively.  
  By substituting Eq. (3.1) in Eq. (3.4), the magnetic force can be 
expressed as 
 

                 ( ) $
2 3 2

0 0
3 5 3

8 cos 2 sin 2
3

p f c p c
m

a a a

K H b A KF r
a r r r

πµ χ χ θ θ
θ

−     
= − + +            

ur
$ .      (3.6) 

 
  The radial and angular components of particle acceleration are [45] 
 

                                                           
22

2r
d r da r

dtdt
θ = −  

 
                                         (3.7a) 

and 

                                                           
2

2 2d dr da r
dt dtdtθ

θ θ  = +   
  

.                             (3.7b) 

 
  Particle equations of motion for each coordinate are 
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                                                 mr vr p rF F m a+ = ,                                                      (3.8a)                                  
 
                                                 m v pF F m aθ θ θ+ = ,                                                     (3.8b) 
 
                                                          pz fzv v= .                                                           (3.8c) 
 
In equation (3.8c), the component of particle velocity in the direction parallel to wire, s 
axis is assigned equal to that of fluid since it is seen in equation (3.6) that magnetic 
force in that direction is equal to zero so particles do not have relative velocity 
respective to fluid in the direction parallel to wire .s  axis . By using Eqs. (3.3), (3.5), 
(3.6), (3.7a), and (3.7b) in Eqs. (3.8a) to (3.8c), and writing particle mass as product of 
density and particle volume we obtain  
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a ma
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ρ θ θ
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,            (3.9a) 

 

                     
2 2

2
2 3

2 sin 22
9

p p a
a a ma

a

b drd d dr r V A
dt dt dtdt r

ρ θ θ θ θ
η

        + + = −               
,        (3.9b) 

 

                                                 20 21 ln
2pz a a
FVv r r
Ku F

 = − + 
 

,                                     (3.9c) 

 
where /ma mV V a= , ( ) 2 2

0 04 / 9m p f p cV H b K aµ χ χ η= −  is the magnetic velocity. 
  From Eqs. (3.9a) and (3.9b), we consider the order of magnitude  of 
various terms. It is estimated that 610pb −: m, 310pρ :  kg/m3, 310η −:  Pa⋅s, 

310p fχ χ −− : , 5
0 10H :  A/m, 510a −: m, 1cK : , and 1A : . We obtain that 

2 62 / 9 10p pbρ η −:  and 2 10maV A :  so Eqs. (3.9a) and (3.9b) can be simplified by 
neglecting the first term on the left hand side of each equation and we obtain particle ,s 
equations of motion within the representative cell (1 /ar b a< < ) as 
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ma

a a

dr KV A
dt r r
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                                                2
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sin 2
ma
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d V A
dt r
θ θ 

= −   
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,                                           (3.10b) 

 

                                               20 21 ln
2

a a
a a

dz FV r r
dt Ku F

 = − + 
 

,                                  (3.10c)  

 
The equations of motion (3.10a) to (3.10c) are solved numerically by using the standard 
fourth-order Runge-Kutta method and the particle trajectories are traced. A particle is 
captured if its trajectory intercepts the wire surface within the filter length. From Eq. 
(3.2), it is seen that mF

ur  = 0 outside the representative cell. Consequently, any particles 
travelling outside the representative cell are not captured and are carried through the 
filter by fluid flow. 
 
3.5 Capture Cross-Section and Filter Efficiency 
 
  The capture cross-section ( cA ) of a representative wire is defined as a 
certain area on a plane perpendicular to the wire,s axis at the entrance of the filter.  Any 
particles which enter the filter within the region of capture cross-section is always 
captured on the wire surface at a certain distance az  along the wire axis not more than 

/al l a= where l is the filter length. According to the EMT model, the capture cross-
section of a representative wire is bounded by the normalized radius, in the unit of wire 
radius ( a ), of the fluid envelope around that wire equal to 1/ F  since the magnetic 
force is equal to zero outside the fluid envelope. The boundary of the capture cross-
section area is determined by using trajectory-analysis methods. Dividing Eq. (3.10a) by 
Eq. (3.10b), we obtain /adr dθ  which is a function of cK . Dividing Eq. (3.10c) by Eq. 
(3.10b) we obtain, with a little arrangement, ( )0/ /a mdz V V dθ  as a function of F  and 

cK . It is, therefore, suitable to use the normalized distance ( )0/a mz V V  instead of az  
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and then capture cross-section cA  depends on the parameters cK , F  and the 
normalized filter length ( )0/a m aL V V l= . 

Suppose that N  is the number of wires in the filter, then the total capture  
cross-section in the filter equals cNA . Let filterA  be the filter cross-section. The filter 
efficiency, denoted by ε , can be determined as the ratio between the total capture 
cross-section and the filter cross-section, /c filterNA Aε = . Since the packing fraction 
( F ) is 2 / filterN a Aπ , then the filter efficiency can be expressed as  
 
                                                             caFAε = ,                                                        (3.11) 
 
where 2/ca cA A aπ= is the capture cross-section normalized by the wire cross-section. 
 
3.6 Computational Method 
 
  Particle trajectories and capture cross-sections are obtained by using 
computational method. Main computational procedures can be described as follows. 
  Step 1: Set up parameters such as cK , F , aL .  An additional 
computational parameter t∆  required for the stability and accuracy of the results is also 
assigned. After parameters are assigned, various constants such as A , radius of fluid 
envelop 1/ F , Ku , etc. can be computed.  
  Step 2: Determine the boundary of fluid envelop. 
  Step 3: Compute capture cross-section by using numerical integration 
and then compute filter efficiency. Procedures for determining the boundary of capture 
cross-section can be described by a flowchart shown in Fig. 3.3. We can conclude all 
procedures in Fig. 3.3 as follows. For each angle iθ , we collect values of air , where 
1 1/air F≤ ≤ , that cause the particle to be captured at certain distances ae az l≤ on 
the wire surface. Then we select the optimum air   that gives the maximal capture 
distance  aez . After these processes are performed for every iθ   that  0 / 2iθ π≤ ≤  (we 
determine the boundary of capture cross-section only in the first quadrant because of 
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the symmetry of capture cross-section around the wire), we obtain locus of points 
( ),ai ir θ which is the boundary of capture cross-section. Then we integrate numerically 
the area within the boundary of capture cross-section and obtain the capture cross-
section area. Finally, filter efficiency can be computed by using Eq. (3.11). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3.3: The computational procedure of determining capture cross-section. 



CHAPTER IV 
 

Capture of Ferromagnetic Nano-Particles by 
Ferromagnetic Wires Implanted in Blood Vessel 

 
  In this chapter, we study the capture of ferromagnetic nano-particles by 
ferromagnetic wires implanted in a blood vessel. The objective of the study is to 
investigate the feasibility of using implant assisted-magnetic drug targeting (IA-MDT) to 
increase the chance of targeting magnetic nano-therapeutic particles at specific site in 
blood vessel when the effect of nano-particle diffusion is taken into account.          
  The work of Ritter et al. [6] proposed a hypothetical magnetic drug 
targeting system that used a ferromagnetic wire of micro-size implanted within blood 
vessel for capturing magnetic drug carrier particles (MDCPs). The principle of particle 
capture by high gradient magnetic field was applied to investigate the feasibility and 
efficacy of targeting MDCPs to specific site within blood vessel.  In their work, the 
capture behaviors were considered on a plane that perpendicularly slice through the 
wire,s cross section. The magnetic and blood laminar flow fields around the wire were 
determined numerically. Capture behaviors were investigated by solving particle,s 
equations of motion numerically and the capture efficiency was predicted for various 
parameters. It was shown that targeting of MDCPs using internally produced high 
gradient magnetic field was feasible and  was hoped to be a promising technique that 
provided high targeting efficiency.  Avilés and co-workers studied magnetic targeting of 
ferromagnetic nano-particles by ferromagnetic seeds implanted within capillary beds in 
both theoretical [9] and in- vitro experimental aspects [11]. Their results supported the 
feasible and efficacy of implant assisted-magnetic drug targeting (IA-MDT) proposed by 
Ritter et al. [6]. The work of Cregg et al. [39] extended the work of Avilés et al. [9] by 
considering superparamagnetic property of nano-particles and determined particle,s 
magnetic moment by using the Langevin function. Nacev et al. [46] studied the 
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behaviors of ferromagnetic nano-particles in blood vessels and surrounding tissues 
under applied magnetic force by taking into account the effect of particle diffusion. 
  In this research, the work of Ritter et al. [6] is extended by studying 
diffusive capture of ferromagnetic nano-particles by a ferromagnetic micro-wire 
implanted in a blood vessel. Today, the technologies of fabricating biocompatible micro- 
and nano-wires used for biomedical applications has been developed continuously [47]. 
In this research, we study the using of ferromagnetic micro-wire implanted within a 
blood vessel for targeting ferromagnetic nano-therapeutic particles to specific site 
around the wire. Significant effect from diffusion of nano-particles is taken into account. 
The two-dimensional diffusive capture behaviors are investigated on a plane that 
perpendicularly slices through wire,s cross section. Particle dynamics are described 
statistically by the continuity equation. By solving the continuity equation as an initial and 
boundary values problem, the distribution of particle concentration in regions around the 
wire can be determined. The feasibility of increasing the concentration of nano-
therapeutic particles at the target in blood vessel by using IA-MDT is investigated. 
 
4.1 Statements of the Problem 
 
  Consider an assemblage of ferromagnetic wires implanted within a 
certain length of a blood vessel. There exists a background uniform magnetic field 0H

uur  
across the considered vessel,s length in the direction transverse to the incoming blood 
flow direction. It is assumed that the wire orientation is transverse to both background 
uniform magnetic field 0H

uur and the incoming blood flow. The ferromagnetic nano-
particles are carried by the blood stream towards the region of 0H

uur . According to the 
existence of the wires in the background uniform field 0H

uur , the high gradient magnetic 
fields produced around the wires. Consequently, certain amounts of the incoming nano-
particles are subjected to magnetic force that depends significantly on the magnetic 
field gradient. These particles are attracted toward each wire and are concentrated 
there. In this research, we assumed that the volume fraction of ferromagnetic wires in 
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the considered vessel.s length is very low hence the single-wire approximation of the 
magnetic and blood flow fields around each wire is used and the process of nano-
particle capture is considered only for a wire. Figure 4.1 shows the feature of the 
problem to be studied.     
                                                                                                                y  
                                                  incoming blood flow 
                                                                                                                 0                 x   
                                                                           
                                                   considered region 
 
    0H

uur
                                                                                                       0H

uur
 

                                                               wire 
 
 
 
 
   
                                                                      
                                                   outgoing blood flow 
 

Figure 4.1: The feature of the problem. 
 

In Fig. 4.1, it is considered that the length of the wire is much higher than its radius. 
Consequently, the problem has the symmetry in the direction of wire, s axis and the 
complexity of the problem is reduced from three to two dimensions. The considered 
region for studying diffusive capture of nano-particles is a circular region on a plane 
normal to wire, s axis that slices through wire,s cross section.  The considered region has 
the same center as the wire. In this research, dynamics of nano-particle transport in the 
region around each wire is governed by three dominant effects as particle diffusion, 
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convections by blood flow and magnetic drift velocity. Since the magnetic force 
produced by the magnetic field gradient around the wire surface is a short range force,  
the radius of the considered region is limited at 10 times of wire,s radius and it is 
assumed that the effect of magnetic force on particles in regions which are farther than 
10 times of wire,s radius from wire,s axis is negligible.    We formulate and solve the 
continuity equation in the considered region. According to the values of micro-wire 
radius ( a : 10-6 m.), the average velocity of blood flow in blood vessel ( 0V : 10-2 m/s), 
the value of blood density ( bρ = 1040 kg/m3) and the value of blood viscosity 
( bη = 2.0×10-3 Pa⋅s), Reynold number of blood flow pass the micro-wire, 

0Re 2 /b ba Vρ η= , is much smaller than unity. Consequently, blood flow around the 
micro-wire is modeled as a laminar flow field of single-phase Newtonian fluid which is 
the same as that in the work of Avilés et al. [9] and Cregg et al. [39].  
 
4.2 The Magnetic Force Acting on the Ferromagnetic Nano-Particles 
 
  According to Jackson [48], the magnetic force, mF

ur , acting on a 
ferromagnetic particle of magnetic moment m

ur and locates in a region of magnetic flux 
density B

ur  can be expressed as  
 
                                                        ( )mF m B= ∇

ur ur ur ur
g .                                                     (4.1) 

 
If the magnetic flux density is a steady state field or B∇×

ur ur = 0 then the Eq. (4.1) has its 
equivalent form as [48] 
 
                                                          ( )mF m B= ∇

ur ur ur ur
g .                                                   (4.2) 

 
So, to determine the magnetic force acting on a ferromagnetic particle, particle 
magnetization M

uur and the magnetic flux density field B
ur  at particle ,s position must be 

determined.  
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  In this research, we consider that the magnetizations of ferromagnetic 
materials in wire and nano-particles vary linearly with local magnetic field before the 
magnetizations of the materials are saturated. The magnetizations of the materials are 
constants after they are saturated. This approximation is used by many authors [6, 9, 11, 
41]. It can be expressed that   
                                                         
                                                            M Hχ=

uur uur ,                                                        (4.3a) 
 
before magnetizations of the materials are saturated where χ  is the material ,s 
magnetic susceptibility. When ferromagnetic materials in wire and particles are saturate 
magnetized, the magnetization is a constant vector and can be expressed as  
 
                                                              sM M=

uur uur ,                                                      (4.3b) 
 
where sM

uur is the saturation magnetization of the considered ferromagnetic material.  
From Eq. (4.3a), if we define ,fm pω  as the volume fraction of ferromagnetic material 
contained within a particle, the magnetic force acting on a spherical particle that is not 
saturated magnetized can be expressed as  
 
                                                  ( )2

0 ,
1
2

m p fm p pF V Hµ ω χ= ∇
ur ur ,                                   (4.4) 

 
where ( ), ,0 , ,03 / 3p fm p fm pχ χ χ= +  is magnetic susceptibility of the particle, , ,0fm pχ  is 
the magnetic susceptibility of ferromagnetic material in the particle at zero magnetic 
field and H is the local magnetic field at particle, s position. In Eq. (4.4), the magnetic 
susceptibility of blood is neglected since it is much smaller than that of ferromagnetic 
material in the particle.  When the ferromagnetic material within the particle is saturate 
magnetized, the magnetic force acting on the particle can be expressed as  
 
                                                   ( )0 , , ,m p fm p fm p sF V M Hµ ω= ∇

ur ur ,                                (4.5) 
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where , ,fm p sM is the saturation magnetization of the ferromagnetic material in the 
particle. The expressions of magnetic forces in Eq.s (4.4) and (4.5) are used for 
particles of which ferromagnetic core contains many ferromagnetic domains. For smaller 
particles that its ferromagnetic cores contains only single ferromagnetic domain and 
thermal agitation of particle,s magnetic moment vector ( )m

ur  becomes significant,  
particles, magnetic property is then superparamagnetic type [29, 39] and the magnetic 
moment ( )m

ur  can be described, by using the Langevin function, as [39] 
 

                                                     ( ), , ,fm p p fm p s
Bm V M L
B

ω β=
ur

ur ,                                  (4.6)   
 
where , , , /fm p p fm p sV M B kTβ ω=  is the Langevin argument and  
 
                                                         ( ) ( ) 1cothL β β

β
= −                                           (4.7) 

 
is the Langevin function.   

According to wire,s geometry, we use a normalized coordinates ( ),ar θ   
for describing the magnetic field and particle concentration distribution around the wire. 
The coordinate /ar r a= is the radial distance from the wire center in unit of wire radius 
a , and θ  is measured from the positive x axis in counter clock-wise direction. 
       The magnetic field H

uur  outside the wire that is magnetized by an applied 
uniform magnetic field 0H

uuur perpendicular to wire,s axis, as shown in Figure 4.2, can be 
determined as [15] 
 

                             ( ) $
0 2 2, 1 cos 1 sinW W

a
a a

K KH r H r
r r

θ θ θθ
    

= + − −            

uur
$ .                   (4.8) 
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The value WK  in Eq. (4.9) is the magnetic constant of the wire which depends on the 
value of 0H

uur .  If the magnetization of ferromagnetic material contained in the wire is not 
saturated, the value of WK  is 
 

                                                             ,0

,02
W

W
W

K
χ

χ
=

+
,                                             (4.9a)    

 
where ,0Wχ  is magnetic susceptibility of ferromagnetic material in the wire at zero 
magnetic field. In contrast, at higher magnetic field strength, the ferromagnetic material 
in the wire is saturate magnetized, the value of  WK  is 
 

                                                             ,

02
W s

W
M

K
H

= ,                                                 (4.9b) 

 
where ,W sM  is the saturation magnetization of ferromagnetic material in the wire.  
 
                                                              ay  
 
    0H

uur                                                           ar  
 
                                                           
                                                                   θ                                        ax   
                                                               0                                                                    
                                                                
  
 Figure 4.2: The ferromagnetic wire magnetized perpendicularly to the wire axis by a 
background uniform magnetic field 0H

uur . 
 
  By using the expression of the magnetic field in Eqs. (4.8), we can obtain 
analytical expressions of the magnetic force acting on ferromagnetic nano-particles for 
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various situations as follows. The magnetic forces in Eqs. (4.4) and (4.5) can be 
expressed respectively as 
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and 
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In similar way, we can express the magnetic force acting on a very small ferromagnetic 
nano-particle that contains only one magnetic domain as 
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                                                                                                                                     (4.12) 
where         ,                                                                                                                               
                                              ( ) ( ) ( )2coth cscf hβ β β β= −                                    (4.13) 
 
and , , , /fm p p fm p sV M B kTβ ω=  is the Langevin argument. The expressions of magnetic 
force in Eqs. (4.10) to (4.12) are used for the study of ferromagnetic nano-particles 
capture by high gradient magnetic field in various situations. 
 
4.3 The Velocity Field of Blood Flow in Blood Vessel 
 
  The flow of blood in the blood vessels such as microvasculatures and 
capillaries is treated as a laminar flow of incompressible, single-phase Newtonian [9, 39] 
that satisfies the continuity equation 
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                                                                 0bv∇ =
ur r

g ,                                                   (4.14) 
 
and the Navier-Stokes equation, 
 
                                                ( ) 2

b b bb bv v P vρ η ∇ = −∇ + ∇ 
r ur r ur ur r

g ,                               (4.15) 
 
where bρ , P , and bη  are blood density, local pressure in blood vessel and blood 
viscosity, respectively. 
  To obtain blood flow field within the considered region that surrounds a 
representative wire, Eqs. (4.14) and (4.15) are solved numerically. The two-dimensional 
problem is assumed since the length of the representative wire is considered very 
smaller than vessel, diameter. Moreover, the variation of velocity of blood that flow 
towards the considered region is very little. Consequently, it is approximated that the 
blood flowing towards the considered region has uniform velocity distribution as 
average blood velocity in the vessel.  The numerical values of blood velocity 
components are determined numerically and are saved in output files. The values are 
read and used in the simulation program for solving the continuity equation of particle 
volume concentration. 
 
4.4 The Continuity Equations Describing Diffusive Capture 
 
  In this section, we derive the continuity equations used in the simulation. 
Consider the continuity equation, Eq. (2.12), in Chapter II,  
 
                                            ( ) ( )2

mb
c D c cv cuF
t

∂
= ∇ − ∇ ⋅ − ∇⋅

∂

ur ur r ur ur ,                             (4.16) 
 
where c is particle volume concentration, D  is particle diffusion coefficient, u DkT= is 
particle mobility, k  is Boltzmann,s constant and T  is the absolute temperature. We 
define normalized time τ ,  vector vG

ur  and mG
ur  as  
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aFG
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=

ur
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and then by using the expression of Laplacian and divergence operators in coordinates 
( ),ar θ  we obtain the continuity equation used for the simulation as 
 

                 ( ) ( )
2 2

2 2 2
1 1 1r

r
a a a a aa a

G cc c c c G c G c
r r r r rr r θτ θθ

   ∂ ∂ ∂ ∂ ∂ ∂ = + + − + +   
∂ ∂ ∂ ∂∂ ∂    
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where 
                                              6 b br mr

r vr mr
av FG G G
kT

πη +
= + = ,                              (4.21)   

and 
                                              6 b b m

v m
av FG G G

kT
θ θ

θ θ θ
πη +

= + = .                             (4.22)      
 
The values of brv and bv θ  are obtained from the numerical values of blood velocity 
components in blood vessel that are saved in the data files. The value of mrF and mF θ  
are determined by using analytical expression of the magnetic force for each case.  
  The continuity equation (4.20) is used to determine particle concentration 
in ordinary regions that are not adjacent to impervious surfaces (the surface of the wire 
and the surface of static build-up of particle). For regions that are adjacent to impervious 
surfaces, the governing continuity equation has the different form and can be expressed 
as [30] 
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                                  ( )
2

2 2
1 1 1

r
a a aa

c c cG c G c
r r rr θτ θ δθ

 ∂ ∂ ∂ ∂
= − + − ∂ ∂ ∂∂  

,                      (4.23) 

 
where arδ  is the normalized radial distance from the impervious surface to the center of 
the considered region. The details of deriving Eq. (4.23) are shown in the Appendix A. 
 
4.5 Simulation Methodology 
 
  4.5.1 The Explicit Finite Difference Method 
   

Dynamics of diffusive capture in the considered region are investigated  
by obtaining time-dependent solutions of the continuity equations (4.20) and (4.23). In 
this research, we solve the continuity equations (4.20) and (4.20) by using the explicit 
finite difference method. The circular region shown in Fig. 4.1 is divided into many 
elements by dividing normalized radial distance ar  and angle θ , as shown in Figure 
4.3. 
  In Fig. 4.3, each element is specified by two indices i  and j  that 
indicate the radial and angular position ( ),am mr θ  at the center of the element. The value 
of coordinates ( ),am mr θ  at the center of an element indexed by ( ),i j  can be 
determined from  
 
                                                ( ) ( )( )1 0.5am air i r= + + ∆ ,                  max0 i i≤ ≤ ,    (4.24) 
 
                                                ( ) ( ) ( )0.5m j jθ θ= + ∆ ,                      max0 j j≤ ≤ ,  (4.25) 
 
where maxi  is the normalized distance index at the most outer element and maxj  is the 
angular index of the largest angle. The values of maxi  and maxj  depend on the step 
sizes ar∆  and θ∆ .  
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Figure 4.3: Dividing of considered region into many elements. 
   
By using the explicit finite difference method, the continuity equations (4.20) and (4.23) 
are approximated with their corresponding difference equations. Consider Eq. (4.20), by 
expanding derivatives of variable multiplications we obtain the equation  
 

             
2 2

2 2 2
1 1 r r

r
a a a a a a aa a

G GG c Gc c c c c c cG c
r r r r r r rr r

θ θ

τ θ θθ
∂∂∂ ∂ ∂ ∂ ∂ ∂

= + + − − − − −
∂ ∂ ∂ ∂ ∂ ∂∂ ∂

.    (4.26) 

 
Then, all partial derivatives are approximated by their corresponding explicit difference 
relations. The term /c τ∂ ∂  is approximated by the first-order forward difference, the 

 

 wire 



 37

terms 2 2/ ac r∂ ∂  and 2 2/c θ∂ ∂ are approximated by the second-order central difference, 
the terms / ac r∂ ∂  and /c θ∂ ∂ are approximated by the first-order central difference(see 
Appendix B), For the terms rG , Gθ , /r aG r∂ ∂  and /Gθ θ∂ ∂  that compose of numerical 
values of blood velocity components and analytical expression of magnetic force 
components, we approximate the spatial derivatives of blood velocity components and 
use the exact value of spatial derivatives of magnetic force components evaluated at the 
center of each element.  

After all approximations are performed, the continuity equation (4.26) is 
replaced by its corresponding difference equation,   
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where the superscript n  is the index of normalized time step, 
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and                  ( ) ( )
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.        (4.31) 

 
The symbol ,

n
i j£  in Eq. (4.27) means the numerical value of particle volume 

concentration at the middle position ( ),am mr θ  of an element that has the indices ( ),i j  
at the thn step of discrete normalized time nτ . 
  By arranging Eq. (4.27), the numerical value of particle volume 
concentration in an element at the next normalized time step, 1nτ + ,  can be computed 
from the equation    
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  It is seen from Eq. (4.32) that the concentration in the element ( ),i j at 
the next normalized time step can be determined from the concentration in the same 
element and four surrounding elements that have indices ( )1,i j+ , ( )1,i j− , ( ), 1i j −  
and ( ), 1i j +  at the present normalized time step as shown in Figure 4.4. This is the 
configuration of the explicit scheme. 
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Figure 4.4: The associated elements that are used for computing the concentration in 
the elements which are not adjacent to any impervious surfaces. 
 
  Now consider the Eq. (4.23) for the elements that are adjacent to any 
impervious surfaces. By approximating various partial derivatives terms with their 
corresponding difference relations and arranging terms we obtain the equation used for 
computing the numerical concentration at the next normalized time step as 
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In Eq. (4.33), the index s  plays the same role as the index i  in Fig. 4.3 and Eq. (4.32) 
but it is changed from index i  to s  in order to specify that the considered element is the 
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“special element” that is adjacent to an impervious surface. The scheme of computing in 
Eq. (4.33) can be illustrated in Figure 4.5 
. 
              
 
 
 
 
 
 
 
 
 
Figure 4.5: The associated elements that are used for computing the concentration in 
elements which are adjacent to any impervious surfaces. 
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conditions. Consequently, time evolution of particle volume concentration distribution in 
the considered region can be investigated. 
 
  4.5.2 The Initial Condition 
 

Before the simulation begins, the initial value of particle volume  
concentration must be assigned to every element. This value may be zero if we consider 
that there have no particles within the considered region at the beginning or it may be 
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                                            ( )0

, 0 ,i j aC r θ=£   for all i  and j ,                               (4.34) 
 
where ( )0 ,aC r θ  can be a numerical constant of a spatial function. 
 

4.5.3 Saturation Condition 
 
In practical, as particle volume concentration at a given point increase,  

the concentration value is limited to be not more than a certain value and the saturation 
or static buildup is occurred. In this research, the saturation concentration is estimated 
by using the data from experiments [29]. The saturation concentration is used as a 
maximal value of the concentration within the considered region. The elements of which 
the concentration reaches to the saturation value are those where particles accumulate 
highly dense and the static build-up occurs. Then the elements are assumed to be a 
part of impervious surface. The concentration values in these elements are held fixed at 
the saturation value and they are excluded from the computational loop.  

Mathematically, the saturation condition can be expressed as 
 
                                                       ,0 n

i j satC≤ ≤£      for all i , j  and n .                  (4.35) 
 
  4.5.4 Boundary Conditions 
 
         Simulation of concentration dynamics using Eqs. (4.32) and (4.33) 
requires assigned boundary conditions. From the statement of the problem shown in 
Fig. 4.1 and the domain dividing configuration shown in Fig 4.3, the boundary conditions 
are separated into upstream and downstream types [30]. The boundary conditions 
determine the value of concentration in every element of indices ( )max ,i j on the outer 
boundary of the domain. In Fig. 4.1, the incoming blood flow, carrying the injected 
concentration inC of nano-particle, enters the considered region from the upper side so 
the upstream boundary condition is assigned that the concentration in the outer 
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elements of which 0 mθ π< < is equal to the injected concentration inC . Mathematically, 
this can be expressed as 
 
                                                              

max , up

n
i j inC=£ ,                                                (4.36) 

 
for all upj  in the range  ( )0 / 1upj π θ≤ ≤ ∆ −  and for all n . 
  On downstream side that the outgoing blood flow carries the escaped 
particles out of the considered region, the boundary condition is assigned that the 
concentration gradient in the direction of blood velocity across the downstream 
boundary is zero [30, 49] since particles are continuously refilled by blood flow so the 
concentration should be constant in that direction. Mathematically, this can be 
expressed as 
 
                                                              0bv c∇ =

r ur
g                                                       (4.37) 

 
on downstream boundary. The Eq. (4.37) is assigned for all element of indices 
( )max , downi j  and downj  is in the range  ( ) ( )/ 1 2 / 1downjπ θ π θ∆ + ≤ ≤ ∆ −  and for all 
n . 
  From Eq. (4.37), by expanding the gradient operator in coordinates 
( ),ar θ  then approximating the spatial derivatives with corresponding difference 
relations and rearranging terms, the concentration in the elements on the downstream 
boundary can be computed from 
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From Eq. (4.38), if the blood velocity components, bv θ  and brv  are comparable and  

max max, 1 , 1down down

n n
i j i j+ −£ ; £  then the downstream boundary condition can be simplified 
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since ( )
max

/a am ir r∆ is very small. If such conditions are satisfied, the downstream 
boundary condition can be simplified as  
 
                                                      

max max, 1,down down

n n
i j i j−£ ; £ .                                          (4.39) 

 
  4.5.5 Simulation Procedures 
 
  The steps of simulation of particle dynamics can be described as 
follows. 
  Step 1: Setting simulation parameters and various constants. 
  In this step, all parameters and constants are assigned. The examples of  
parameters are the magnitude of background uniform magnetic flux density across the 
considered region 0B , the weight fraction of ferromagnetic material contained in nano-
particle ,fm pχ , etc.. The examples of constants are wire radius a , the average inlet 
blood speed 0V , spatial step sizes ar∆  and θ∆ , etc.. The values of all parameters and 
constants are reported separately in tabulate form in later section. 
  Step 2: Declare arrays of concentration and various variables. 
  In this step, we declare arrays that contain concentration value, for both 
present and next normalized time step, in every element in the considered region and 
also arrays that contain necessary data for the computation such as blood velocity 
components. We also declare various variables that are used in the simulation such as 
the local magnetic field in each element, the magnetic force components, the 
normalized time, etc.. 
  Step 3: Read the numerical values of blood velocity components from 
the data files and save them into the corresponding elements. After this step, we know 
the numerical value of brv  and bv θ  at the middle point of every element so we can 
compute rG , Gθ , /r aG r∂ ∂ and /Gθ θ∂ ∂  since we know the analytic expression of the 
magnetic force components. 
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  Step 4: Assign initial concentration to every element. 
  Step 5: Begin the loop of concentration dynamic simulation. 
  In this step, we repeat the computation of particle volume concentration 
in every element at the next normalized time step by using Eqs. (4.32) and (4.33) until 
the required time is reached. The computing scheme can be described as follows.  

5.1: Increase discrete time counter and specifying the position of  
“special elements”. 
  When the computing starts in each time step, the discrete time counter is 
increased by one time step. Then it is necessary to specify the position of special 
element for each angular index j  shown in Fig. 4.3. For each angular index j , the 
program checks the existence of saturation concentration from radial index 0i =  to 

maxi i= . If no saturation concentration occurs, it means that the impervious surface is 
the wire,s surface and we assign the radial index of special element as 0s = or the 
special element is the element that is immediately adjacent to wire,s surface as shown in 
Figure 4.6(a). In contrast, if there exits saturation concentration then the radial index of 
special element s  is assigned as the radial index of the first element that adjacent to the 
last saturation concentration element as shown in Figure 4.6(b). 
 
 
 
 
                                                              (a)   
 
 
 
                                                               (b) 
Figure 4.6: The position of special element  when, (a) no saturation concentration occurs 
and (b) saturation concentration occurs. 
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  5.2 Computing the concentration in elements on the upstream side. 
  We start the computing in every element of angular index upj  that satisfy 
the condition ( )0 / 1upj π θ≤ ≤ ∆ −  by following the direction shown in Figure 4.7. 
 
                                        Direction of computation in elements on the upstream side 
 
 
 
  
 
 
                                  
 Figure 4.7: The configuration of concentration computing in elements on the 
upstream side. 
 
In Fig. 4.7, step 5.2.1 is the assignment of upstream boundary condition, by using Eq. 
(4.36), in the element of radial index maxi . Then the step 5.2.2 is the computing the 
concentration in all non-special element of radial index max 1i i= −  down to 1i s= +  by 
using Eq. (4.32). Finally, the step 5.2.3 is the computing of concentration in special 
element of index s  by using Eq. (4.33).  The steps 5.2.1 to 5.2.3 are performed for all 
angular index upj  on the upstream side.     
  5.3 Computing the concentration in elements on the downstream side. 
  After finishing the procedures of concentration computing on the 
upstream side then we start the computing in every element on the downstream side. 
The elements on the downstream side have angular index downj  that satisfies the 
condition ( ) ( )/ 1 2 / 1downjπ θ π θ∆ + ≤ ≤ ∆ −  by following the direction shown in Figure 
4.8. 
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surface 1i s= +  2i s= +    g g g  maxi i=      s  max 1i i= −
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Step   
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                                  Direction of computation in elements on the downstream side 
 
 
 
  
 
 
                                  

Figure 4.8: The configuration of concentration computing in elements on the 
downstream side. 
 
In Fig. 4.8, step 5.3.1 is the computing the concentration in special element of index s  
by using Eq. (4.33). Then the step 5.3.2 is the computing the concentration in all non-
special element of radial index 1i s= +  to max 1i i= −  by using Eq. (4.32). Finally, the 
step 5.3.3 is the assignment of downstream boundary condition, by using Eq. (4.38) or 
(4.39), on the concentration in the element of radial index maxi . The steps 5.3.1 to 5.3.3 
are performed for all angular index downj  on the downstream side. 
  5.4 Update the concentration data contained in the data arrays 
  After concentration computing in every element is finish, the new 
concentration values at the new normalized time steps are saved into the data arrays. 
This saved concentration values are prepared to be the present concentration values for 
the computing in next normalized time steps 
  The steps 5.1 to 5.4 are repeated until the discrete time reaches the 
desired value. 
 
  Step 6: Save the concentration values in all element at the last time into 
output data files also with the values of various parameters and constants 
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By following the described simulation methodology, we can obtain the  
pattern of concentration distribution in the considered region at a given time. These data 
are then analyzed to investigate the targeting of nano-particle in the considered region 
in various situations. 
 
4.6 Capture of Ferromagnetic Nano-Particles by Interception 
 
  In this research, we also study the capture of ferromagnetic nano-
particles by interception mechanism where effect of particle diffusion is not taken into 
account. Particle,s dynamics are investigated by solving equations of motion of particles 
that are under the influence of blood convection and magnetic force.  
  Total velocity of a particle carried by blood flow and subjected to 
dominant magnetic force is 
 

                                                         
6

m
p b

b p

Fv v
bπη

= +
ur

r r .                                            (4.40) 

 
The  Eq. (4.40) can be separated into two equations of  velocity and magnetic force 
 components. By using the normalized coordinates ( ),a ax y , where /ax x a=  and 

/ay y a= , we obtain 
 
                                                   

6
a bx mx

b p

dx v F
dt a abπη

= +                                             (4.41a) 

and 

                                                   
6

by mya

b p

v Fdy
dt a abπη

= + ,                                           (4.41b) 

 
where  bxv , byv , mxF  and myF  are components of blood velocity and magnetic force in 

ax  and ay  directions, respectively. 
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In Eqs. (4.41a) and (4.41b), the values of bxv  and byv can be obtained from numerical 
values of blood velocity components saved in data files  while the values of mxF  and 

myF are obtained from analytical expressions of  magnetic force components in Eqs. 
(4.10) to (4.12) and then transform the vector components in ( ),ar θ  coordinates to 
( ),a ax y  coordinates by using the relations 
 
                                                   cos sinmx mr mF F F θθ θ= −                                    (4.42a)   
and 
                                                   sin cosmy mr mF F F θθ θ= + .                                  (4.42b) 
 
To obtain particle ,s  trajectories, Eqs. (4.41a) and (4.41b) are solved numerically by 
using  the fourth-order Runge-Kutta method when particle ,s  start position ( )0 0,a ax y  is 
given. As seen in Eqs (4.10) to (4.12), the magnetic force decreases monotonically 
when the distance between wire,s center and particle increases. Consequently, the 
effect of magnetic force on particle motion is negligible in certain regions far away from 
the wire and, in those regions, particles, trajectories are almost parallel to the blood flow 
direction. Particles, trajectories can be categorized into two types depending on whether 
the particle is capture or not. The borderline trajectory between trajectories of captured 
and non-captured particles is called the critical trajectory [14]. The normal distance 
between the axis of the blood flow and the start position is defined as the capture length 
[14] which specifies the capture efficiency.  In this work, particles, trajectories are 
analyzed to determine capture length for various cases. 
 
4.7 Parameters and Constants for the Simulation 
   
  From data in Ref [32], the diameter of nano-drug carriers vary from about 
5 to 200 nanometer. The small drug carriers have diameter from about 5 to less than 100 
nanometer. The ferromagnetic core contain only single magnetic domain. The magnetic 
force acting on this type of particles can be expressed by Eq. (4.12). For larger drug 
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carriers, the diameters range from more than 100 to 200 nanometer. The ferromagnetic 
cores contain many magnetic domains and the magnetic force acting on the carriers 
can be expressed by Eqs. (4.10) and (4.11).  For the ferromagnetic material contained 
within the drug carriers, the magnetite (Fe3O4), which is a biocompatible material that is 
used in many biomedical applications [32, 50-51], is selected. For the ferromagnetic 
material in the wire implanted in blood vessel, we select stainless steel 409 which is the 
material used for fabricating medical stents which is used for implanted in blood vessel 
for therapy of blood vessel embolism [52].  The average velocities of blood flow in the 
vessels are assigned as 21.1 10avgV −= × and 22.2 10−× m/s [53]. Some parameters in 
the works of Avilés et al. [9] and Cregg et al. [39] are used. The parameters of 
simulation diffusive capture of drug carrier particles are summarized in Table 1. 
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Table 1: The parameters of diffusive capture simulation of drug carrier particles. 
 

Parameter Symbol Value SI Unit 
blood density bρ  1.04×103 [9] kg / ms 

blood viscosity bη  2.0×10-3 [9] kg / m3 
magnitude of average blood 

velocity 
avgV  1.0×10-2, 2.2×10-2 

[53] 
m / s 

applied uniform magnetic flux 
density across the vessel 

0B  0.1 – 0.8 [39] T 

weight fraction of magnetite in 
drug carrier particles 

fmpχ  0.4 [39] - 

density of magnetite ,fm pρ  5.05×103 [9] kg / m3 
density of polymer material in 

drug carrier particles 
polρ  9.5×102 [9] kg / m3 

saturation magnetization of  
stainless steel 409 material in 

the wire 

,W sM  1.397×106 [9] A / m 

saturation magnetization of  
magnetite 

, ,fm p sM  4.55×105 [9] A / m 

wire radius a  1.0×10-6 [39] m 
radius of drug carrier particle pb  10×10-9, 30×10-9, 

50×10-9, 70×10-9, 
100×10-9 [32] 

m 

magnetic susceptibility of SS 
409 at zero magnetic field  

,0Wχ  1.0×103 [39] - 

magnetic susceptibility of 
magnetite at zero magnetic field 

, ,0fm pχ  1.0×103 [39] - 

 



CHAPTER V 
 

Results and Discussions 
 
  In this chapter, we present and discuss the simulations results of micro- 
and nano-particles capture in high gradient magnetic field described in Chapter III and 
Chapter IV.  
 
5.1 The Capture of Weakly Magnetic Micro-Particles by An Assemblage of 
Random Wires in Axial Magnetic Filters 
 
  The theoretical analysis and computational procedure described in 
Chapter III are used for simulating the capture of weakly magnetic micro-particles by an 
assemblage of random wires in axial magnetic filters. As stated in Chapter III, we 
generalize the single-wire model to the case of multi-wires model. Capture behavior of a 
representative wire is investigated by considering the magnetic and fluidic effects from 
neighboring wires that are not taking into account in the single-wire model.  Three main 
parameters of the study are the packing fraction  F  of cylindrical wires in an axial 
magnetic filter, the normalized filter length defined in Chapter III, and fluid entrance 
velocity  0V . Our results are compared with those obtained by the single-wire model. 
The limit and basic criterion of validity of the single-wire model is discussed. Finally, we 
apply our study to predict the efficiency of macro-scale axial filters used for capturing 
red and white blood cells from whole blood. 
 
  5.1.1 Capture Cross-Sections of the Single-Wire and EMT Models 
   
  For both single-wire and EMT models, capture cross-section can be 
determined by analyzing particle ,s trajectories from the time that particle enters the filter 
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until it is captured within the filter or escapes the filter. For the single-wire model, capture 
cross-section was bounded by an isotelic curve which was defined as the locus of 
starting position of particles that were captured at the end of the filter. Figure 5.1 shows 
an example of isotelic curve and some corresponding particle , trajectories for aL = 400 
obtained by using the single-wire model.  In Fig. 5.1, the boundary of capture cross-
section (line number 1) is the isotelic curve corresponding to aL = 400.  
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.1: The capture cross-section of the single-wire model and corresponding 
particle , trajectories for aL = 400. 
 
For the case of EMT model, the boundary of capture cross-section is limited by the 
boundary of fluid envelope. Particles that have starting positions on the boundary of 
capture cross-section are not necessary to be captured at the end of the filter. We 
determine the capture cross-section for the EMT model by considering on a plane 
perpendicular to wire axis at filter entrance. We use the coordinates  ,ar   on this 
plane. Then we select, for each value of angular coordinate  , the radial coordinate 

1/ar F  that causes the particle to be captured at maximal distance within 
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normalized filter length aL .  Figure 5.2 shows an example of capture cross-section from 
the EMT model and some corresponding particle , trajectories for the case of aL = 400, 
F = 0.05, and cK  = 0.8 ( cK was define under Eq. (3.1) of Chapter III).  
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.2: The capture cross-section of the EMT model and corresponding particle , 
trajectories for aL = 400 and F = 0.05.  
 

5.1.2 Comparisons of Capture Cross-Sections of the Single-Wire and  
EMT Model 
 
  Since the EMT model is the generalization of the single-wire model to the 
cases of higher packing fraction, the results obtained from two models should close to 
each other for low packing fraction limit or 0F  . Figure 5.3 (a) and (b) show the 
comparison of capture cross-section of two models for the dilute and higher packing 
fraction cases, respectively. In Fig. 5.3 (a), the parameters are F = 0.01,  aL = 400 and 

cK  = 0.8. The horizontal and vertical axes are distances normalized by the wire radius, 
/ax x a  and /ay y a . It is seen that two models provide an identical capture cross-

section. Consequently, the result of the EMT model reduced to that of the single-wire 
model in the dilute limit and a relatively low magnetic field or a relatively high fluid flow 
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velocity.  This comparison contributes to supporting the validity of the EMT model and 
also confirms the single-wire model result of Gerber [19].  

In Fig. 5.3 (b), we consider the case of higher packing fraction,  
F = 0.05, the fluid cell boundary (dotted line) in unit of wire radius  a  is  1/ F  = 
4.472. The higher packing fraction means the closer distance between wires in the filter. 
Consequently, the magnetic effect from other wires on the capture of the representative 
wire becomes significant and the EMT model predicts a significantly different result from 
the single-wire model where the effect of neighboring wires is neglected. For the single-
wire model, the capture cross-sections of adjacent wires overlap with each other which 
yield a large and overestimated total capture cross-section area and so the efficiency of 
the filter is also overestimated. In contrast, the capture cross-section from the EMT 
model is bounded by the fluid envelope, since the magnetic force is zero outside the 
fluid envelope, and the overlapping does not occur.   

Figure 5.4 shows the capture cross-section area, obtained by integrating  
the area bounded by the capture cross-section boundary, based on the EMT model for 
F  = 0.01, 0.07, 0.10 and cK  = 0.8 for varying normalized filter length ( aL ). In dilute 
limit, F  = 0.01, the capture cross-section increases monotonically with aL . This 
confirms the result of Gerber [19] where the magnetic field was calculated using the 
single-wire approximation. At the higher packing fraction F  = 0.07 and 0.10, the 
saturation of the capture cross-section area is observed in agreement with the 
experimentally observed saturation of filter efficiency [54].  
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                                                                (a) 
 
 
 
 
 
 
 
 
 
 
 
 
                                                                 
                                                                (b) 
Figure 5.3: Comparison between the capture cross-section areas obtained from the  
single-wire and the EMT models for a packing fraction  F  of  (a) 0.01 and (b) 0.05  
with a fixed aL  = 400 and cK  = 0.8.  
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Figure 5.4: Comparison between capture cross-sections areas of the EMT model for  
F  = 0.01, 0.07 and 0.10 with cK  fixed at 0.8. 
 

5.1.3 The Effect of Packing Fraction on Magnetic Field in 
Representative Cell. 

 
The packing fraction F affects the magnetic field, as seen in the factor  

 1/ 1 cA FK   in Eq. (3.1) of Chapter III. So it is important to investigate the effect of 
F on the capture cross-section area.   Figure 5.5 shows the variation of factor 2A , 
which appears in Eqs. (3.6a) and (3.6b), with the packing fraction F  and cK  as 
parameters. The value of cK  depends on the material of the wire (such as stainless 
steel or nickel). The relative permeability of the wire is in the order of 102 (600 for Nickel 
[55] and 409 for SS430 [55]) and so cK  ranges from 0.8 to 0.99.  From Fig. 5.5, it is 
seen that the magnetic effect from the neighboring wires becomes significant, this 
means the factor 2A  is significantly more than 1, when the packing fraction exceeds 0.1 
for both values of cK .  
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Figure 5.5:  The variation of factor 2A  with the packing fraction F . 

 

  5.1.4 The Criterion of Validity of The Single-Wire Model 

It is seen in Figs. (5.3a), (5.3b) and 5.4 that the single-wire model  
approximation for the magnetic field can be used to predict the capture cross-section 
only in the limited range of parameters ( F  and aL ). We, therefore, report in Fig. 5.6 a 
guidable criterion of the validity of the single-wire model for cK  = 0.8 and 0.99 in the 
range of packing fraction F  from 0.01 to 0.50. Let *

aL  be the bound value of aL  within 
which the single-wire approximation is still applicable. *

aL  is defined as the value of aL  
for  which the corresponding capture cross-section area begins to reach the boundary 
of the fluid tube for a given value of packing fraction F . The single-wire model is valid 
when the coordinates of the packing fraction F  and aL  (corresponding to a set of 
operating parameters, such as the applied magnetic field 0H , fluid entrance velocity 

0V , wires packing fraction F , the filter length l ) locate under the curve of *
aL  versus F , 
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as shown in Fig. 5.6. It is seen that, the values of *
aL  for different values of cK  deviated 

from each other when the packing fraction is larger than 0.1. Consequently, the 
magnetic effect from neighbouring wires on the magnetic field of the representative wire 
is significant when the packing fraction is more than 0.1. This behavior is consistent with 
the behavior of factor 2A  as shown in Fig. 5.5, In Fig. 5.6, higher cK  values give a 
lower *

aL  for a given value of packing fraction. This behavior is reasonable since the 
wire made from a material with a higher relative permeability produces a higher 
magnetic effect. 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 5.6:  A guidable criterion of validity of the single-wire model for cK  = 0.80 and  
0.99. 
 
  5.1.5 The Application of EMT Model for Prediction of Capture Efficiency 
of Proposed Macro-Scale Axial Magnetic Filter Used for Capture Red and White Blood 
Cells from Whole Blood. 
 

The EMT model for the axial magnetic filter was next applied to predict  
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the efficiency of the capture of red blood cells (RBCs) and white blood cells (WBCs) 
from whole blood using a proposed macro-scale axial magnetic filter. The proposed 
macro-scale axial magnetic filter is modeled as a glass tube of 2.0 cm internal diameter, 
which is similar to that used in the experiment of Ref. [56]. The filter consistes of an 
assemblage of randomly distributed and parallel stainless steel wires (hence cK  = 
0.99) of the average radius a  = 12.5×10-6 m [56]. The filter length is l  = 10 cm hence 

/al l a  = 8000. The wire volume packing fraction is F  = 0.10. The values of relative 
magnetic susceptibilities of RBCs and WBCs respect to plasma from Ref. [57], 

RBC plasma   = +3.8810-6, WBC plasma   = 1.310-6, respectively, are used. The 
magnitudes of entrance velocities ( 0V ) of blood are 0.1 and 1.0 mm/s.  

Figure 5.7 shows the predicted capture efficiency of RBCs for the  
magnetic flux density 0B  up to 0.2 T. It is seen that the efficiencies are saturate at about 
85 %, for both values of 0V  (0.1×10-3 and 1×10-3 m/s). The saturation of capture 
efficiency is caused by the saturation of capture cross-section areas, can be seen in 
Fig. 5.3(b) and Fig. 5.4,  since the capture cross-section areas are only within the region 
of attractive force and they are bounded by the fluid tube boundary. Consequently, the 
capture cross-section area could not grow further when it fully occupied the region of 
attractive force. By comparing our results with that of the experiments demonstrated in 
Refs. [24], the 85%  predicted efficiency of RBCs capture by the proposed macro-scale 
axial magnetic filter is a little less than 91.1% [24] and 89.7 % [23] RBCs separation 
efficiency of micro-scale axial magnetic filter for 0V  = 0.1×10-3 m/s and 0B  = 0.2 T.  If 

0V  =  0.1 mm/s then the rate of blood volume flow through the proposed filter is about 
113 mL/hr. The flow rate of blood could be increased to about 1130 mL/hr if 0V  was 
increased to 1.0 mm/s. 

Figure 5.8 shows the efficiency of WBCs capture from whole blood for  
the same parameters as that in Fig. 5.7 but the range of 0B  is extended to 0.6 T to 
present saturation behavior of capture efficiency for both values of 0V .  It is seen that 
the saturation efficiencies for both values of 0V  are 78.5 %. For 0V  = 0.1 mm/s, the 
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predicted 78 % capture efficiency at 0B  = 0.2 T (dashed line of F = 0.1) is comparable 
to that reported in the experiments of Refs [23] and [24].  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 5.7:  The efficiency of RBCs capture from whole blood for F  = 0.10 and 0.20,  

cK  = 0.99, 0V = 0.1 and 1.0 mm/s. 
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Figure 5.8:  The efficiency of WBCs capture from whole blood for F  = 0.10 and 0.20, 

cK  = 0.99, 0V  = 0.1 and 1.0 mm/s. 
 
5.2 The Capture of Ferromagnetic Nano-Particles by Ferromangetic Wires in 
Blood Vessel 
   
  We investigate the capture of ferromagnetic nano-particles by a 
representative wire confined within certain region in blood vessel. The objectives are to 
explain the behavior of nano-particle capture and to examine the feasibility and the 
efficacy of implant assisted-magnetic drug targeting using micro-ferromagnetic wires for 
targeting ferromagnetic nano-drug carriers to certain region in blood vessel. 
  In the research, we investigate the effects of the strength of an external 
uniform magnetic flux density ( 0B ) across the considered region, the size of nano-drug 
carrier ( pb ), and the magnitude of average blood velocity ( avgV ) on capture behavior 
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and targeting efficacy. From parameters shown in Table 1 of Chapter IV, the values of 

,fm p  = 5.05 103 kg/m3, ,pol p  = 9.5102 kg/m3 and ,fm p = 0.4 are used for 
calculating the average density of a nano-drug carrier by using the relation [34] 
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,                                         (5.1) 

 

and we obtain p = 1.406103  kg/m3.  
  For all cases of simulation, the transverse mode of nano-particle capture 
is considered. The wire is magnetized by the uniform magnetic flux density normal to its 
axis and the direction of the incoming blood flow is perpendicular to the direction of 
uniform magnetic flux density.  The initial concentration of nano-drug carriers is 
assigned as zero everywhere in the considered region.  The value of nano-drug carrier 
volume concentraton in blood flow that enters the considered region is assigned as inC  

= 4.410-5  [29]. By using the average density of a nano-drug carrier p = 1.406103  

kg/m3, the volume concentration inC  = 4.410-5 is equivalent to the ratio of nano-drug 
carrier weight per  blood volume of 6.2 mg/ml which is in the same order of magnitude 
as those in clinical experiment in human (10 mg/ml) [33] and in-vitro experiment 
 (5 mg/ml) [38]. 
  To estimate the saturation concentration of the simulation, we use the 
guiding data from experiment [29]. The work of Takayasu et al. [29] performed the 
experiment of the capture of nano-magnetite particles dispersed in both static and 
flowing water by a ferromagnetic wire in high gradient magnetic field. For the case of 

static water, the initial volume concentration was varied from 9.010-6 to 1.810-4 and 

saturation concentration for all cases is about the same as 6.510-3. For the case of 

flowing water, the initial volume concentration was 1.810-4 and the flow velocities were 
0.36 and 1.8 mm/s. It was observed that the saturation concentration increased with 

increasing flow velocity and was larger than that of the static water case (6.510-3). 
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Because the average blood velocities in this research (1.1 and 2.2 cm/s) are larger than 
the values used in the work of Takayasu et al. [29] then we use the saturation 

concentration for static fluid case 6.510-3 as lower bound of saturation concentration in 
our simulations.  
 

5.2.1 The Behavior of Diffusive Capture of Nano-Drug Carriers 
 
  To investigate the behavior of diffusive capture of nano-drug carrier 
particles by micro-wire, we simulate the continuity equation for the concentration of 
nano-drug carriers in the blood stream. The considered nano-drug carriers have radius 

of 1010-9 m. Each nano-drug carrier consists of magnetite and polymer with attached 
drug molecules. The weight fraction of magnetite in drug carrier is ,fm p  0.4. The 

magnetite has density of ,fm p  5.05103 kg/m3 and saturation magnetization 

, ,fm p sM   4.55105 A/m.  The polymer and attached drug molecules are assumed to 

have the density of pol  9.5102 kg/m3.  The wire used for the capture of nano-drug 

carrier particles is considered made of stainless steel 409  of  which radius a 1.010-6 

m and saturation magnetization ,W sM   1.397106 A/m.  The nano-drug carriers are 

carried into the considered region by blood stream of average velocity avgV   2.210-2 
m/s which is the value of average blood velocity in venules [53]. The density of blood is 

b  1.04103 kg/m3 and blood viscosity is b  2.010-3 kg/m3.  We consider the 
capture behavior of nano-drug carrier particles when the strengths of uniform magnetic 
flux density across the considered region are 0B  = 0.1, 0.5, and 0.8 T.   Figures 5.9, 
5.10 and 5.11 illustrate the steady state distribution of relative concentration ( / inC C ) in 
region near to the representative wire surface for the case of 0B = 0.1, 0.5 and 0.8 T, 
respectively. In these figures, the horizontal and vertical distances are normalized by the 
wire radius.  The magnetic flux density 0B


 is in positive ax  direction while the incoming 

blood flow is in negative ay  direction. The figures show the contours of relative 
concentration, / inC C  , to specify the region where nano-particles accumulate or 
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deplete. The relative concentration is larger and lower than one in accumulation and 
depletion regions, respectively.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.9:  The relative concentration contours of nano-drug carriers in the region near 

to representative wire surface for pb  = 1010-9 m, avgV = 2.210-2 m/s, 0B  = 0.1 T,  
t  = 8.79 ms (steady state). 
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Figure 5.10:  The relative concentration contours of nano-drug carriers in the region near 

to representative wire surface for pb  = 1010-9 m, avgV = 2.210-2 m/s, 0B  = 0.5 T,  
t  = 8.79 ms (steady state). 
. 
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Figure 5.11:  The relative concentration contours of nano-drug carriers in the region near 

to representative wire surface for pb  = 1010-9 m, avgV = 2.210-2 m/s, 0B  = 0.8 T,  
t  = 8.79 ms (steady state). 
 
It is seen in Fig. 5.9 that for 0B  = 0.1 T, the steady state maximal relative concentration 
is only about 4 times of inC , no saturation concentration occurs and the accumulation 
region is very small. In Figs 5.10 and 5.11 where 0B  = 0.5 and 0.8 T, respectively, the 
maximal relative concentration on the wire surface reaches the saturation value which is 
about 140 times of inC . Figure 5.12 illustrates the direction of magnetic force acting on 
nano-drug carrier particles in various regions around the representative wire [58].  In 
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Figs. 5.10 and 5.11, the saturation regions appear symmetrically on the left and right 
sides of the wire surface where the magnetic force acting on nano-drug carriers in those 
regions is attractive. The region on the top side of the wire is the depletion region 
because it is the region of repulsive magnetic force. For the bottom side of the wire, it is 
observed that there exist both depletion and accumulation regions near the bottom side 
of the wire but the depletion region is very smaller than the accumulation region.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.12: The direction of magnetic force acting on nano-drug carriers in various 
regions around the representative wire [58].  
 
  Fig. 5.12 is used for describing diffusive capture behaviors on nano-drug 
carriers as seen in Figs. 5.9 to 5.11 as follows. When nano-drug carriers, carried by 
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blood flow, reach the top side of the wire they experienced the repulsive magnetic force 
and are sweep, by both repulsive magnetic force and convection by blood flow, into the 
left and right sides of the wire. Consequently, the concentration of nano-drug carriers in 
region near the top of the wire decreases and the relative concentration in that region is 
lower than one. Nano-drug carriers which are sweep into regions on the left and right 
sides of the wires experienced the attractive magnetic force that try to bring the carriers 
towards wire surface. Consider the regions very close to the wire surface, blood 
velocities in these regions are close to zero and the magnetic force acting on the 
carriers is very strong. Consequently, certain amounts of nano-drug carriers are 
accumulate on the wire surface and the concentration on the wire surface increase very 
fast above the value of inC .  For the nano-drug carriers at farther region from wire 
center, the strength of the magnetic force decrease but the effects of convection by 
blood flow and diffusion from region of higher concentration increase. So concentration 
of nano-carriers in this region increases slower but the carriers still accumulate in this 
region. Consider the bottom side of the wire, transportation of nano-drug carriers into 
this region is mainly caused by the diffusion from regions of higher concentration in left 
and right sides of the wire and the convection by blood flow. The nano-drug carriers 
entering the region at bottom of the wire experienced the repulsive magnetic force. 
Certain amounts of the carriers are repelled directly away from the wire surface in the 
direction 3 / 2  radian. There are some amounts of the carriers repelled and are 
transported into adjacent directions on the left and right sides of direction 

3 / 2  radian. This behavior causes the concentration of the carries on the bottom 
surface of the wire decrease and small depletion region occurs adjacent to bottom 
surface of the wire. In the regions more far from the bottom surface of the wire, the 
amount of carriers repelled from wire surface combine with the amount of carriers 
diffuse from neighbouring regions of higher concentration so the concentration in these 
far regions increase and accumulation regions occur. As time evolves, the nano-drug 
carriers are continuously supplied into the considered region. The concentration in the 
regions of attractive magnetic force on the left and right sides of wire surface increase 
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continuously until it reach the saturation concentration at which the flux of nano-drug 
carriers attracted into the region balance with the flux of the carries diffuse  and carried, 
by blood convection, out of the region and the static buildup occurs.   
  To investigate time evolution of capture behavior, we observe Figs 5.13, 
5.14 and 5.15 which show radial concentration distribution in the direction of   = 0 
radian at times t  = 1.54, 1.76, and 8.79 ms (steady state), respectively, compared 
between the cases of 0B = 0.1, 0.5 and 0.8. The direction   = 0 radian is on the right 
side of wire surface (see Fig. 4.2 for the angle  ) and the magnetic force is attractive in 
this direction.   In Fig. 5.13 where 0B = 0.1, it is seen that the concentration near to wire 

surface is lower than inC  = 4.410-5. This can be described that at t  = 1.54 ms the 
stream of nano-particle just firstly reach to the side surfaces of the wire (in the directions 
 = 0 and   radian) but particle transport due to blood convection in region near to 
wire surface (1 ar 1.4) is very small since blood velocity decrease monotonically to 
zero in this region and the magnetic effect for attracting particles towards wire surface is 
rather small because of the small value of 0B . The dominant mechanism that transport 
particle into region near to wire surface is diffusion since the levels of concentration are 
highly different. The situations for 0B = 0.5 and 0.8 T are different. Increasing the value 
of 0B  from 0.1 T to 0.5 and 0.8 T causes the stronger attractive magnetic force. 
Consequently, it is observed that the concentration levels in region near to the wire for 

0B = 0.5 and 0.8 T are higher than the case of 0B  = 0.1 T.  For 0B = 0.8 T, the attractive 
magnetic force is high enough to increase the concentration on wire surface ( ar =1) to 

further value of about 1.510-3 which is higher than inC  = 4.410-5. 
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Figure 5.13:  The radial concentration distribution of nano-drug carriers in direction  = 

0 radian at t  = 1.54 ms for pb  = 1010-9 m, avgV = 2.2 cm/s, 0B  = 0.1, 0.5 and 0.8 T. 
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Figure 5.14:  The radial concentration distribution of nano-drug carriers in direction  = 

0 radian at t  = 1.76 ms for pb  = 1010-9 m, avgV = 2.2 cm/s, 0B  = 0.1, 0.5 and 0.8 T. 
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Figure 5.15:  The radial concentration distribution of nano-drug carriers in direction  = 

0 radian at t  = 8.79 ms for pb  = 1010-9 m, avgV = 2.2 cm/s, 0B  = 0.1, 0.5 and 0.8 T. 
 
  In Fig. 5.14, at t  = 1.76 ms it is seen that the concentration levels in 
region near to wire surface increase from the initial value equal to zero for all value of 0B . 
This is because nano-drug carrier particles are carried continuously toward the wire by 
blood stream and all mechanisms (diffusion, convections due to blood stream and  
magnetic drift velocity) work along together. For 0B  = 0.1 and 0.5 T, the concentration 
levels on wire surface are increased from the values at t  = 1.54 ms in Fig. 5.13 about 10 
and 50 times, respectively. For 0B = 0.8 T, the concentration level on wire surface 
reaches to the saturation level which is about 140 times of inC  due to the increasing 
magnetic force with increasing 0B and the  high magnetic field gradient in this region 
( = 0 radian). 
  In Fig. 5.14, at t  = 8.79 ms at which the steady state is reached, The 
values of 0B  = 0.5 and 0.8 T can cause saturation concentration on the wire surface 
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with satC   6.510-3  which is about 140 times of inC . For the value of 0B  = 0.1 T, the 
concentration on the wire surface in direction  = 0 radian is only about 4 times of inC .  
  Figures 5.16, 5.17 and 5.18 show radial concentration distribution in the 
direction of   = / 2  radian (top surface of the wire) at times t  = 1.54, 1.76, and 8.79 
ms (steady state) compared between the cases of 0B = 0.1, 0.5 and 0.8.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.16:  The radial concentration distribution of nano-drug carriers in direction  

  = / 2  radian at t  = 1.54 ms for pb  = 1010-9 m, avgV = 2.2 cm/s, 0B  = 0.1, 0.5 and  
0.8 T. 
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Figure 5.17:  The radial concentration distribution of nano-drug carriers in direction  

  = / 2  radian at t  = 1.76 ms for pb  = 1010-9 m, avgV = 2.2 cm/s, 0B  = 0.1, 0.5 and 
0.8 T. 
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Figure 5.18:  The radial concentration distribution of nano-drug carriers in direction  

  = / 2  radian at t  = 8.79 ms for pb  = 1010-9 m, avgV = 2.2 cm/s, 0B  = 0.1, 0.5 and 
0.8 T. 
 
  In Fig. 5.16, it is seen that the concentration level on the wire surface 
decreases when 0B  is increased. This can be described that at t  = 1.54 ms the stream 
of nano-particles has already reach the top surface of the wire. However, the incoming 
particles experienced repulsive magnetic force and the larger 0B  provides the stronger 
repulsive magnetic force. Consequently, the value of 0B = 0.8 T causes nano-particle 
near to wire surface to be transported into other region larger than the cases of 
smaller 0B .  
  In Figs. 5.17 and 5.18, as time increased to t  = 1.76 ms and 8.79 ms 
(steady state), it is observed that the concentration levels on the wire surface and in 
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region near to wire surface are increased for all case. This is because nano-particles are 
continuously carried towards the top surface of the wire by blood stream. Although the 
incoming particles experienced repulsive magnetic force, the amount of nano-particles 
carried towards the wire by blood convection and diffusion is larger than that repelled 
away from wire surface.  
  Figures 5.19, 5.20 and 5.21 show radial concentration distribution in the 
direction of   = 3 / 2  radian (bottom side of wire surface) at times t  = 1.54, 1.76, and 
8.79 ms (steady state) compared between the cases of 0B = 0.1, 0.5 and 0.8.   
 
 
   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.19:  The radial concentration distribution of nano-drug carriers in direction 

   = 3 / 2  radian at t  = 1.54 ms, pb  = 1010-9 m, avgV = 2.2 cm/s, 0B  = 0.1, 0.5 and 
0.8 T. 
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Figure 5.20:  The radial concentration distribution of nano-drug carriers in direction  

  = 3 / 2  radian at t  = 1.76 ms, pb  = 1010-9 m, avgV = 2.2 cm/s, 0B  = 0.1, 0.5 and 
0.8 T. 
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Figure 5.21:  The radial concentration distribution of nano-drug carriers in direction  

  = 3 / 2  radian at t  = 8.79 ms, pb  = 1010-9 m, avgV = 2.2 cm/s, 0B  = 0.1, 0.5 and 
0.8 T. 
 
  In Fig. 5.19, it is observed that the concentration at outer downstream 

boundary of considered region ( ar  = 10) is very lower than the value of inC  = 4.410-5. 
This is because at  t  = 1.54 ms, blood stream just firstly fill the considered region so 
very small amount of nano-particles reaches the downstream boundary. In region near 
to the wire surface (1 ar   2), it is noted that the concentration is very lower than that 
in the region near to the downstream boundary. This is because the blood velocity in 
vicinity of the wire decreases to zero so particles that travel in region far from the wire 
reach the downstream boundary before particles that travel in region close to the wire 
reach the bottom surface of the wire. The differences between concentration on the wire 
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surface is caused by the repulsive magnetic force.  The lower value of 0B  yields the 
higher value of concentration because of the weaker repulsive magnetic force that tries 
to push the particles away from the wire.   
  In Fig. 5.20, as time progress from t  = 1.54 ms to t  = 1.79 ms, the 
similar behaviors of radial concentration distribution are observed. However, the 
concentration levels at  downstream boundary are increased because particles are 
continuously entering considered region. Concentration in region near wire surface also 
increases because of the amount of incoming particles caused by blood convection and 
diffusion from the region of higher concentration is higher than the amount of particles 
repelled away from wire surface. 
  In Fig. 5.21 at t  = 8.97 ms (the steady state), it is seen for all cases that 

the concentration level on wire surface is smaller than the value inC  = 4.410-5.  For 0B  
= 0.1, the concentration level in region a little farther from the wire surface is slightly 

more than inC  = 4.410-5 and the concentration level decrease to the value inC  in 
farther region up to the outer downstream boundary. For the case of 0B  = 0.5 and 0.8 T, 
the concentration level on the wire surface is very smaller than inC  then in the adjacent 
region the concentration level is higher than the value inC  and then decrease 
monotonically to a certain value larger than inC . This behavior can be described that 
the repulsive magnetic force pushes particles away from the wire and, in the same time, 
other amounts of particles are transported, by diffusion and blood convection, from the 
left and right surface of the wire to the bottom surface then these two amounts of 
transported particle combine together and cause the increasing of concentration level 
beyond the value inC . Nano-drug carries in the region of relative concentration higher 
than 1 are then transported to farther region on the downstream side.  
 

5.2.2 Interception Capture of Nano-Drug Carriers 
   
  Beside the diffusive capture which is investigated in section 5.2.1, there 
is also the capture of nano-particles by interception where only effects of convections by 
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blood flow and magnetic drift velocity are considered. Figure 5.22 shows the trajectories 
of nano-drug carriers of 10 nanometer radius in region around the representative wire. 
The magnitude of blood average velocity is 2.2 cm/s and the magnitude of uniform 
magnetic flux density across the considered region is 0.8 T. All other parameters are the 
same as indicated in section 5.2.1.   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 5.22:  The trajectories of nano-drug carriers of radius pb  = 1010-9 m for the 
case of  avgV = 2.2 cm/s and 0B  = 0.8 T. 
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In Fig. 5.22, it is seen that the regions that particle trajectories terminate on the wire 
surface are consistent with the saturation regions shown in Fig. 5.11. However, the 
interception does not occur at the accumulation regions near to the bottom surface of 
the wire and the trajectories show that particles which do not intercept with wire surface 
will escape the considered region.   This result shows the significant effects of nano-
drug carriers diffusion and also convection by magnetic drift velocity that provide 
significant contribution to the existence of accumulation region near to wire surface on 
downstream side. 

 
5.2.3 The Efficacy of Capturing Nano-Drug Carriers  

 
We investigate the feasibility and the efficacy of implanted assisted- 

magnetic drug targeting (IA-MDT) using ferromagnetic micro-wires for capturing 
ferromagnetic nano-particles in blood vessel, Moreover, we examine the capability of 
using IA-MDT for increasing the concentration of nano-drug carrier within the 
considered region. 

For interception capture, we determine the normalized capture length,  
denoted by caR , which is the capture length (defined in section 4.6 of Chapter IV) 
normalized by wire radius The efficacy of interception capture is indicated by the 
relative capture length, denoted by c , which is the ratio of total capture length and the 
diameter of simulation domain.  
 

                                 total capture length

characteristic length of the simulation domainc  .                (5.4) 

 
In Eq. (5.4), the characteristic length is the diameter of simulation domain. It is observed 
that the problem is symmetry relative to ay  axis so the capture length should be 
symmetry relative to ay  axis too. Let caR  be the normalized capture length measured 
from ay  axis in positive ax  direction then we can expressed c as 
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R

D
  ,                                                   (5.5) 

 
where aD  is the diameter of simulation domain normalized by wire radius. 
  To determine the efficacy of nano-drug carriers based on diffusive 
capture, we consider saturation region where nano-drug carriers accumulate densely 
and the static buildup exits because the incoming and outgoing particle fluxes are 
balanced. We calculate the ration between the volume of nano-drug carriers captured 
within saturation region and total volume of nano-drug carriers in the simulation domain 
denoted by satP [31],   
 

                      volume of nano-drug carriers in saturation region

total volume of nano-drug carriers in simulation domainsatP  .       (5.6) 

 
Moreover, we also calculate the average concentration of nano-drug carriers in 
simulation domain to investigate the capability of using the technique of IA-MDT to 
increase the average concentration of nano-drug carriers within the target site. 
 

5.2.4 Capture Efficacy and Average Concentration of Nano-Drug  
Carriers in Simulation Domain for Varying 0B  
 
  We consider the capture of nano-drug carriers of 10 nanometer radius in 
blood stream of 2.2 cm/s average velocity while the value of 0B  is varied from 0.1 to  
0.8 T.  All other parameters are the same as indicated in section 5.2.1.  Table 2 shows 
the data of satP , caR , c  and relative average concentration of nano-drug carriers in 
simulation domain ( /avg inC C ) for various value of 0B .  

From Table 2, it is seen that satP  and c  increase monotonically with  
increasing 0B . It is observed that satP equal to zero when 0B  = 0.1 and 0.2 T.  For 
capture by interception, the values of 0B  = 0.1 and 0.2 T cause very small amount of 
nano-drug carriers to be retained on wire surface and c is not zero which is different 
from the result of diffusive capture. For diffusive capture, the same values of 0B are not 
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strength enough to cause static buildup (or saturation region) on wire surface since the 
convection by magnetic drift velocity does not overwhelm particle diffusion when nano-
drug carriers try to attach on the wire surface.  For 0B larger or equal to 0.3 T, satP  is 
larger than c for all cases. This behavior can be described as follows. For nano-drug 
carriers that moving near to wire surface within the range of capture length, it is 
captured on the wire surface. For nano-drug carriers that moving in regions beyond the 
range of capture length where the convection by magnetic drift velocity does not 
overwhelm the convection by blood flow, they are not retained statically on the wire 
surface but form accumulation regions near to the bottom side of wire surface.  At the 
bottom side of wire surface, magnetic force acting on nano-drug carriers is repulsive. 
 

Table 2: The data of satP , caR , c , and /avg inC C  for the case of pb  = 1010-9 m,  

avgV = 2.2 cm/s, 0B  = 0.1 to 0.8 T. 
 

0B (T) 
satP  caR  c  /avg inC C  

0.1 0.00 0.008 8.010-4 1.003 

0.2 0.00 0.014 1.410-3 1.05 

0.3 3.910-2 0.019 1.910-3 1.17 

0.4 7.010-2 0.025 2.510-3 1.21 

0.5 9.310-2 0.029 2.910-3 1.25 

0.6 1.110-1 0.034 3.410-3 1.27 

0.7 1.310-1 0.038 3.810-3 1.30 

0.8 1.410-1 0.043 4.310-3 1.31 

 
In the direction 3 / 2   radian, the magnetic force repels nano-drug carriers directly 
away from wire surface. In adjacent directions on the left and right sides of 

3 / 2  direction, magnetic force sweeps nano-drug carriers toward left and right 
sides. Consequently, nano-drug carriers in accumulation regions near the bottom side of 
the wire are sweep back into the region of capture length so they have certain chance to 
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be re-captured within the region of static buildup. Beside the action of magnetic force, 
diffusion also cause nano-drug carriers in accumulation region near to wire bottom 
surface to be transported back into the region of attractive magnetic force and increase 
the amount of the carriers that are captured within the region of static buildup.  

Figure 5.23 shows the variation of average concentration, relative to inC ,   
of nano drug carriers at t  = 8.79 ms (steady state) versus 0B .  It is seen that the values 
of 0B  lower than 0.3 T do not cause significant increasing of average concentration 
above inC . The average concentrations are only about 0.0 % and 5.0 % higher than inC  
for 0B  = 0.1 and 0.2 T, respectively. The average carrier concentrations are significantly 
higher than inC  when the values of 0B  higher or equal to 0.3 T. The average 
concentrations of nano-drug carriers are higher than inC  from 16% up to 31% for 0B  
from 0.3 T up to 0.8 T.    
 
    
   
 
 
 
 
 
 
 
 
 
 
 
 

Figure 5.23: The variation of /avg inC C  versus 0B  for the case of pb  = 1010-9 m, 

avgV = 2.2 cm/s, t  = 8.79 ms (steady state).   
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From Table 2 and Fig. 5.23, it is seen that although the values of satP  and c  are looked 
like very small, it is feasible to significantly increase the average concentration of nano-
drug carriers around the magnetic drug target higher than the value of injected 
concentration inC . These predicted results response to the major objectives of magnetic 
drug target: to confine the injected nano-drug carries within restricted regions and 
increase the concentration of nano-drug carriers within the region so iit is possible to 
reduce the injected doses of nano-drug carriers. Consequently, the concentration of 
escaping nano-drug carries can be reduced until it can not cause potential toxicities on 
other organs.     
 

5.2.5 Capture Efficacy and Average Concentration of Nano-Drug  
Carriers in Simulation Domain for Varying avgV  

 
We consider the effect of blood average velocity on capture efficacy of  

nano-drug carriers and the value of average concentration of nano-drug carriers in 
simulation domain.  The radius of nano-drug carriers is assigned as 10 nanometer, the 
values of 0B  are in the range from 0.1 to 0.8 T and the magnitudes of average blood 
velocity are 1.1 and 2.2 cm/s.  All other parameters are the same as indicated in section 
5.2.1.  Table 3 shows the data of satP , caR , c  and /avg inC C  for various 0B  when avgV  
= 1.1 cm/s.  

Figure 5.24 shows the comparison of satP  between avgV  = 1.1 and  
2.2 cm/s. It is seen that, for the same value of 0B , satP  increases when the average 
velocity of blood in considered region is reduced. However, the value of 0B  = 0.1 T is 
still not enough to create static buildup or saturation concentration on wire surface. It is 
noted that the value of 0B  = 0.2 T can create static buildup on wire surface for avgV = 1.1 
cm/s while the situation does not exist for avgV = 2.2 cm/s.  
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Table 3: The data of satP , caR , c , and /avg inC C  for the case of pb  = 1010-9 m,  

avgV = 1.1 cm/s, 0B  = 0.1 to 0.8 T. 
 

0B (T) 
satP  caR  c  /avg inC C  

0.1 0.00 0.014 1.410-3 1.004 

0.2 1.710-2 0.025 2.510-3 1.14 

0.3 6.310-2 0.034 3.410-3 1.23 

0.4 9.610-2 0.043 4.310-3 1.27 

0.5 1.210-1 0.051 5.110-3 1.30 

0.6 1.410-1 0.059 5.910-3 1.32 

0.7 1.610-1 0.066 6.610-3 1.35 

0.8 1.710-1 0.073 7.310-3 1.37 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.24: The comparison of satP  between avgV  = 1.1 and 2.2 cm/s for the case of  

pb  = 1010-9 m, 0B  = 0.1 to 0.8 T. 
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The results in Table 3 and Fig. 5.24 can be described that the effects  
of diffusion and convection due to magnetic drift velocity is more significant when they 
are compared with the effect of convection due to blood flow for lower average blood 
velocity. Consequently,  caR  and c  increase as seen by the comparison between data 
in Tables 2 and 3 and the influence of diffusion and convection due to magnetic drift 
velocity in regions near to the bottom side of wire surface becomes more significant 
compared with that of convection by blood flow. As a result, the nano-drug carriers in 
accumulation region near wire bottom side are better re-transported into regions within 
capture length.  

Figure 5.25 shows the comparison between average concentration of nano- 
drug carriers for avgV  = 1.1 and 2.2 cm/s at t  = 8.79 ms (steady state).   
 
   
 
 
 
 
 
 
 
 
 
 
 
Figure 5.25: The comparison of /avg inC C  between avgV  = 1.1 and 2.2 cm/s for  

pb  = 1010-9 m, 0B  = 0.1 to 0.8 T, t  = 8.79 ms (steady state). 
 
In Fig. 5.25, it is seen that when the average blood velocity is decreased to 1.1 cm/s, the 
value of 0B  = 0.2 T can cause significant increasing of average concentration above 
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inC (the average concentration is about 14 % higher than inC ).  However, the value of 

0B  = 0.1 T still not enough to create significant increasing of average particle 
concentration in simulation domain. For 0V  = 1.1 cm/s, the concentrations are increased 
higher than inC  from 14% up to 37% for values of 0B  from 0.2 T up to 0.8 T.    
 

5.2.6 Capture Efficacy and Average Concentration of Nano-Drug  
Carriers in Simulation Domain for varying pb  

 
  It Is seen in Table 2 and 3, Figs. 5.24 and 5.25 that the value of 0B  = 0.1 
T is not high enough to create static buildup or saturation concentration on the wire 
surface and it does not significantly increase the average concentration of nano-drug 
carriers within the simulation domain. In this section, we study the effect of increasing 
the size of nano-drug carriers to compensate the low value of 0B  and investigate 
whether it is possible to capture and target nano-drug carriers within the target region of 
very small 0B . Table 4 shows the data of satP , caR , c  and /avg inC C  for 0B = 0.1 T, 

avgV  = 1.1 cm/s, t  = 3 ms, pb = 10, 30, 50, 70 and 100 nanometers. All other 
parameters are the same as indicated in section 5.2.1.  
 
Table 4: The data of satP , caR , c , and /avg inC C  for 0B = 0.1 T, avgV  = 1.1 cm/s,  
t  = 3 ms, pb = 10, 30, 50, 70 and 100 nanometers. 
 

pb  (nm) 
satP  caR  c  /avg inC C  

10 0.00 0.014 1.410-3 0.95 

30 4.210-2 0.07 7.010-3 0.99 

50 2.110-1 0.16 1.610-2 1.19 

70 2.810-1 0.20 2.010-2 1.30 

100 4.410-1 0.30 3.010-2 1.67 
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Figure 5.26 shows the variation of satP  versus pb .  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 5.26: The variation of satP with pb  for 0B  = 0.1 T, avgV = 1.110-2 m/s,  t  = 3 ms. 
 

In Fig. 5.26, it is seen that the size of nano-drug carrier should not less  
than 50 nanometer to obtain significant capture of nano-drug carriers when the strength 
of an external uniform magnetic flux density across the simulation domain ( 0B ) is low. 
The larger nano-drug carrier provides higher capture efficacy since the magnetic force, 
and also the convection by magnetic drift velocity, depends on the cube of nano-drug 
carrier radius.  

Figure 5.27 shows the values of relative concentration /avg inC C  for  
various size of nano-drug carriers. In Fig. 5.27, nano-drug carriers of 50 nanometer 
radius cause the average concentration higher than the value inC  of about 19 %. If 
radius of the carrier is increased to 70 and 100 nanometers, the average concentration 
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in considered region can be increased to values higher than inC  about 30% and 67%, 
respectively. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.27: The relative average concentration ( /avg inC C ) in considered region for 

 0B  = 0.1 T, avgV = 1.110-2 m/s, pb  = 10, 30, 50, 70, 100 nm, t  = 3 ms. 
    
  From results in Figs. 5.26 and 5.27, it is predicted that the capture of 
nano-drug carriers in the region of weak magnetic flux density is feasible by increasing 
the size of nano-drug carriers. 
 
 
   
 

 



  CHAPTER VI 
 

CONCLUSIONS 
 

In this research, the captures of micro- and nano-particles in high  
gradient magnetic field are studied. For micro-particles, we study the capture of weakly 
magnetic micro-particles by an assemblage of parallel wires randomly distributed in 
axial magnetic filters. The single-wire model of particle capture in high gradient 
magnetic separation is generalized to a range of higher packing fraction. The magnetic 
field around the representative wire previously calculated by Natenapit  [15] using the 
EMT model and the axial flow field of the viscous fluid, derived by Happel [19], relative 
to a bundle of parallel cylinders are used for magnetic and fluid laminar flow fields 
around any wires in the filter. Particle trajectories were traced numerically to determine 
the capture cross-section. Capture cross-sections are reported and compared with 
those obtained by using the magnetic field calculated from the single-wire 
approximation [16]. The limit and basic criterion of validity of the single-wire model is 
firstly represented and analyzed in this article. We also apply the EMT model to predict 
the efficiency of capturing red blood cells (RBCs) and white blood cells (WBCs) from 
whole blood in an axial magnetic filter. The feasibility of macro-scale blood cells 
separation that provides high gradient magnetic field and high efficiency is investigated.  
  For the capture of nano-particles, we firstly study implant assisted-
magnetic drug targeting using ferromagnetic micro-wires, localized instantaneously 
within a blood vessel, for capturing ferromagnetic nano-drug carriers in blood stream. 
The micro-wires are very long compared with their radii and they are very smaller than 
the considered blood vessel volume.  Therefore, diffusive capture behaviors are 
investigated in two dimension on a plane that is sliced through a representative wire,s 
cross section. Diffusion of nano-drug carriers is taken into account and particle dynamic 
is described statistically by the continuity equation. The magnetic and flow fields  
around the representative wire is approximated by the single-wire approximation for 
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dilute micro-wire in the system. The condition of blood flow is considered as a laminar 
flow of single-phase viscous fluid pass a long cylinder. The value of velocity field around 
the representative wire is obtained from numerical solution of  
Navier-Stokes, equation. Diffusive capture of nano-drug carriers is simulated by solving 
the continuity equation numerically for the given initial and boundary value of the carrier 
concentration. Then we determine the distribution of particle concentration within the 
simulation domain for varying time until the steady state. The feasibility of targeting 
nano-drug carriers to a representative wire target site in blood vessel is investigated. 
The capability of increasing average concentration of nano-drug carriers within the 
bounded region around to the wire is investigated. 
  From our study of micro-particle capture, the results obtained from the 
EMT model reduce to that obtained from the single-wire model in the limit of a very dilute 
packing fraction of the wires ( F  = 0.01) and a relatively low applied magnetic field 
strength. The results determined by using the magnetic field calculated based on the 
EMT model reasonably explain and qualitatively support the experimental result in the 
literature [50].  Since the proposed macro-scale axial magnetic filter provided relatively 
high capture efficiency. Consequently, it is feasible and useful to develop the proposed 
axial filter for therapeutic applications such as plasma separation from whole blood.  
  For the results of nano-particle capture, it is shown that diffusion process 
provides significant contribution to the capture of nano-drug carriers. Although the 
average velocity of blood flow in the vessel is in the order of centimeter per second, 
drug carriers that are very small as 10 nanometers can be significantly captured by the 
micro-wires implanted within blood vessel when the strength of uniform magnetic flux 
density ( 0B ) across the target site in the vessel is high enough (0.3 T to 0.8 T). The 
capture process progresses very rapidly and the steady state can be reach within the 
time scale of 10 ms. The average concentration of nano-drug carriers in simulation 
domain can be increased significantly higher than the value of injected concentration of 
nano-drug carriers. The efficacy of nano-drug carriers capture and the increasing of 
average carriers concentration can be increased when the average blood velocity 
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decrease or when the capture process is performed within smaller blood vessel. In the 
case that the strength of uniform magnetic flux density across the target site in blood 
vessel is very low, nano-drug carries are also significantly captured by increasing their 
sizes. From our results, when the strength of uniform magnetic flux density across the 
target site is not more than 0.1 T, the radius of nano-drug carriers should not smaller 
than 50 nanometers to achieve significant capture.  Our investigations of implant 
assisted-magnetic drug targeting of nano-drug carriers in blood vessel can provide 
useful information about the understanding of capture mechanism and dynamics of 
nano-drug carriers concentration and also the feasibility and capability of increasing 
average concentration of the carries within the area around the magnetic wire target. 
This information are hoped to provide any contributions for development of modern 
therapies of cancers and tumors for the health of people in worldwide. 
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APPENDIX A 
 

Approximating the Continuity Equation for the Elements  
Adjacent to the Impervious Surface 

  
In this research, the surface of the collector and the surface of the  

saturation regions are considered as an impervious surface. The continuity equation will 
be approximated for all element adjacent to an impervious surface. From the continuity 
equation 
 
                                                              0c J

t
∂

+ ∇ =
∂

ur ur
g .                                                 (A.1)           

 
In coordinates ( ),r θ  the term J∇

ur ur
g can be written as 

 
                                                    1r r JJ JJ

r r r
θ

θ
∂∂

∇ = + +
∂ ∂

ur ur
g  .                                        (A.2) 

 
  Consider an impervious which can be the surface of the collector or 
surface of the saturation region as shown in Figure  A.1 [59]. In the figure, the middle 
position of the element adjacent to impervious surface is specified by the symbol I  of 
which the radial coordinate Ir . The middle position of the next element in radial direction 
is denoted by 1I +  of which radial coordinate 1Ir + . The radial distance between these 
two position is r∆ .  
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             collector surface                                       r∆  
             or surface of  
            saturation region                        I                            1I +  
                                                               Ir                            1Ir +  
 
 
 
 
     Figure A.1: Impervious surface at the surface of the collector or the surface of 
                        saturation regions. 
 
  From equation (A.2), if the element adjacent to the impervious surface is 
considered then the second term equal to zero. By approximating the first term on the 
right hand side of equation (A.2), we can write J∇

ur ur
g  at the point I  in approximated form 

as 
 

                                            ( ) ( ) ( )11 r rI I
Q

J JJJ
r r

θ

θ
+ − ∂

∇ ≈ +  
∂ ∆  

ur ur
g .                             (A.3) 

 
Equation (A.3) obtained by approximating the term /rJ r∂ ∂ at point I  by the first-order 
forward difference relation. From this equation we see that ( ) 0r IJ = . By using 
expressions of rJ  and Jθ  in coordinates ( ),r θ we obtain 
 

                              ( ) ( ) 1

1 1
rI I I I

D c cJ v c D v c
r r r rθθ θ +

∂ ∂ ∂   ∇ ≈ − + + − +   ∂ ∂ ∆ ∂   

ur ur
g .         (A.4) 

 
By rearrange equation (A.4), we obtain 
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                         ( ) ( )
( )

2

2 2
1

1 1
rI I II II

v cD c cJ v c D
r r rr

θ

θθ +

   ∂∂ ∂ ∇ ≈ − + + −       ∂ ∆ ∂∂    

ur ur
g .       (A.5) 

 
Now the continuity equation (A.1) can be approximated at the point I  as 
 

                            ( )
( )

2

2 2
1

1 1
r

II II II

v cc D c cv c D
t r r rr

θ

θθ +

   ∂∂ ∂ ∂   ≈ − + −       ∂ ∂ ∆ ∂∂     
.        (A.6) 

 
When equation (A.6) is rewritten in terms of normalized radial distance ( )ar  and 
normalized time, we obtain the approximated continuity equation used in the 
computation of concentration in the element adjacent to the impervious surface as 
 

                       
( ) ( )

( )
( )

2

2 2
1

1 1 1
r

a a aI II Ia II

G cc c cG c
r r rr

θ

τ θθ +

   ∂  ∂ ∂ ∂  ≈ − + −        ∂ ∂ ∆ ∂∂     
.  (A.7)                                                         



APPENDIX B 
 

Approximating Derivatives of Functions by  
Finite-Difference Relations 

 
 Consider a continuous function of real variable x denoted by ( )f x , the 
derivative of this function with respect to x  at a certain value of its argument, ix , is 
defined as 
 

                                               ( ) ( )
0

lim i i

x

f x x f xdy
dx x∆ →

+ ∆ −
≡

∆
 .                                   (B.1)    

 
 Let us assume that f is a well-behaved function, then the derivative of f with 
respect to x  can be determined in any order. Consequently, we can write Taylor,s 
expansion of ( )f x  at a point 1kx +  which advance a point kx   with an amount x∆ in the 
domain of f  as 
 

                                 ( ) ( ) ( ) ( ) ( ) ( )
2

1 ...
2!k k k k
x

f x f x x f x f x+
∆

′ ′′= + ∆ + +    ,             (B.2) 
 
where 1k kx x x+∆ = − . 
  From equation (B.2), we can determine the first-order derivative of f with 
respect to x  at the point kx  as 
 

                                   ( ) ( ) ( ) ( ) ( )1 ...
2!

k k
k k

f x f x x
f x f x

x
+ − ∆

′ ′′= − +
∆

   .                    (B.3) 
 
  The equation (B.3) can rewritten more compactly as 
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                                     ( ) ( ) ( ) ( )1k k
k

f x f x
f x x

x
+ −

′ = + Ο ∆
∆

 ,                                    (B.4) 
 
where ( )xΟ ∆  represent the terms of order ( )x∆ and higher. We can approximate the 
first-order derivative of f with respect to x  at the point kx  as 
  

                                            ( ) ( ) ( )1k k
k

f x f x
f x

x
+ −

′ ≈
∆

,                                             (B.5) 
 
where the error of approximation is in the order ( )x∆ .  
                    The equation (B.5) is called the first-order forward difference approximation 
[60].  Now if we write Taylor ,s expansion of ( )f x  at a point 1kx −  which lag a point kx   
with an amount x∆ in the domain of f  as 
 

                              ( ) ( ) ( ) ( ) ( ) ( )
2

1 ...
2!k k k k
x

f x f x x f x f x−
∆

′ ′′= − ∆ + −  ,                  (B.6)     
 
where 1k kx x x −∆ = − . 
  From equation (B.6), we can determine the first-order derivative of f with 
respect to x  at the point kx  as 
 

                                   ( ) ( ) ( ) ( ) ( )1 ...
2!

k k
k k

f x f x x
f x f x

x
−− ∆

′ ′′= + −
∆

   .                    (B.7) 
 
The equation (B.7) can rewritten more compactly as 
 

                                    ( ) ( ) ( ) ( )1k k
k

f x f x
f x x

x
−−

′ = + Ο ∆  ∆
 .                                 (B.8) 

   
Then we obtain an alternative way to approximate the first-order derivative of f with 
respect to x  at the point kx  as 
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                                         ( ) ( ) ( )1k k
k

f x f x
f x

x
−−

′ ≈
∆

,                                                (B.9)   
 
where the error of approximation is also in the order ( )x∆ . The equation (B.9) is called 
the first-order backward difference approximation [60]. 

If equation (B.6) is subtracted from equation (B.2) we obtain 
 
                     ( ) ( ) ( ) ( ) ( ) ( )3

1 1
22 ...
3!k k k kf x f x x f x x f x+ − ′ ′′′− = ∆ + ∆ +   .               (B.10) 

 
From this equation we can determine the first-order derivative of f with respect to x  at 
the point kx  as 

                              ( ) ( ) ( )
( )

( ) ( )
2

1 1 ...
2 3!

k k
k k

f x f x x
f x f x

x
+ −− ∆

′ ′′′= − +
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 ,                    (B.11) 

or 

                               ( ) ( ) ( )
( ) ( )21 1

2
k k

k
f x f x

f x x
x

+ −−  ′ = + Ο ∆
 ∆

 .                                (B.12)     

 
  From equation (B.12), we obtain an alternative way to approximate the 
first-order derivative of f with respect to x  at the point kx  as 

 

                                                ( ) ( ) ( )
( )

1 1

2
k k

k
f x f x

f x
x

+ −−
′ ≈

∆
 ,                                   (B.13) 

 
where the error of approximation is also in the order ( )2x∆ . 
                     The equation (B.9) is called the first-order central difference approximation 
[60]. When equations (B.2) and (B.6) are added we obtain 
 

               ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )
4

2 4
1 1 2 ...

12
k

k k k k
f x

f x f x f x x f x x+ − ′′+ = + ∆ + ∆ +  .   (B.14) 
 
This equation can be rewritten as 
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                           ( ) ( ) ( ) ( )
( )

( )21 1
2

2k k k
k

f x f x f x
f x x

x
+ −− +  ′′ = + Ο ∆ ∆

,                    (B.15) 

 
where ( )2x Ο ∆   represent the terms of order ( )2x∆ and higher. We can approximate 
the second-order derivative of f with respect to x  at the point kx  as 
  

                                      ( ) ( ) ( ) ( )
( )

1 1
2

2k k k
k

f x f x f x
f x

x
+ −− +

′′ ≈
∆

,                             (B.16) 

 
where the error of approximation is in the order ( )2x∆ .  The equation (B.16) is called the 
second-order central difference approximation [60]. These approximations are used in 
Chapter IV of this research. 
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