CHAPTER I

THE FORMS OF MAXWELL'S EQUATTONS
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Formerly before the operator nobla | v =1 ”

+k 55 ] had been introduced to the vector caloulus, Maxwell’s

equations were writgen as 8 equations
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Later, when the operator noblo hag been introduced,

Maxwell's equations were written as 4% squations
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Earlier in this thesis, we put W = E + iH , and
Maxwellts equations in three dimensional form were reduced

to 2 eguatlons @
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Wz shall show below that by using four dimensionsl
vectors (space and time) we can write Maxwell’s equatlons
8s 2 eguations in yot snother way. fAlsc by putting
ek —x -

v = E"+ iH ({ster mesns the field in four dimcnsions)

we shall shew that in foupr dimensional form, Maxwell's

cquations can be written as 1 squation.
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CHAPTER II.

YECTURS IN FOUR DIMENSIONS

To write Maxwell's egquotlonsin four dimensional form,
we ghall use rectangular  cartesion coordinates Xys 2o, xz.]‘,xl+
and take Ei, EE‘ 33, EL, to be unit wvestors in the four
coordinnte directions., Set X] =X 3 Xy =7 s x} = Z, xh = ict
to produce the get of coordinates that are colled fhe world
coordinates .

The vectgr & in four dimensicns which has components
8y By ﬂ§* 2, cen be written

A = aiIl toagl, + 3335 + a#fh ]

The dot product betweer aony Poir of vectors may be
defined with the help of the relstlons.
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in agreement with the definition for vectors 1n thres
dimenslons, so thot

AeB = albl + agbg + aibi + ﬂhbh .
this definition may be used in any rmumber of dimensions.

We shall now define the cross product of two vectors
in any number of dimenslcons in such 8 way that it is an
extension of the.definitinn in three dimensions.

Each component of the crees product of two vectors

in three dimensions is colculate from expression conteining

the components of the vectors in the other two dimensions.



For example, the x - component of A X B comes from the y and
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z - component of % and B, die. (ﬁ x'ﬁ}x = aeb3 - whero
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A = ali * 8y J + aﬁk s B = bli + bEJ + bﬁk. Slnce each

component of the cross product of twe vectors comes from the
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there are 2

other two components of both vectors,
componentts of the cross product in three dimensions. Henge
the cross produst of two three - dimensionsl vectors 1s a
veetor in three dimenslons. If we let the componsnts of the
cross product of four dimensional vectors come from pairs

of components of the two vectors, then the cross product will
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a vector in the four dimensional space.

have components which cannet be represented as

Returning for o moment to the three - dimensiconal case,
we remark that A X B,three components which ar¢ more clearly

L
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deseribed by psirs of suffixes than by single ones. We can

write In fact

025 = aEbj - ﬂﬁbg = - CﬁE '
Ef}l = aﬁbl - alb5 = = Cy3
Cyp = B0y -8k = -oy

and arrepge the cis as the glemonts of the anti - symmetric
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where the element in the J-th row and k-th  column is ch =

adb a, b 3" In analogous manner wWe c¢an define the cross
product T X B of two Tour - dimensional vectors as an

anti - symmetric matrix of four rows and columns
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and it will be observed that six of the ¢ * g are independent.
% and B 1s not therefore a four - dimensionsl vector.

This method con be used for any number of dimensions.
In twe dimenglons the cross product has only onc component
and is threfore a sealar.

Define the four dimenslonal vector operater o
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For the world vector we have
=D - 3 -3 - 1 3
1f § be a scalar funetion of Xys Xgi Xz; %), then
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Further
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The expression for curl 3 will, however, be an

anti- symmetric matrlx and in fact
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It followg that all the elements of

gurl gradg_-s = [x [D@)

are identically zero, just as all the components of ¥V X (/)

are ZCra o



CHAPTER III

MAXWELL'S EQUATIONS IN FOUR DIMENSIONAL FORM

Consider Maxwell?s equétinns in three dimensional form o«
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The fourth equation of (1} implies that

—
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where A ig some vector function.  Then equation (2)
suggests that we should write the components of the magnetic

fiela {H ) in four dimensions as an anti - symmetrie matrix,

Definc Hﬁ', the magnetic fiesld in four dimensions, as
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From this, we next define HY as

T ( @ﬂ_ﬁ = ! 0+ H;EE - HFIﬁ - 1E¥§4E voree(3)
K, B e 0 o+ Hip - 1ET,
‘H“3 HF'Il -Hi + O - IET,
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And defing v the veloelty in four dimensions of charge as
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corresponding to the first snd the thim equations of (1)

How {3} suggests that we should defind the electric field

wector, BT , 68
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Then we have

Cl.E* = © A 473,

whieh corresponds to the second and the fourth equations of (1) .

Now Maxwell’s equations in four dimenslonal form can be written

in 2 equations o5 equations (&) and {5} , e
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Next, we put ¥ = E* 4+ {H® Then system (6} reduces to
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We shall now show that the eguation {6 ) 1s equivalent to

the system {1 ), For
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From this we gee that | [, YW~ = 5 bt o v¥ is egquivalent
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To complete this chapter, we sholl find the meaning of the

new veetors which we have defined, nemely W , Ef H? and y™

Since
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That 1s the square of the modulus of % 1s 8x times the
electromagnetic energy density 1n cther.
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we hove
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161 ( electromagnetlc cnergy density in ether)
Aimilerly, we can show that
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CHAPTER IV

MACGNETIC CHARGE

In this chapter we shall introduce the interesting idee
o _ .
of magnetic charge., Magnetic charges may be introduced into
Moxwzll?s eguations without daiffZfculty although they have
nevey been found experimentally.
1f }ﬂe and f; represent electric and magnetic charge
densities, v, and ¥ represent the veloclties of wlectric
and mognetic charge respectively , %hen, for the symmatry
between electric and magnetic quantities, Mexwell’s eguations
for any medium have the form
_ 1, & =
x S
VxE - (5o b fT)
= 1, dB -
UXE =-( 8,y
c[at+ n vy )
. D Yy
v e
. B 4
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This is considered as thc most general form of Maxwell's cquetions.
The equations in previcus chapters are special cases of this In

which P = 0,

* P.G.H. Senders. Contemp. Phys. Vol. 7. page 419 {1966}



Since £, V¥, = TE = eleetric currcnt denslty,and

pm:'.r_m = J_ = magnetic current density, the system (1)

can be written as
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When the medium 1s ether, the system (1) becomes
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where 1 = ¥-1 . Then the system (2 ) becomes
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Tn four demensionsl form, the system (2 ) becomes
e HY = 3—:'1#:!3* L

e g aspd B Rdrsrd {k]

. E¥= - = LgJ¥

I R J

where H© and ET are defined in the previocus chapter,
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Now we put W = E¥+ 10 and ™ - .ZI':Jt + iJ: . Then

the system (4) becomes.
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This equation is also equivalent to the system (3)
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From this it is ensily to verify that equation (5) 1s equivalent

to the system {3).
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