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3.1 Corpound Statenents.

Arbitary Statepents Ay Dy O, R
Négaticn ("noti') |
Conjunciion (Mand ) A
TMisjunction (Mor'} V

Formation rales,

’,

A dis a2 statement {(“not A"},

AAH is a compound statemeat (MA and BM),

AV E iz a conpound statement (A or Bi),

A and B ure called the constituent staterznts of the com-

pound stalbeneats AAD and AvwB.

Examvles of interpretation.

Suppose A means '' x££ 1 "

Fimy 1
{x iz somewhere in the shaded repion, which
doez not include 17

and B means ¥ x 2 0 O

{ ¥ is some¢where in the shaded region, which

ttoes not ivelude O)



Trhen 74 means Y x4 !
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{x iz somewhere in the shaded reEion, vaith includes 1)

AAE rnicang XL and x ¢ OO
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{x is somewhere in the chzded replion, which does not
irclude either 1 or 0)
AVE meanz "x £ 1 or x ¢ O

IR r.fr.r:ra!ff f:.-;.“.rrz_rr rlog por ) or
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{x is somewhere in the shaded region, wvhieh includes
all valugs of x})

T (AAB) means "It is not the czse that xe 1 and x $ 0,4
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Fig
(x is O or is somewhere in the sheded region, which
incluges 1)
T1(AV B} means "It is nob the case that x£ 1 or x # 0O,

There is no value of x which satisfics these conditions.



(A3

(1) 2x. -1 (7 a7 = A

(2) &x. J(AAB) = Fay —j5

{3} Th. _ {ay B} = A A B

(&) Ax. AMNA = &

(3) ax. L = B AL

(6] Ax. (AABIAC = aA{BAC)

(7} Ta. Ay A z A

{8} Th. iy B = By a

(9) Th, (AVEIVC = Ay (B C)

(13} ax., _-*t,q(E..vc)-' < (AABYWI(AAC)
{11} Th. hy (BAC) = {(ayvBIA(avC}
(12} Def. £TIDB = VANV B

(A=) D is read “if A then B

T

er A implies B,

(13) Th. L=y B = =B ——> T4
{14) Der. AC—SE

1

(A =3 BIA(E =D 2)
{;’1{:‘:}3 iz read Y& if and only if B,

(15) Th. ACDD = EOR = i



First of 211 we shall

consistent by using 2 model as

show that the =ct of axioms ig

follows,

Fipa 7

Let 1 denote the set {p, Q, I,

Let # corrcespond te the set {p, ty v, w } .

written 4 «— - {p, By vy w},

Alao let Be—s {q, Ty

and C e {r, t,
| Let —} correspond tc the
elements.in 1l that are not in set
following the = symbel.

B

e VA e—> fq; 1y

Let A correspond to the

ts

Uy Ve Wy 2z }n (fee figure 7)

This may be
U, W j,

L, v }c .

operation of taking all the

corresponding to the expression

etd,

u, z}

operation of taking all the

@lenents that are common to zets correspondiing the statements op

each side of the A symbol.

Ces Bo

ﬁhEé_*;{t,w},



Let M correspond to the cperation of putting togzether
all the elements frem the two sets correspondineg to the statements
on zach side of + syubol,
€. [, . AVE &— 5 {Bs 4y £y uy v, v fo
Cunsidef Ax. (1}, and the correspondences
A e— {p, ty vy w k's
MA e— {q_, 'y Uy T }.,
and (A C—— {p, ba vy 'w},
Since the EEtELCGTrESpDnding ta1{—A) and A4 are the aamne,
Ax. (i}ﬂ L{TA) = A corresponds to a true siatement in the madel,
Also Ax. {2) cerresvonds to a true statement in the model,
For, consider the correspeindences
,-1;\13__4-—_'_;.\ [t % }s
."I(;U\E}_{-——--_}. _Ep., Qs "y, U, v, z},
/A .(_,._,__9 {q, ry U, z},
B | —_— {33'1 Ty Vy ‘-'!-}:
I R e e S b
Sinc{e the sets corresponding to —I{Rﬁﬂ} znd U4 W B are the sume,
AXa .'[2:!3 (AARDY =AY B corresponds to a trué statement in the
medel .
S8imilarly we can Ghow that the axioxs (4), (5), (6), (10}
correspond to true stateants in the model. Therefore the set of

eExiors i5 consistent,



Lxample of proof: th, {3)
Let A
and o
Then 1 (ayDk)
Jut mp:
Therefore —i{c}
and = (D}
Thercfore C
and ' by
Thercfore T{ay )

cranple of proof : th.{13)

ke §

This proof is given

2«2 The Truth value

Al

n

H

HI

31

TNC e L (L)
L S il s Yy — (2)
1{TCY T (Substitution)
“1fhean)] Chxe 2)

CAD —oeeem o (3) (Axa.1)
X (Identity Th. 3)
—€ {Bubstituting from (1)}
TR (Substituting frogm .(2))
1A {fix. 1)
-8 (ax. 1)

=& A B {Eubstituting in (%))

T4y B (Dcf. 12)
HRY R T (Th. 8)

LB yy i (ax. 1)

_‘E' ::é_-‘.‘:'_

{Def. 12}

in less detail than the previcus one,

Calculus.

Basic concepts and symholss

Truth valucs : 0 {falge),
Truth functlon: +t

Formation rule.

{true)

t (&) is the truth value of i



befsz. a = t (i3
aJr = t (i)
a.b = t (2AB)
a +ib = t (ay B),

/ .
B+ Ay 8.by A+ b are called truth functions,

theory (This is a two-valued Soolean Algebral

(1) 1, (ay 2 a
(2} Th. {a.b}f_ = af+ v’
(3) 7. (as b N ot
(&) T, a.a = a
(5) Th, 8.5 = L.a
(6) Tk, {a.b).c = n.{b,c)
{7) Th, a+ a = a
{8) 'tn. a + b = b+ a
(9) Th, {(a + B) + ¢ = a+ (b+ ¢}
(10) Th. aJdb + ) = {a.b} * {(a.¢)
(11) Th. a + {b.c) = (a +b), (a2 +¢)
(12) ix. Dj = 1
(13} “h. 1{r = 0
(14)  ax. a.af = 0
{15) Th, a+ a = 1
(167 AX. 2.0 = 0
(17) Ak, a.1 . a
(18} Tu. a + O = a
(19) oTn, a + 1 = 1



1l

bxarsle of interpretation.

By Ax. (14) A,/ s is always false, If & means "x i

then AA ™p4 means "x » % and xj} 3 which iz false.

Example @f proocf : th., (2}

i 4 :
(a.b) = [t {ifxﬂﬂ (Def. of a.b)
= tf ] { A E]J {Def. of af}
=  t {i\VB) {Th. gf ogrpound
| Efatemént)

=t {70+t (D) {Def. af a+ bl
/ £ _ i

= a +« b (Def) of a

Hote Theorems (1) to (11) fellow from the theory of compound
statocments.
Before we prove the theorems (13%), (15), (18), (19) we have

to show that the set of axicms is c¢onsistert by using a model as

follows.
< |
|
’ fi.ﬁag

Let T denote the set { x,y 34 (Sce figure 8)

Let a a = { x }.

!
Let correspond to the same operation as that corres-

vonding to 1 in our model for rroving the consistéency of the axioms

for compound statements and let . ¢orreszoend the same operation



1z

as that corresponding toe A
Let : 3 e { ) (the empty =set)
and l &——> {x, y}o
Conesider rx. (12}, and the corrésPDndEnces
0 e { },
/ :
0 — -{ X Yo
and - 1 "‘«':———'7 {x; _'-(} -
Since the sets corresponding to Df and 1 are the same, fAx. {(12):
D;% 1 cnrresponﬁs to a true statement in the model,
Also ix. (14) cor-esponds to & true statement in the model.
For, consider the.carreapondEnces
a £—~ﬁ_5 { x }9

d s { ¥ _}n

/
et Sy { }'1
and 0 dw—s { },
' !
S5ince the sets corresponding to a.a and O are the same, Ax, (14):

!
24a = O corresponds to a trus statement in the model.

Similarly we can show that the axioms (18), (17) correspond
to true statements in the model. Tlicrefore the sct of axioms is

consistent.

Examnple of preofy th, (18)

L.l = i) - (Ax. 17)
/ : Y
(o.l) = bJl {a = n)
/ f
b o+ 1 = b {(Th. 2)
/ /
b+ O = b (Th., 13)

{Putting b = &)

m
+
]

|6

o
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3.3 Tsmutologiss.

If a truth fun¢tion containing arbitary truth values
is identical with 1 {(whatever values_the arbita;y truth wvalues
have} then the corrcsponding comuvound stetermcnt is called a
teatolopy. |

The foullowing procedure may always be usced to find
out whecther or not a given comoound slmlancni iz o tautology.
step 1. UWrite down the ceorresponding truth functian,
Step 2, Take all dashes ( *Y Yatac brockets using thecrems (1)}
aor (2) or (3).
dtep 3. Take 211 plus sign [+ ) daside brackets using theorem (11).
Step 4. Simplify the brackets using theorﬁms (153 ér (15}5
ste - Simpliiy thc whole exprossion using axiom (17)

If the final result 25 1, the compound =tatement is a
" Pautology otherwise is not.
For a proof that tiis proccdurc alvays vworks: p. 51

. Basgson and D.J.0Y Jonnor .

Ixample ((. ==PB) A =B} ==% 7V i= a taviology.

ftep 1, t, |: (=) A B} TS —H.-;] |

e [Aa=B)A BV - ]{Jel. 0f LT3R}

[t ((a.vB) A -pa)]f ]t G }] (Dof. of & and a + b)
[t (74 WB).t ~—|B}] [+ (.;]!Emh of a. o}
(b1 s v e () ] i+ Te mj (Det. of

H{ J ot m)} {Ltag] L{}J

{ta . 1) ] (Bef. of a)
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step 2. = [tdan) s (Y] o (Th. 2)
- [{(&}f.b!j Y] _ (Tha 3)
- [-(a.bj} N al (Pha 1)
step 3e = @+ wtew] 4 a (Th. 11)
= [erw )0 4 b)Y« a’) (h. 1)
Step b, = [la+ )+ AT, [.L—f:, v+ )} (The &)
- [h+ (a+a'f:1]°{%’+ (6 u]j {Th. 9)
= (b + 1) (& + 1) {"h. 15}
= 1.1 {(Th. 19}
Sten 5. = 1 {Ax. 17)

Sinze the final answer is 1, it follows that

({# ==BIA MB) —33 ¥4 is a tantology.
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